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ON CONFORMAL CURVATURE TENSOR OF A RIEMANNIAN MANIFOLD WITH
A SEMI-SYMMETRIC METRIC CONNECTION
SUMMARY

In this thesis, we study on Riemannian manifolds with semi symmetric metric connection,

which was introduced in [1-10].

In the first chapter, differentiable manifold, Riemannian manifold, affine connection, Rieman-
nian connection , the covariant derivative of Riemannian manifold with respect to Riemannian
connection are given. Then, the curvature tensors of Riemannian manifold are given and their

properties of the curvature tensor are mentioned [2,4].

Afterwards, the conformal curvature tensor of Riemannian manifold is obtained and properties

of the conformal curvature tensor are given.

In the second chapter, we study on Riemannian manifolds with semi symmetric metric connec-
tion.The connection coefficient of Riemannian manifold with semi-symmetric metric connnec-
tion is given as
l
I _ lp. _mlo.
Iy = {jk} + O T — T g jks
and the curvature tensor of Rieannian manifold with semi-symmetric metric connection is ob-
tained such that
»h h h h h h
Rjjx =R+ 6 ij — 6" Tt + 818" ok — k& Torj-
In the third chapter, conformal curvature tensor of Riemannian manifold with semi-symmetric
metric connection is given as [10]

R —

—h —h h
-D-2) 0 F

1 — _ _
Clr =R g+ ——=(8"Ry— 8"+ gug"Ri;— giug" Rix) +

(n_z) J lk_Sthlk)

After that, the properties of the tensor C,, jki are investigated. In the last part, properties of the
conformal curvature tensor of Riemannian manifold with semi-symmetric metric connection

are mentioned and we proved that the conformal curvature tensor satisfies the relation

_ _ _ 1 _ _ _ _ _
Coijit + Comikt,j + Cmitjh = = (&ikComjt + 8mjCini 1 gy, T 8mkCitj + 8ijCrmik + 8miCijic)-
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YARI SIMETRIK KONNEKSIYONLU RIEMANN UZAYLARININ KONFORM
EGRILIK TENSORLERI
OZET

Bu tezimizde yar1 simetrik metrik konneksiyonlu Riemann manifoldlari incelenmistir [1-10].

Tezin birinci boliimiinde, diferansiyellenebilir manifold, Riemann manifoldu, affin konnek-
siyon, Riemann konneksiyonu, Riemann konneksiyonuna gore kovaryant tiirev tanimlar1 de-
tayli bir sekilde verilmistir. Daha sonra, local koordinatlarda Riemann manifoldunun egrilik,
kovaryant egrilik , Ricci egrilik tensorleri ve skaler egrilik tanimlar1 ve bu biiytikliiklere ait
ozellikler verilmisgtir [2,4].

Birinci boliimiin ikinci kisminda Riemann manifoldlarina ait konform doniisiim altinda kon-
neksiyon katsayisi ve egrilik tensorii asagidaki sekilde elde edilmistir.

R

1
Cikji = Rixji — m(gijli — 8kiRij + &iiRkj — 81jRwi) + m(gkjgli — 8ki8lj) -

Sonrasinda ise, bu egrilik tensoriiniin 6zellikleri verilmistir.

Ikinci boliimde, literatiirde verilen yar1 simetrik metrik konneksiyonlu Riemann manifoldu ile
ilgili caligmalar iizerinde durulmus ve ¢alisma boyunca bu manifold RS ile gosterilmistir. Yar1
simetrik metrik konneksiyonlu Riemann manifolduna ait konneksiyon katsayilari ve bu kat-
sayilarin tekligi ispat edilmistir. Riemann maifoldu iizerinde bu konneksiyona gore liretien
egrilik tensoriiniin hesaplar1 detayl bir sekilde verilmistir ve yar1 simetrik metrik konneksiyonlu
Riemann manifolduna ait konneksiyon katsayilar1 ve bu katsayilarin tekligi ispat edilmistir. Bu
konneksiyon katsayilarinin egrilik tensoriiniin genel ifadesine yerlestirilmesiyle yart simetrik

metrik konneksiyonlu Riemann manifolduna ait egrilik tensorii agagidaki sekilde elde edilmistir

Ruijk = Runijic + &mikTij — & jmTik + &ijTomk — &ik Tom j -

Devaminda ise, bu egrilik tensoriiniin 6zellikleri acik¢a verilmisgtir.

Uciincii boliimde, [10] dan yararlanarak, yar1 simetrik metrik konneksiyonlu Riemann mani-

foldunun konform doniisiim altinda sahip oldugu konneksiyon katsayisi, asagidaki sekilde

i =Tj—8aj+8pd
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bulunmustur.

Daha sonra asagidaki kisaltmalar kullanilarak,

1
qij =V j4;+4idj — 58454

ve
Wij = —4ij+4ijq;,
[10] da elde edilen yeni konneksiyon katsayisina gore egrilik tensorii ,

Rig =R+ 8Wij— 8!Wy+gi;8" Wi — g™ W,
olarak elde edilir.

Buradan yar1 simetrik konneksiyonlu Riemann manifoldunun konform egrilik tensorti,

a X
(n—1)(n—2)

—h »h 1 hp h hip hip
Cjkl:Rjkl+m(6jRik_65+gikg R —gig" Rix) +

hp h
(6"Rix — 0"8ik)
olarak bulunmustur.

Sonrasinda, tezimizde yari simetrik metrik konneksiyonlu konform egrilik tensoriiniin, Rie-

mann manifoldunun konform egrilik tensoriine esit oldugu gosterilmistir.

Yari simetrik metrik konneksiyonlu konform egrilik tensoriiniin, asagidaki 6zellikleri ckartlmigtir

(1. Cuijt+Cimjx =0,
(2). Coijk + Cpij = 0.
Devaminda ise, yar1 simetrik metrik konneksiyonlu Riemann manifoldunun konform egrilik
tensOriiniin,
Rijk = Rijj — Ri,j +

1
m(gik R;—gijRy),

Ritt = Rikg — Rip i +

i Rr—gikRy) ,

1
Rijj=Rij—Rij 1+ m(gij R;—giuR;),
kisaltmalar altinda, asagidaki esitligini
_ _ _ 1 _ _ _ _ _
Coijit + Comit,j + Cmitjh = = (&ikComjt + 8mjCini 1 gy, T 8mkCitj + 8ijCrmik + 8miCijic)
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sagladig1 gosterilmistir.
Daha sonra, yar1 simetrik metrik konneksiyonlu Riemann manifoldu i¢in konform rekiirantlik

kosulu, asagidaki sekilde verilmistir
ViChijk = MChijk-

Buna ek olarak, konform olarak diiz olma kosulunun, yar1 simetrik metrik konneksiyonlu Rie-
mann manifoldunun konform egrilik tensoriiniin sifira esit olmasiyla saglanacagi soylenmistir.

Ayrica, RS icin Ricci rekiirantlik kosulu,
ViRi; = MRij,

seklinde verilmistir. Buna baglh olarak agik¢a goriiliir ki, yar1 simetrik metrik konneksiyonlu

Riemann manifoldunun skaler egriligi su kosulu saglar,
VR = AR.

Yukaridaki ii¢ kosul kullanilarak, yar1 simetrik metrik konneksiyonlu Ricci rekiirant bir Rie-
mann manifoldu, konform rekiirantlik ya da konform olarak diiz olma kosulu sagladiginda,
yar1 simetrik metrik konneksiyonlu Riemann manifoldunun kendisinin de rekiirantlif1 sagladigi
gosterilmigtir.

Daha sonra, ([6], Lemma 2) de verilen yar1 simetrik metrik konneksiyonlu Riemann mani-

foldu,eger konform olarak diiz olma kosulunu saglarsa,
ViCijin+V jCikin + VikCiiin = (1 = n)(piCrjin + P jCikin + PxCjtin)

ifadesini de sagladigim1 gostermek icin gerekli olan asagidaki lemma ispatlanmistr. [6] da

gosterildigi gibi c;, p; and By, j; sayilar1 asagidaki denklemleri saglamaktadir,
¢1Bhijk + puBiiji + PiBi jk + P iBhitk + PiBnriji = 0,

Bhijk + Bhjki + Brkij = 0,
veE
Bpijk = B jkni = —Bhikj-

Yukaridaki denklemler sonucu ya her By; jx =0, yadaherb; =c;+2p; = 0 dir.
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1 INTRODUCTION

Riemannian spaces endowed with some special connections are being used defining physical
spaces, especially in the theories of gravity context, in addition to its wide geometrical rich-
ness. This thesis is devoted to study manifolds with a special connection, semi-symmetric
metric connection. We present basic definitions and fundamental theorems of curvatures in
Riemannian manifolds in the differential geometric frame, and then extend our knowledge to
semi-symmetric metric connection case. In literature, calculations of curvature tensor of Rie-

mannian and semi symmetric spaces were studied by many authors [1-10].

In the first chaper, we study on diffetrentiable manifolds. We give the definitions of affine
connection, Riemannian metric, Riemannian connection explicitly. Then, we examine these
concepts in local coordinates. In the second section of first chapter we work on conformal

curvature of Riemannian manifold and how changes the curvature tensor under a conformal

mapping.

In the second chapter, we study on Riemannian manifold with semi symmetric metric con-
nection denoted by RS. The uniquennes of the connection coefficient of RS is proved and the
curvature tensor with respect to the connection coefficients of RS is obtained [6]. Then, the

properties of this curvature tensor are examined in detail.

In the third section, we study conformal curvatures on Riemannian space with semi symmetric
metric connection. In [10], the calculations of conformal curvature tensor are given in detail.
In this thesis, after a brief calculations of conformal curvature, we give the covariant derivative
of conformal curvature tensor of Riemannian manifold with semi symmetric metric connec-
tion rigorously. We hope that the relations and results about covariant derivative of conformal

curvature will be helpfull for readers.

1.1 Riemannian Manifold

Let M be an n dimensional Haussdorff space and p be any point of M. If there exists an open

neighbourhood U of p, and U is a homeomorphism to an n dimensional Euclidean space R"



, then M is called n dimensional manifold. If there exists a differentiable homeomorphism
between U and R" then, the manifold is called differentiable manifold.

It is given definition of a manifold more explicitly in following.

Let M be a Hausdorff space and A be the set indices and for open sets U;, ¢;(U;) be an open
subset of R" under ¢ homeomorphism. If a family of collection {(U;, §;) }ica on M satisfies the
following properties

(1) M =Uicp Ui,

(2) for any pair i and j € A, the differentiable mapping ¢; o ¢lf1 is such that

900" : 0:((UiN Uj) — ¢;(UiN Uy).

(3) the collection (Uj, ¢);c is maximal with respect to the condition (1) and (2).

then the collection {(U;, ¢;) }ica defines an n-dimensional differentiable structure.

If a function ¢ is a one-to-one, into and continuous function and has continuous inverse, then
it is called as a homeomorphism. If a homeomorphism ¢ is differentiable then, it is called
differentiable homeomorphism i.e, diffeomorphism.

Let U be an open subset of M and ¢ : U — R" be a homeomorphism. If ¢ has all partial
derivatives of order k and these derivatives are continuous, then the function ¢ is differentiable
class of C¥.

If it can be defined a differentiable structure on M class of C*, then M is called a differentiable
manifold class of C¥ [5].

Definition 1.1: Let T(M) be a set of fields of tangent vectors class of C* and X, Y and Z €
T(M)andV f,g € C°(M,R). For any map V defined as

Vi T(M) x T(M)— T(M),

(X,Y) —» VxY, (X,Y € T(M))

if the following properties are satisfied

(1). Vx(Y+Z)=VxY+V,Z,

(2). VxiyZ=VxZ+VyZ,

(3). VexY =gVxY,

(4). Vx(gY¥)=(Xg)Y +gVxY,

then V is called an affine connection on M.

Definition 1.2: If there exist a bilinear, symmetric and positive definite and class of C* function



denoted by <,> on M, then M is called Riemannian manifold and also the function <, > is
called Riemannian metric.
Let T (M) be a tangent space at p € M and any vector fiels X,Y and Z € T(M). If the fuction
<, > defined as

<,>:Tp(M) x T,(M)— R

<> (X,Y) - <X, Y >

satisfied the followings
(1). <X+Y,Z>=<X,Z>+<Y,Z>,
<X Y+Z>=<XY>+<X,Z>,
(2). <X, Y >=<Y,X >,
3). <X, X>>0 X=#0,
(4). IfX andY isclass of C” in a neighbourhood U of p, then, the inner product < X,Y > =<
X,,Y), > is class of C* in a neighbourhood U.

Also, the Riemannian metric < X,Y > can be expressed g(X,Y).

Furthermore, if the affine connection V, also satisfies the following two property
(1). VxY—-VyX=I[X,Y],

and

(2). Z<X,)Y >=<VzX,Y >+ <X,VzY >,

then V is called Riemannian connection.

We now give the definition of metric tensor in local coordinates since many tensor calculations
in our thesis is based on local coordinates.
In 1854, Riemann defined the infinitesimal distance ds between infinitesimally close two points

x' and x' + dx' in n-dimensional spaces as
ds* = gijdx'dx’!, (i,j=1,2,---,n), (1.1)

where x' are coordinate functions and g; j 1s a non-singular symmetric tensor of rank 2 with
type (0,2). g;; is function of x’s and called Riemannian metric tensor. Such a space and a
geometry are characterized by Riemannian metric tensor, also they are called Riemannian space

and Riemannian geometry.



Let C be a smooth curve with parameterized by x' = x'(¢) in M and x and, x' + dx’ be two very

close points on the curve C. Any vector U is parallel transported along the curve C by
dU' = —T /U’ dx", (1.2)

here I jki denotes the connection coefficients of the parallel transport.

We now give the statetment of fundamental theorem for Riemannian manifolds.
Theorem 1.1. For a Riemannian manifold M with its metric tensor g;; defined (1.1) there exists

unique connection that is compatible with Riemannian metric tensor g;; of M.

Let x and x be coordinate functions on M and, also, I j}; and T j;( connection coefficients for
corresponding these coordinates, respectively. Under general coordinate transformations, I" j}'(

transforms as . . :
—pox 9% N ; 0x/ dxk
moh — oxmax | K oxm 9t

therefore, leé is not a tensor. The coefficients of the connection I jki of the Riemannian mani-

(1.3)

fold is sometimes called Levi-Civita.

It is observed that the followings are

ih i i L, i=j
0,i#]j
The coefficients of Levi-Civita connection are expressed by {]’k} explicitly, and it is given by
(2]
EL it .kh:lagjh dgin 98k L5
{jk} UML) = S (G 5 ™ ) (1.5)

where [jk,h] is the first kind of Christoffel symbol, and {jlk} is the second kind of Christoffel

symbol.
It is obvious that these symbols are symmetric with respect to the indices j and k.
In general, on a manifold M the connection coefficients I j}; can be decomposed of symmetric

and anti-symmetric part as

Here, the symmetric part is defined by
. 1. .

4



and the anti-symmetric part is defined by
i |y i

In spite of I jj'( is not a tensor, their anti-symmetric part F[ ] is a tensor and it is called torsion

i
jk
tensor of the connection.

It is known that the Riemannian connection I j}< is a symmetric and torsion free connection.

In a Riemannian manifold, components of a contravariant vector field «', and any covariant

vector field u;, and any tensor field U jih of rank 3, we have the followings [1]

. oul .
Vil = 35+l (1.9)
du;
Vilji = = + Uil = Uil = U'jal- (1.11)

From (1.11), it can be seen that the covariant derivative of the Riemannian metric tensor g;; is

ngijzg—{,fj}gm—{;}gw:o. (1.12)
Also, using (1.4) and (1.12), it is seen
Vg = 0. (1.13)
In general, the curvature tensor of any manifold M is given by [4]
Rl i= o’ — o+ I =T, I, (1.14)

where d; denotes the derivative with respect to coordinate functions of manifold M,

i — 9

ie, o= T

If we use the Levi-Civita connection { ]lk} in (1.14), instead of I jio it is obtained that the

curvature tensor of Riemannian manifold M is

cuss ol B0 o

and R" kji is called the Riemannian curvature tensor.

Multiplying (I.15)) by the metric tensor g,;, we get

Rukji = R i 8an; (1.16)



and Ry j; is called the covariant curvature tensor of Riemannian manifold. The following prop-

erties are valid for the Riemannian covariant curvature tensor Ryy j;

(1). Ryjin = —R jkin » (1.17)
(2). Ryjin = —Rujni » (1.18)
3). Rijin = Rinkj (1.19)

and from (1.18) and (1.19), it is concluded that
(4). Riin = Rijun, = 0. (1.20)

In the equation (1.15)), if the indices are changed cyclicly and additing obtained equations, we
have
Rhikj+thik+thji =0, (1.21)

that is called the first Bianchi identity for the Riemannian curvature tensor of M .

Multiplying the equation (1.21) by gz, the another representation of the first Bianchi identity
is obtained as

Ryikj + Rmjik + Rmicji =0 . (1.22)
Another identity holds for the covariant derivative of the Riemannian curvature tensor

ViR i+ ViRl +V iRy =0, (1.23)

that is called the second Bianchi identity. Multiplying (1.23) by metric tensor g, the second

Bianchi identity can be written in the covariant form as

Ronkji,t + Rkt ji + Rmgir,j = 0 .

Contracting the indices 4 and i in th i in (1.15) we have

Ry; :R"kﬁ, (1.24)
and the Ry is called the Ricci curvature tensor. Also, we have
Rij =Ry = ¢ Rakjp = 8" Rjpak = 8" Rojta = R (1.25)
which shows that the Ricci curvature tensor is symmetric.
Multiplying Ry; by g/¥, we get
R=g"Ry;, (1.26)

which is called the scalar curvature R of the Riemnannian manifold.



1.2 The Conformal Curvature Of Riemannian Manifold

In this section, first we review the conformal curvature tensor of Riemannian manifold with
respect to Levi-Civita connection which is studied in [6], then we examine properties of this

tensor in detail.

Let M and N be two n dimensional Riemannian manifolds, p be a positive differentiable func-
tion on M, g and g* be two metric tensors defined on M and N, respectively.
Now, we assume that the metric tensor g* is obtained by using a one to one differentiable map-

ping p from M into N such that
gl =rgij - (1.27)

Especially, this transformation is called conformal mapping.
Also, from (1.27), we have
gl = p2gl (1.28)

Under conformal mapping for the metric tensor g;;, connection coefficients are

R" 1 L 085 98 98
{ji} Y (8xf y ox! 8x’)' (1.29)

Substituting (1.27) and (1.28) in (1.29), the connection coefficients of Riemannian manifold

transform into

AN h

where p; =dp/dx' and p" = g"p,, .
The relation (1.30) shows that how connection coefficients change under conformal transfor-
mations.

Now, we examine how the curvature tensor of Riemannian manifold is changed by using g;-kj

and { fl}* If we use (1.30) in (1.15), the curvature tensor of Riemannian manifold is obtained

NN NN AN NI
wi=adih-afoh o) G - Ul (30

Substituting (1.30) in (1.31), we get

as



h

* h h
R {0140l 8= )| =05 | {1} + @it 81— )

h z
i Hkl } + (8" pi+ 8" pe — gup") { { ji} + (8! pi+8p;— gﬁpzﬂ

h (1
- Hﬂ } +(8/'pi+8"p;— gjzph)] { ki} + (8 pi+ 8 pi— gkip’)l : (1.32)
Arranging terms in (1.32), we have

h

" ! | ! 1
R* =R i+8] (3kpi— { . } pi _PiPk+§PlPlgki) —§ (iji— {jl. } pi—pipj+ ipzp’gﬁ)

h 1 h 1
—gji (8kph - {kl}p’ + 58 pip’ —pkph) + 8ki (9jph - {ﬂ}pz + 58/ pip’ —pjph> .

Then, we reach

h
R *kji = thji + 5ithj - 5jhpki r gijpkh +gkjp,~h, (1.33)

and for the simplicity in calculations we define

1
pji = VjPi—PjPi+§PlPlgji, (1.34)

and
r=pug" (1.35)

Equating the indices 4 and i, it is obtained

R =Rij+ (n=2)pij+pyanj - (1.36)
After some calculations , we reach

h

R*ji= thji — 8} (L —Lij)+ 8/ (L' — L) — pi"gji + " 8w (1.37)
where
1 jo,'
L. — R.— . 1.38
i 2T 1) (n=2) (1.38)

Thus, we arrive

h *
R*ji+ L i — thLki* +Lf g g~ L jt*gthgki =Rl it SILji— 5;1Lki +Lig"gji—Lig™"gi.
(1.39)



Arranging (1.39), then we find that the invariant part under the conformal mapping of the Rie-

mannian curvature tensor is

* h
Chkji =R* i+ 8L — 8Ly + L, " gji — L g" g
and
c’y ji = R, it SeLji— 51}'1Lki +Liug"gji— Ljrg" gy

Consequently, it is obtained

 h
C kji_iji'

The tensor Chk ii 18 called as the conformal curvature tensor.

Multiplying (1.41) by the metric tensor gj;, we have

1 R
Cikji = Rikji = — (8kjRii — 8kiR1j + &1iRxj — 81jRwi) + —D(n—2) (8kj81i — 8ki81j) »

that is called the conformal covariant curvature tensor of Riemannian manifold.

For conformal curvature tensor Cy j;, the following properties hold
(1).  Cuji+Cuij =0,

(2).  Ciji+Cuij =0,

and

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)

Also, it is seen that the conformal curvature tensor satisfies the following property similar to the

first Bianchi identity of the Riemannian curvature tensor

h h h
Cijk +Cjki +Ckl'j - 0

(1.47)






2 RIEMANNIAN MANIFOLDS WITH A SEMI-SYMMETRIC
METRIC CONNECTION

Riemannian manifolds are enriched by introducing several connections on them. In this chapter,
we examine a Riemannian manifold with a special connection, semi-symmetric metric connec-

tion, and study its curvature tensors and their properties.

2.1 Semi-Symmetric Metric Connection

In 1924, Friedmann and Schouten, introduced the idea of the semi-symmetric linear connection
for differentiable manifolds without the condition of the metricity . Later, in 1932 Hayden de-
fined a metric connection with torsion on Riemannian manifold. In literature, many author K.

Yano, T. Imai, Z. Nakao, K. Amur, S.S. Pujar studied on semi-symmetric metric spaces [7].

Let M be a Riemannian manifold with metric tensor g, V be any linear connection, and V be
Levi-Civita connection on M. The torsion tensor for any non-symmetric linear connection is
defined as

T =T", —T".. (2.1)

In this thesis, we consider torsion tensor, in local coordinates , for V

T = 8/m— 8/, (2.2)

where 7 is a one form.

Then, the connection V is called semi-symmetric connection on M. Furthermore, if, V satisfies
the property Vg = 0, then V is also defined by semi symmetric metric connection.

Here, a Riemannian manifold M with endoved connection V is called Riemannian manifold
with semi-symmetric metric connection and it will be denoted by RS in this text.

Also, Yano studied spaces with semi symmetric metric connection and some properties of semi
symmetric metric connection [8].

Let v be a contravariant vector field, w; be a covariant vector field, f be a scalar and S jfl be
a general tensor field on any manifold M with torsion, then the following Ricci’s identities are
satisfied.

ViV =V Vil =R IV = 2T [V, (2.3)

11



and

ViV jwi — Vi Viwi = =Ry fwy — 2T, [V, wi, (2.4)

and
VVif =ViVif = =2T;'"V,f, (2.3)

and
ViVt = ViViS;t =Ry 'S i = Ry S, — Ryl S it = 2TV, S, (2.6)

where R kj? is the Riemannian curvature tensor, and T; j h'is the torsion tensor of the manifold M

[2,3]. In Riemannian manifold it shoul be noted that for the above given Ricci identities,(2.3-2.6),
the torsion tensor Tjih is identical zero.

There are many application areas of semi symmetric metric connection in gravitational, and

mathematical physics and engineering problems.

Now, we examine the existence and uniquennes of the semi-symmetric metric connection V in

detail.

In the following proof, we use Yano and Imai’s notation and proof techniques for the uniquennes

of the connection of RS.

Theorem 2.1.1: In a Riemannian manifold with semi-symmetric metric connection the con-

nection coefficients of a semi-symmetric metric connection are determined uniquely as
h h h h

where {J};{} denotes the Riemannian connection coefficient, and 7; is a 1-form defined in (2.2).
Proof: Let V be derivative with respect to the Riemannian connection, and V be covariant
derivative with semi-symmetric metric connection then, we have the covariant derivative of the

metric tensor with respect to V
Vigij = ogij — " jignj — gl 1; =0, (2.8)

and the covariant derivative of the Riemannian metric g;; with respect to Levi-Civita connection

h h
ngij:akgij_{ki}ghj_gih{jk} =0. (2.9

Subtracting (2.9) from (2.8) , we obtain

h h
) B PR



If we define Ukl.h such that

h
h
U, =T ki_{ki}a

and substituting (2.11) into (2.10) then,we find

From the equation (2.1) , we have

and

Substituting (2.14) into (2.

h_yr h h
L;"=U;" Uy,

h h h
Uj;"=T;"+U;".
12) , the equation (2.12)) becomes

(Tui" + Uy anj+ (T, " + Uy gin = 0.

If we change the indices of (2.12)) cyclicly, we get

and

and

Upi"gnj+ Ukjhgih =0,

Ujkhghi +Uji"gmn =0,

Uij h8hk+Uikhgjh =0,

summing up (2.16) and (2.18) and subtracting (2.17)), we get

U "+ U Mg+ U= Uz Mgin+ U "= U Mg =0 .

Using (2.14), we have

Also, using (2.1), we have

and

(" +2U3 Mg jn+ T, " gin+ ;" gk = 0.

h_ sh._. h..
T; —5j m—96,'xm;,

h _ ho h .
Tji—5i 7[1—71' gl]'
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2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

(2.21)



Multiplying (2.19) by g/ , and using (2.21) and (2.22) the (2.19) becomes

T, -1, -1, +2U, ' =0, (2.22)
and
i I i i
Then, from (2.23), we obtain
1
Up' = 5 (T + T+ T') (2.24)

Using (2.24), (2.20) and (2.21) in (2.11), then we uniquelly determine the connection coefficient

of the semi-symmetric metric connection as

h
thk = {]k} Bkhﬂ'j—ﬂ'hgjk g
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2.2 The Curvature Of Riemannian Manifold with Semi-Symmetric Met-

ric Connection

In [6] it is examined the curvature tensor of RS and its properties. In this section, we review

these concepts and give the calculation of the curvatures of this manifold.

Lemma 2.2.1: Let V, denote the covariant derivative with respect to the Riemannian connec-

tion and V, be the covariant derivative of the connection for the RS. Then, we have
Vigij = 0. (2.25)

Proof: Using (2.7) and (2.8) , we have

Vigij = okgij— gnT y — gl
= Ok8ij — &hj { { ,]}c} + 6, 'm — gikﬂh} — in [ { Jhk} + 8,7 — g — g k"
= akgij_ghj{i}]lc} _gih{j};c}
= Vigij

from (1.12), Vi gij = 0 then, we find ng,-j =0.

Next, we derive the curvature tensor of RS, and steps of calculations.

Theorem 2.2.1: The curvature tensor of Riemannian manifold with semi-symmetric connec-

tion is given

—h
Ry =R+ 68" mj— 8"y + 818" 7o — ging" (2.26)
where
1
m;j=Vm—mn;+ Eg,-jnsﬂs. (2.27)

and V denotes the Levi-Civita connection, and Rhl. ik is the Riemannian curvature tensor [2].

Proof: If we substitute (2.7) in general definition of the curvature tensor stated in (1.14) , then

_ h h
Rh"fk:aj({ik}+6"h”i_gi"nh)_8k({i'}+5fh”i_gijnh)
J
h h h § S g S
(Lot ) ({3 ram-ar)
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h h h § s s
_<{Sk}—|—5k7[s—gsk7l')({ij}—FSjﬂ'i—gijﬂ'). (2.28)

After some computations, curvature tensor of RS becomes

Rhijk = Rhijk + Skh(aj”i) - (ajgik)”h) - 8ik(aj7fh)

—8;" (k) — (dhgij)™") — gij (A"
h s s h N S
+{Sj}(5k T — gikT’) — {Sk}(5j T —&ijT")

h)
+6Jhﬂs<{ . }+6ks7ti_gik7rs

(2.29)

Arranging (2.29), we reach

Rk =R+ 8 (Vm; — 7 + 2 gij ')

1
— 8 (Vi — me; + ik )

1
g (V= 7y + 5 g T)

1
+8ij8" (Vi — mem, + 8T, (2.30)

also, using (2.27), we obtain the curvature tensor of RS

h

R ijk = Rhijk + Skh”ij - 5jh7fik +gijghr7frk — +g,-kghr7rrj,

where Rhl. ik denotes the curvature tensor of Riemannian manifold.

Since Ryuijk = &mn I_Qf’jk , if we multiply both sides of the equation (2.26) by g,,, we get the

covariant curvature tensor of RS

Ruijk = Ronijk + &mikTij — & jm Tk + 8ij Tomk — ik Tom - (2.31)

Contracting the indices 4 and k in (2.26), it is obtained that the Ricci curvature tensor R; j in the

form

Rij=R ij+ 8" mj— 8"+ gijg" 0 — ging" 7y,

16



or

Rij=Rij+ (n—2)m;+gim

where © = gmk Tk and R;; represents the Ricci tensor of Riemannian manifold.

The symmetric part of the Ricci tensor R;; is

_ 1
Riijy = 5 (Rij +Rjji),

and the anti-symmetric part of the Ricci tensor R;; is

S
Riij) = 5 (Rij = Rji).

On the other hand , for the anti-symmetric part of any tensor 7, it is used the notation
2V[j7ti] = Vjﬂ',' — V,’Jl'j.

From (2.27), it can be seen that

2V[j7ti] =T —Tji .
Using (2.32) in (2.33), we get
— 1
Riijy = Rij+ 5 (n=2)(V;m+ Vin;) + gijm

and

Riij) = Ry + (n—2)V;my
Multiplying the (2.32) by g%/, we have the scalar curvature for RS as the form
R=R+2(n—1)x

where R denotes the scalar curvature of Riemannian manifold.

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

Next, we examine the properties of the curvature tensor of RS and the first Bianchi identity.

Theorem 2.2.2: The curvature tensor of semi-symmetric metric Riemannian manifold has the

following properties

(1). Ryijk+Ruirj =0,
(2). Ryiji+Rimjx =0,
—h —h —h
(3) Rijk +Rjki +Rkij = Z(ShIV[kﬂ']] + 6th[i7Tk] + 5th[]7rl]) .

17
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which is called the first Bianchi identity.
Proof:

(1). Interchancing the indices j and k on the equation (2.31), we have

Runikj = Ruikj + 8mjTik — &mikTij + &ikTomj — 8ijTomk s (2.41)
and summing up (2.31) and (2.41), and from (1.18), we obtain
Roijkc + Rmij = Runijic + Ritej = 0.

(2). Interchancing the indices i and m in the equation (2.31), we get

Rimjk = Rimjk + &ikTomj — 8ijTomk + 8mjTik — mkTij> (2.42)

and using (2.31), (2.42), and (1.17), it is seen that covariant curvature tensor R,,,; jk 1s anti sym-

metric with respect to the first two indices, i.e,
Ryijk + Rimjk = Ruijkc + Rimjic = 0. (2.43)

(3). Using (2.26), interchancing the indices i, and k cyclicly, we get

—h

R =R+ 805 — 87 Ty + 818" Mo — g 7o), (2.44)
and

—h

Ry =R+ 8! i — 8 mji + g kg™ i — g™ ok, (2.45)
and

—h

R'yi =R+ 8" mi— 8" mj + guig” mrj — gijg" T (2.46)

From (2.44), (2.45), and (2.46), we reach the firsth Bianchi identitiy for RS

=h =h —=h
R +R i +R i = Rhijk +thki +thij + 8" (e — mj) + 8" (g — ) + 8" (i — 7ji).
(2.47)
In the right hand side of the equation (2.47), using (2.36) and the first Bianchi identity for

Riemannian manifold given in (1.21), we have the following relation.

—h =h o =h
R+ R+ Ry =2(8"V 8+ " Vimy + 7 V|;6) .

18



3 THE CONFORMAL CURVATURE OF RIEMANNIAN
MANIFOLD WITH SEMI-SYMMETRIC METRIC
CONNECTION

In this chapter, we examine the conformal curvature tensor with respect to the semi-symmetric
metric connection and its some properties are presented.
Let M and M be Riemannian manifolds with semi symmetric metric connections and IR ij>

= . . . . —h
and l"hl- ; be connection coefficients and R" . be Riemannian curvatute tensor and R, ik be

ijk
the curvature of Riemannian manifold with semi symmetric metric connection of M and M,
respectively.We consider a conformal mapping o from M to M and examine how the connection
coefficients and curvatures of these connections are under conformal mapping ¢ and we review
their relationship between them.

In [10], It is shown that connection coefficients for semi-symmetric metric connection given

(2.7), transforms into
Fijk* = Fijk — 5/£Qj +gid' (3.1)
under conformal mapping ¢ and then

the curvature tensor of Riemannian manifold with semi-symmetric metric connection becomes

—h % —h
Rij =R+ 8Wij—8IWi+8ii8" Wik — gixg™ W, (3.2)

=h * —-h
where R"; ;. denotes the transformed curvature tensor and R";;; denotes the curvature of the

semi symmetric metric connection.

Here
qij = Vjqi+4qiq; - %gi 8" arqs, (3.3)
and
Wij = —qij + qiq;- (3.4)

In [10], under the conformal mapping, the invariant part of the curvature tensor of Riemannian

manifold with semi symmetric metric connection is given as
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1 R
(n—1)(n—2)

_h — — — —
Clin =R ijx+—— (8] Rix— 5/Rij+ geg" " R1j — gij¢" Rux)) +

— (8¢'gij — 87 gir),

3.5)
which is called conformal curvature tensor of these manifolds.

Multiplying (3.5) by gj., it is obtained the covariant conformal curvature tensor as

— 1 - - - - R
Conijk = Romijic + P} (&jm Rik — 8km Rij + git Rinj — 8ij Ronk) + m(gkmgij — &jm8ik)-
(3.6)

By using an alternative method , we study the conformal curvature tensor of RS and restate its
definition [6], and we give the calculation of the following lemma in explicitly to be helpfull

characterizing the spaces with respect to their curvature invariants.

Lemma 3.1: The conformal curvature tensor with respect to Riemannian connection is equal

to the conformal curvature tensor with respect to semi symmetric metric connection.

Proof: Using

_ 1 — — — — R
Chijk = Riji + > (8jm Rik — Sum Rij + gix Rmj — 8ij Runk) + m(gkmgij — 8jm&ik)

and substituting (2.31), (2.32) and (2.37) in (3.6), we get

Chijk = Ruiji + &mkTij — & jm ik + &ijTomk — ik Tomj

1
t— &jm(Rix+ (n = 2) T+ git™0) — G ((Rij + (n —2)7ij) + gij7)]

[\

1
+——[gu(Rmj+ (n—2)Tj + gmjT) — 8ij(Ruk + (n — 2) Ty + gk T|

n—2
R+2(n—1=x
%(gijgmk = 8ik8jm)- 3.7)

If we arrange the above terms, we have
— 1 R

Chijk = Rmijk + ——= (8 jmRik — &kmRij + gikRmj — &ijRmi) + (

- m(gijgmk_gikgjm);

(3.8)
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from which we conclude that (3.8) is equal to the conformal curvature of Riemannian manifold

in (1.43).

Theorem 3.1: The conformal curvature tensor of Riemannian manifold with semi-symmetric

metric connection has properties
(1). Chijic+Cimjk =0, (3.9)

and

(2). Cijic+ Crikj = 0. (3.10)

Proof:

(1). Interchanging the indices i and m on (3.6), we get

_ _ 1 3 y r _
Cimjk = Rimji + ——= (8ij Rk — ik Rmj + &mk Rij — gmj Rix) + (

_— m(gmjgik_gmkgij)'

(3.11)
Summing up (3.6) and (3.11) and, using (2.39), we have

Chijk + Cimjk = Rmijk +Rimji = 0.
(2). Interchanging the indices k and j on (3.6), we get

_ 1 - — — — R

Cikj = Rk + P (gmk Rij — gmj Rk + 8ij Rk — ik Rmj) + m(gikgmj — 8ij&mk)-
(3.12)

From (3.6), (3.12), and using (2.38)

Chijk + Coikj = Ronije + Rpij = 0 .

We now examine the covariant derivative of the conformal curvature tensor of Riemannian
manifold.

Theorem 3.2: The conformal curvature tensor of Riemannian manifold satisfies the relation

Cnijit + Crit,j =+ Conitj k = % [8it Cmjt + 8mj Cikt + it Coukj + &mik Citj + &ij Contkc + &mi Cijil,
(3.13)

where
Cijk =

" ke 3.14)
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Proof: By taking covariant derivative of the equation (3.5) , we have

R
Clus =R+ )(5 Ries— 8 Riju+guR"; —gi R ) + )(5kgu 87'gi);

(n— (n—1)(n-2
(3.15)

chancing the indices cyclicy /, j, and k in (3.15)

1 R,
h h h h h h h
Cikl,j:Rili"'—(n_z) (8 Rit,j— O R, j+ g R j— 8 R} ;) +—(n_ 1)(] )(51 gik— O &it),

(3.16)
and
h shR sh h h R Sho. St
Chiv=RYy; k+( )( ;' Rijx—0j Rirj+8ij R’ — g R j,k)+m( 78l —0)'8ij)-
(3.17)
For the simplicity in our calculations, the following abbreviations are used
1
Rijk:Rij,k_Rik,j+m(gikR,j_gij Ry), (3.18)
and
1
Ri = Rix g — Rix + m(é’il Ri—giRy), (3.19)
and
1
Rjjj ZRil,j—Rij,l+m(gij R;—guR;). (3.20)

By summing up (3.15)) , (3.16) and (3.17) , we obtain

h h h
c’ Ukl+c zk1]+C iljk = Rijig TRy j+Ripj i

1
(87 (Rik — R+ m(gil Ry—gikR)))]

> [5;?(Ril,j—Rij,l+ )(gij R —gi R,j))]

1
2(n—1
h
T2y (87" (Rijx — Rit, +

1 1
— [eu R" — o, R".

1 .\ . 1
+m 8ij Rl — 8ij R+

(g R;—8ijRx))]

1
2(n—1)

0 (&""gmigix R j— 8" gmjgi R))]|

m(ghmgmkgij R;—g"gmgij Ry)]
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1
+ = (g R;’Z},- — 8il R% +

(n—2)

1 h N
2(n—1) (8" gmjgit Rk — 8" gmk8it R,j)] . (3.21)

Now, if we arrange and simplicity the terms of the equation (3.21), then we have

h h h_ ph h h
Cliiki +Ca j T Cj k= Rijiy +Riyg j+ R i

+

1
2 (8] Rixy + &' Ry + 8 Ru |

+

(gmiR j—&mjR1))]

8ik8 [( mjl — ml,j+m

1
(n=2)

1 h
+mgijg " [ (Rt k — Runkct +

2(n1_ 0 (gmkR — gmiR )]

+ 88" [(Ruk.j — Rmjx +

1 1
(n—2) m(gij,k —gmkR j))]. (3.22)

Also if we multiply the equation (3.18) by g , we obtain

. . 1
§"Rijx = &" (Rijx — R j + 2(n—_1)(gik Rj—gijRy)). (3.23)

If we arrange the terms in (3.23), then the equation becomes

R = (R —R" ;+ (8¢R;— S8R y). (3.24)

1
2(n—1)

In the equation (3.24), if we equal the indices % and j, then

. . . 1 . .
Rij — (Rijk _R]k,j) + 1) (6{R,;— 5J1R7k),
R —Ri—~R,— 1R 3.25
je T TR TR e (329
Consequently, we reach
R, =0. (3.26)

In addition, by interchanging the indices j and k in (3.18), we have

1
Rixj = Rir,j — Rjjx + m(gij Ri—giR ). (3.27)
By summing up (3.18) and (3.27), we find
Riji+Ru;=0 (3.28)
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By substituting (3.18), (3.19) and (3.20) in (3.22), and using (3.24) and (3.26), then we get

1
Chijk,l +Chikl,j +Chilj7k " [5,}‘ Rig+ 8] Rijk+ 5 Rijj+gij R+ g thj +8ik thz]- (3.29)

If we equal the indices 4 and k in (3.29), we get

1
Chijh,l + Chihl,j + Chilj,h =5 [51}1 R+ 8] Riji+ 8 Ryj+8ij R"), + gu thj +gin thl]-
(3.30)
By using (3.28) and (3.26) in (3.30), then we have
h n— 3
Clujn= P Ripj. (3.31)

Substituting (3.31)) into (3.29)) leads to

1
Clina+Cl j+Chyj s = n—3 87 Cica + 8" Ciju+ 8 Carj+ 81 Cly 8 C'ij + g Cy). (3.32)
Multiplying (3.32) by gum

1
Conijie  Comittj + Comitjbe = - [&jm Citt + &im Cijic + &km Citj + 8ij Contk + &it Conkj + &itt Comjt]-

Then, from (Ilemma 3.1) and (theorem 3.2) we can state the conformal curvature tensor with

respect to semi symmetric connection satisfies the relation

_ _ _ 1 _ _ _ _ _ _
Cijt + Cmik,j+ Comitjk = 73 [git Cmji + 8mj Cirt + &it Coukj + &mi Citj + 8ij Contic + &mi Cijl,
(3.33)
where
Cik=C i, (3.34)

Now, we define conformally recurrent manifold and conformally flat manifold for the Rieman-
nian manifold with semi-symmetric metric connection.
Definition 3.1: If conformal curvature tensor of a Riemannian manifold with semi-symmetric

metric connection satisfies the condition

ViChijk = MChiji (3.35)

where A; is a recurrent vector field, then the manifold is called conformally recurrent manifold.
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Definition 3.2: If conformal curvature tensor of a Riemannian manifold with semi-symmetric

connection is equal to zero, then the manifold is called conformally flat manifold.

Definition 3.3: If the Ricci tensor of RS satisfies the relation
ViRij = MR;j, (3.36)

where A, is a recurrent vector field, then the manifold is called Ricci recurrent manifold.

It is easily seen that from (3.36) if a Riemannian manifold with semi-symmetric metric con-

nection is Ricci recurrent, then the manifold satisfies the relation
ViR = AR. (3.37)

Theorem 3.3: If a Ricci-recurrent Riemannian manifold with semi-symmetric metric connec-

tion satisfies properties of conformally recurrant or conformally flat, then it is recurrent.

Proof: Riemannian manifold with semi-symmetric metric connection holds the relations in
(3.35),(3.36) and (3.37)

If we calculate the covariant derivative of Cy; k> then we have the following equations
_ _ 1 _ _ _ _
ViChijk = ViRpijk — m(gijlehk —8ikViRnj +&nViRij — gnjViRix)
VR

CE )
Using (3.36), the equation (3.38) turns

(8ij&nk — &ik&hj)- (3.38)

_ _ 1 _ _ _ _
ViChijk = ViRpijk — E(gijlthk — 8ikMRpj + gk MR — gnjMiRik)

MR
(n—1)(n—2) S8k = &ikShj)- 3.39
T (n—1)(n—2) (8ijgnk — 8ik&nj) (3.39)

By arranging the equation (3.39) , we have

_ _ 1 _ _ _ _
ViChijk = ViRnijx + M ( — P (8ijRuk — gikRnj + gniRij — &njRir)+

R
m(gijghk — 8ik8h j))~ (3.40)

From the (3.40) it is concluded the following equation
VChijk = ViRnijt + A (Criji — Ruiji)- (3.41)
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If Ricci recurrent Riemannian manifold with semi-symmetric metric connection is conformally
recurrent, then we have

Vi Rpijk = MRpiji (3.42)

If also, Ricci recurrent Riemannian manifold with semi-symmetric metric connection is confor-
mally flat, then we have again
VRuijk = MRuijk.
For the proof of the following proposition, we need (Lemma 3.2) in [6], therefore, we give the
proof of the (lemma 3.2) explicitly. If M is a manifold with a semi symmetric metric connection
satisfying
VCyjin = 0. (3.43)

Then, we have
ViCijin+V jCiiin + ViCijiin = (1 — n)(piCyjin + pjCikin + PxCjin)- (3.44)

Lemma 3.2: ([6], Lemma 2 ). Let ¢, p;j and By, jx be numbers satisfying the following relations

¢1Bhijk + PuBiijk + PiBijk + P jBhiik + PrBhriji = 0, (3.45)
Byijic + B ji + Bpiij = 0, (3.46)

and
Bhijk = Bjkni = —Bhikj» (3.47)

then each By, i is equal to zero or each b; = ¢ +2p; is equal to zero.
Proof: Let non-zero b, be a one of the b’s. If we get equal /, i, k and g in (3.45), then we have
¢qBqijq + PgBqijq + PiBaqjq + PjBqiqq + PgBgijk = 0, (3.48)
by arranging (3.48),
Byijq(cq+2pq) + PiBgjq + P jBgigg =0 (3.49)

from (3.46) and (3.47) we have
Bgqgjq =0 (3.50)

S0,

Byijq(cg+2pg) = Byijgbqy = 0. (3.51)
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Since b, is non-zero, we have

Bgijg=0

Now, we equal the indices k, & and ¢ in (3.45) and using (3.52), we get

Pq(Biijq+Bgij1) =0

If we get p, = 0, since b, = ¢, + 2p, we have ¢, = b, # 0.

Now, we get equal the indices [/, h and ¢ in (3.45), then we have

CqByiji + PgBgijk + PiBqqjk + P jBgigk + PiBygijq = 0

from (3.45), (3.48), (3.52) , we have

B 0

qijk =

for all 7, j and k since ¢, # 0.

Now, we get equal the indices / and ¢ in (3.45), then we have

CqBhijk + PiBgijk + PiBngjk + P jBhigk + PxBhijq = 0.

so, we have

CqBhijk =0,
since c; #0, Bpijx =0 foralli, j, kand h.
If we get py # 0in (3.53), then we have
Biijq+ Bgiji =0,

thus, it is seen from (3.58)

Biijqg = —Byijis
and from (3.47), we have

Biijq = —Bgjii

If we get equal the indices 4 and ¢ in (3.46), then

Bijk + Bgjki + Bgkij = 0.

The equation (3.61) can be written as
By ki +Byjkitqijk = 0,
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(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)



Consequently we have

Bpijk = 0.

We will examine the covariant derivative of the conformal curvature tensor of RS.
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