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THE GENERALIZED FRACTIONAL
BENJAMIN BONA MAHONY EQUATION:
ANALYTICAL AND NUMERICAL RESULTS

SUMMARY

In this thesis study we consider the generalized fractional Benjamin-Bona-Mahony
(gfBBM) equation

Uy + Uy + l(u"“),ﬁ— éD“ux + §DO‘u, =0,
2 4 4
where x and 7 represents spatial coordinate and time, respectively. This equation is
derived to model the propagation of small amplitude long unidirectional waves in
a nonlocally and nonlinearly elastic medium. The gfBBM equation has a general
power-type nonlinearity and two fractional-type terms. Thanks to these properties,
the gfBBM equation is noticed as a satisfactory and interesting model in the literature.

The aim of this thesis study is to perform various mathematical and numerical analyses
for the gfBBM equation and to understand the influence of nonlinearity and fractional
dispersion on the dynamics of solutions.

The thesis study is organized in the following way:

In the first chapter, we briefly introduce the general background on the fractional
type nonlinear partial differential equations with lower dispersion such as fractional
Korteweg de Vries (fKdV) and fractional Benjamin-Bona-Mahony (fBBM) and
gfBBM equations. Then, we propose derivation and some properties of the gfBBM
equation. We also state the analytical and numerical methods used to solve this
equation. Furthermore, the literature overview on gfBBM and related equations is
given in this chapter.

The second chapter is devoted to the analytical results for the gfBBM equation. In the
first section of this chapter we recall the preliminaries. This section contains useful
definitions related to functional analysis, lemmas and theorems used in the thesis. In
the second section, we derive conserved quantities of the gf BBM equation. We also
find constraints on the order a of the fractional term. The aim of the third section
is to prove the local well-posedness of the Cauchy problem for the gfBBM equation
together with the initial condition

u(x,0) = up(x).

For the case 1 < o < 2, we prove the local well-posedness of the solutions by using
contraction mapping principle. On the other hand, for the case 0 < o < 1, we use the
approaches given for the fBBM equation by He and Mammeri (2018). Therefore, we
consider the regularization of the Cauchy problem for the gfBBM equation and then
use the convergence of regularized solutions to the solutions of main problem. The
section 4 presents the conditions for the non-existence of solitary wave solutions to the
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gfBBM equation. Existence and uniqueness of solitary wave solutions are obtained
by using the result of Frank and Lenzmann (2013). We also consider the restrictions
on the o and speed of wave c so that the gfBBM equation admits positive or negative
solitary waves. Finally, we derive exact solitary wave solutions to the gf BBM equation
for the special cases o = 1 and & = 2 when p = 1. In the last section of this chapter
we discuss the stability properties of solitary wave solutions associated to the gfBBM
equation. We first give the Hamiltonian formulation of the equation. Then, we prove
the orbital stability of solitary wave solutions by using approach given by Grillakis
Shatah Strauss (GSS) (1987) and for the stability we obtain following conditions when
1<p<4

_P_ p
1. er2<oc<2andc>c17p>l,

2. §<(x<2andc>1or%>c>cz’p,

60+2p+3ap—V2p/20—ptap
52a+op) P

with ¢1 - — 60+2p+3ap+v2py/20—ptap
Lp— 52a+op)

and ¢ , =

In the last chapter, we present the numerical results for the gfBBM equation. We first
state efficient numerical algorithms for gfBBM equation and then carry out various
numerical experiments. The Petviashvili method is proposed for the generation of
the solitary wave solutions that cannot be obtained analytically. We numerically
investigate the effects of the relation between the nonlinearity and the dispersion
on the solutions. The evolution of generated wave profiles in time is investigated
numerically by Fourier pseudo-spectral method. The efficiency of the methods will
be demonstrated by various numerical simulations.
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GENELLESTIRILMIS KESIRLI
BENJAMIN BONA MAHONY DENKLEMI:
ANALITIK VE SAYISAL SONUCLAR

OZET
Genellestirilmis kesirli Benjamin-Bona-Mahony (gkBBM) denklemi

1 3 5
u,+ux+E(up+1)x+ZDaux+ZDau, =0
ile verilmektedir. Burada x ve t sirasi ile uzay ve zaman koordinatlarini temsil
etmektedir. Denklemde kuvvet tipinde dogrusal olmayan terimin mertebesi p > 1
. a o . . .
olup, kesirli mertebeden tiirev operatoric D* = (—A)2, o € R ise Riesz potansiyeli
olarak adlandirilmakta ve keyfi bir ¢(x) fonksiyonu i¢in Fourier doniigiimii yardimu ile

—_

D%q(k) = [k|*G(k)

seklinde tanimlanmaktadir. ~ Bu denklem ilk defa Erbay ve digerleri (2016)
tarafindan tiiretilmis olup literatiirde iyi bilinen kesirli Korteweg deVries (kKdV)
ve kesirli Benjamin-Bona-Mahony (kBBM) gibi benzer denklemlerin aksine fiziksel
bir modelden dogmustur. Genellestirilmis kesirli Benjamin-Bona-Mahony denklemi
yerel ve dogrusal olmayan elastik bir ortamda yayilan kiiciik genlikli uzun dalgalar
modellemektedir.  Ayrica iki farkli kesirli tiirev igeren terim ve kuvvet tipinde
dogrusal olmayan terim icermektedir. S6z konusu denklem bu 6zelliklerinden dolayi
literatiirdeki benzer denklemler ile karsilastirildiginda daha gii¢lii bir model olarak
dikkat cekmektedir.

Bu tez calismasinin amaci gkBBM denklemi icin c¢esitli matematiksel ve sayisal
analizler gerceklestirmek, ayrica zayif dispersiyon ve kuvvet tipinde dogrusal olmayan
terim etkisi altinda ¢oziimlerin davranisinin nasil degistigini incelemektir.

Bu tez calismasi asagida sunulan sekilde diizenlenmistir.

Tez calismasinin ilk bolimii olan girig boliimiinde kesirli dispersif terime sahip
dogrusal olmayan kismi tiirevli diferansiyel denklemler kisaca tanitilmigtir. Bu tipteki
denklemlere Ornek olarak kesirli kKdV, kBBM ve gkBBM denklemleri verilmistir.
Ayrica bu tezde gkBBM denklemin ¢6ziimlerini incelemek icin ele alinan analitik
ve sayisal yontemlerden bahsedilmistir. Son olarak, gkBBM denklemi ve benzer
denklemler hakkinda literatiirde var olan ¢alismalar tanitilmigtir.

Calismanin ikinci boliimiinde gkBBM denklemi icin elde edilen analitik sonuclara yer
verilmigtir. Analitik sonuglar boliimiiniin icerigi agsagida sunulan sekildedir.

Ikinci boliimiin birinci kismi bu tez c¢alismasinda kullanilacak olan ©&n bilgilere
ayrilmigtir. Fonksiyonel analiz ile ilgili temel tanimlar, 6zel fonksiyon uzaylari,
Fourier doniisiimleri ve tezde kullanilan tanimlar hatirlatilmis; gelecek kisimlarda
yararlanilacak olan lemma ve teoremler sunulmustur.
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Ikinci kisimda, ilk olarak gfBBM denkleminin korunan biiyiikliikleri tiiretilmisgtir.
Bu asamada Hamiltonyen’in iyi tanimli olabilmesi icin kesirli tiirevin mertebesi
olan « lizerinde bazi kisitlar elde edilmigtir.  Calismada ele alinan gkBBM
denkleminin gercek c¢oziimlerinin bilinmedigi durumlarda denklem icin Onerilen
sayisal yontemin dogrulugunu gosteren hata hesab1 yapilamamaktadir. Bu sebep ile
korunan biiyiikliiklerin zaman ile degisimi sayisal yontemin dogrulugunu test etmek
icin 6nemli olmaktadir.

Uciincii kistmda, gkBBM denklemi igin
u(x,0) = up(x)

baslangic kosulu secimi altinda karsi gelen Cauchy problemi tanimlanmis ve bu
problemin ¢oziimlerinin yerel iyi tammlilig1 incelenmistir. ik olarak 1 < o < 2
bolgesi ele alinmistir ve standart biiziilme doniisiimii prensibi ile Cauchy probleminin
¢Oziimlerinin 1yi tanimliligin1 gosterilmistir. Daha sonra 0 < o < 1 se¢imi altinda
cOziimlerin iyl tamimliliim1 gostermek ilizere He ve Mammeri (2018) tarafindan
kBBM denklemi icin 6nerilen yaklagim kullanilmistir. Bu yaklasimdaki fikir, gkBBM
denklemine diizgiinlestirici bir terim eklenerek ¢oziimlerin yerel iyi tanimliliginin
incelenmesi ve diizgiinlestirilmis problemin ¢oziimlerinin, gkBBM i¢in tanimlanan
Cauchy probleminin ¢oziimlerine yakinsadiginin gosterilmesi seklinde 6zetlenebilir.

Dordiincii kistmda, gkBBM denkleminin yalmiz dalgalarinin hangi sartlar altinda
var olmadig: ispatlanmigtir. S6z konusu dalgalarin varligi ve tekligi ise Frank ve
Lenzmann (2013) tarafindan elde edilen sonuclar kullanilarak gosterilmistir. Bu
kisimda ayrica o, p ve dalga hiz1 ¢ parametrelerinin se¢imine bagh olarak gkBBM
denkleminin pozitif veya negatif yalmiz dalgalar iirettigi gosterilmistir. Son olarak
p=11iken @ =1 ve @ = 2 6zel durumlar1 i¢in gkBBM denkleminin gercek yalniz
dalga ¢oziimleri tiiretilmistir.

Besinci kisimda, gkBBM denklemi tarafindan iiretilen yalmz dalga ¢oziimlerinin
yoriingesel kararlilik 6zellikleri tartigilmistir. Bunun i¢in 6nce gkBBM denkleminin
Hamilton formu verilmistir. Denklemin bu formda yazilmasi ile Grillakis, Shatah
ve Strauss (1987) tarafindan yalmiz dalgalarin yoriingesel kararliligimi gostermek
icin Onerilen yaklasim uygulanabilir hale gelmistir. Bu tez c¢alismasinda gkBBM
denkleminin yalmz dalga coziimlerinin asagida verilen sartlar altinda yoriingesel
kararl1 oldugu gosterilmistir:

p p
1. m<a<§andc>cl7p>1,

2. b<a<2ande>1lori>c>c).

Burada 1 < p < 4 icin _6a+2p+3ap+V2p/2o—ptap ve

Clp = 52a+ap)
6a+2p+3ap—/2p\/2a—ptop
5Qoa+ap)

Qp =

seklinde hesaplanmugtir.

Tezin son boliimiinde, gkBBM denklemi i¢in Onerilen sayisal yontemlere ve cesitli
sayisal deneylere yer verilmistir. Bu boéliimde ilk olarak gkBBM denkleminin acik
formda elde edilemeyen yalniz dalga ¢oziimleri iiretilmistir. Daha sonra tezin ikinci
boliimiinde yalniz dalga ¢oziimleri icin elde edilen analitik sonuglarin dogrulugu
test edilmigtir. Ayrica dogrusal olmayan terimin mertebesi p ile kesirli dispersif
terimin mertebesi o arasindaki iligkinin, iiretilen ¢oziimler iizerindeki etkisi ve yalniz
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dalgalarin hiz1 ile genligi arasindaki iligkiler sayisal olarak incelenmistir. Deneylerde
denklemin yalmz dalga profilleri Petviashvili yontemi ile tiiretilmis; bir Fourier
sozde spektral yontemi yardimu ile tiiretilen yalmiz dalgalarin zamanda ilerlemesi
incelenmistir. Petviashvili semasinin dogrulugu cesitli sayisal kontrol parametreleri
yardimut ile test edilmistir. Fourier sézde spektral semanin dogrulugunu test etmek i¢in
ise Onceki boliimde tiiretilen korunan biiyiikliiklerden faydalanilmigtir. Bu calismada
gkBBM denkleminin sayisal ¢oziimlerini elde etmek icin Onerilen her iki semanin da
oldukca etkin yontemler oldugu gosterilmistir.
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1. INTRODUCTION

Many years before the invention of the word “fractal” by Mandelbrot [[I]], the Japanese
artist Hokusai published some artworks which are very close to fractal images. The

artwork entitled The Great Wave off Kanagawa is illustrated in Figure [I.I] The

fractals are known as geometric figures with non-integer dimension, whereas the
term fractional derivative defines the differential operator with non-integer order. The
fractality concept has been increasingly appreciated in the literature because of the
fractal nature of the world. Especially, there has been great interest in fractional
differential equations, since they are used to model wide variety of phenomena in
engineering and science such as fluid mechanics, finance, viscoelasticity, biology,

sociology and image processing.

Many considerable researches have been carried out on fractional type nonlinear
partial differential equations with lower dispersion, which is described by the help of
fractional Laplacian operator. Now, we introduce a precise definition for the fractional

Laplacian operator D% = (—A)? in terms of Fourier transform as

—
o

D%q(k) = [k|*4(k).



Here 4 is the Fourier transform of a suitable function ¢(x). Throughout this study, we
consider functions of single variable in space. In this case, the fractional Laplacian
operator turns into the ordinary second order derivative when @ = 2. An example

for the function g(x) = sech?(x) is illustrated in Figure Physical motivation and

-3 -2 -1 0 1 2 3
X

Figure 1.2 : Second order derivative of ¢(x) using the fractional Laplacian operator
(dashed line) and the exact derivative (solid line).

additional information for the fractional Laplacian operator can be found in [2]. Here,
we also note that there are other fractional derivative definitions derived in fractional
calculus such as Riemann-Luoville, Caputo and Griinwald-Letnikov. To prevent the
confusion, the fractional Laplacian is also known as the Riesz potential derivative.

The fractional time derivative will not be considered in this thesis study.
The fractional Camassa Holm (fCH) equation

3 5 1
Uy 4y + vy, + ZD“ux + ZD“u, =2 2D (uuty) + uD%uy|

was first presented in the study [3]. Here, the operator D% = (—A)? denotes the Riesz
potential for any o € R. Then, same authors introduced the generalized fractional CH
equation

1 3 5 +1
ut-l—ux—l—i(uerl)x—i-ZDaux-i-ZD“ut = _pT

in [4]. Here, p is an integer. This equation derived from the unidirectional,

2D*(uPuy) + u” D%u

small-but-finite amplitude, long wave solutions of the fractional improved Boussinesq

2



equation

o _ +1
Uy — Uyx + D" Uy = (up )xx

by using double asymptotic expansion technique. Neglecting higher order terms in
asymptotic expansion, the generalized fractional Benjamin-Bona-Mahony (gfBBM)

equation is obtained in the same study as

1 3 5
u,—i—ux—i—E(uerl)x—i—ZDaux—f—ZDaut:O. (1.1)

This equation is proposed as main concern of the current study for 0 < o < 2.

The gfBBM equation is associated with the fractional Korteweg-de Vries (fKdV) and
fractional Benjamin-Bona-Mahony (fBBM) equation in the literature. If the nonlinear
term of the standard KdV equation was fixed as quadratic uu,, and the dispersive term

Uy Was replaced by D%u, in the KdV equation, then we get fKdV equation as follows
uy + e + uuy, + D%, = 0. (1.2)

If the nonlinear term of the standard BBM equation was also fixed as quadratic uu,,
and the term u;,, was replaced by D*u, in the BBM equation, then we obtain fBBM
equation as follows

u; + uy + ut, + D%, = 0. (1.3)

The gfBBM equation includes both, the term D%u, of the fKdV equation and the term
D%y, of the fBBM equation. Although low dispersion fKdV and fBBM equations
appear to be more relevant physically than KdV and BBM equations, they have not
been derived from a physical model but are toy models to understand the interesting
mathematical behaviour [5]. On the other hand, the equation with both uy,, of
KdV and u,; of the BBM equations appear to be a better approximation for the
full Euler equation than both KdV and BBM equations [[6]. Since this equation is
a special form of the gfBBM equation, it is a better approach to use both terms as
fractional. Furthermore, as the presence of the term D%y, of BBM equation weakens
the nonlinearity, the nonlinearity-dispersion interaction will be more interesting in the

presence of these two fractional terms.

A problem for a partial differential equation is well-posed if the following assumptions
are satisfied: i) The problem has a solution for each choice of data in an appropriate

space, ii) This solution is unique for each choice of data in an appropriate space, iii)

3



The solution depends continuously on the data given in the problem. If we have the
existence and uniqueness of the solution in a small time interval near the origin t = 0,
then we say the solution is locally well-posed. For the case 1 < o < 2, one can prove
the local well-posedness of solutions by using a standard tool of the nonlinear analysis:
the contraction mapping principle. However, it is not possible for the more complicated
case 0 < a0 < 1. Therefore, the vanishing viscosity method is used to obtain the local

well-posedness of solutions when 0 < o < 1.

Travelling wave solutions appear due to the balance between nonlinearity and

dispersion and they have the form

u(x,t) = Qc(g) & =x—ct,

where ¢ € R is speed of the wave. Solitary waves are particular class of the travelling

waves with

Furthermore, solitary waves have some special properties: They are localized solutions

and have single hump.

In historical perspective, John Scott-Russel was the first person to observe empirically
the solitary waves in water, in 1834, on the Edinburgh-Glasgow canal. Then, Joseph
Boussinesq proposed well-known Boussinesq (bidirectional) equation which admits
the solitary wave solutions. He showed that the solitary waves remain stable, namely,
under a slight perturbation solitary waves propagate without evolving into any other
wave form. Indeed, this discovery was the birth of stability theory of solitary wave
solutions. Here we can state the standard definition of stability which is also known as

Lyapunov stability.

Definition 1. (Lyapunov Stability) A solution u*(t) with a given initial value u*(ty)
is stable if, given any € > 0, a 8 > 0 can be found such that for any solution u(t)

satisfying ||u*(ty) —u(to)|| < 9,

u*(t) —u(t)|| < € is true for all t > .

Stability notion for the solitary waves was first proposed by Benjamin in [7]]: Orbital
stability of solitary waves which is also known as stability in shape. Afterwards
Grillakis-Shatah-Strauss (GSS) developed a systematic approach to prove the stability

of solitary waves in [8]. Later this method is called as GSS’s approach and made a

4



significant impact on the researchers. In brief, the orbital stability of the corresponding
solitary wave solutions can be determined by the convexity of a suitable scalar function
if the following assumptions are satisfied: i) local well-posedness of corresponding
initial value problem, ii) existence of solitary wave solutions, iii) existence of a
Hamiltonian operator that is defined by the help of conserved quantities which satisfies

certain spectral properties.

Solitary waves play an important role in simulation of wave phenomena. This special
solutions can be easily constructed and so they are widely used in the experiments.
Since the analytical solitary wave solutions of fractional differential equations are still
unknown in general, the numerical wave generation has become very significant for the
researchers. In this sense, Petviashvili iteration method is noticed as a quite efficient
technique to construct the solitary wave solutions of the nonlinear dispersive equations,
numerically. This method was first used by V. I. Petviashvili to generate solitary wave
solution of the Kadomtsev-Petviashvili (KP) equation in [9]. Although it seems as a
basic fixed point iteration technique, it has been improved by introducing a stabilizing
factor. In this way, Petviashvili method is easy for implementation and converges
rapidly. Moreover, it converges only to the ground state solution of nonlinear wave

equations. For further information we refer to the studies [[10,/11]].

The other numerical method discussed in this thesis study is the Fourier
pseudo-spectral method. It is proposed to analyze gfBBM equation, numerically. The
main idea behind the spectral method depends on approximation to the solution of the
problem with finite sum of basis functions. Spectral methods have great advantages
such as exponential convergence and high order accuracy. Moreover, the fractional
derivative in the gfBBM equation is defined by a Fourier multiplier. Thus, the
Fourier spectral method is noticed as the most convenient method for investigating

the evolution of the solution in time.

1.1 Literature Overview

The motivation for contributing originally to the literature leads us to use results for the
fKdV and fBBM equations. Therefore, we first give literature overview about fKdV
and fBBM equations in this subsection. These equations have been intensively studied

in the past years for & > 1 in terms of global well-posedness, stability and blow-up
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etc. We refer to [12H14]] for a more detailed discussion and review. The research on
the more delicate case a € (0, 1) has been increased in the last few years. For the
local well-posedness of Cauchy problem to both equations, we refer the reader to [5]]
and [[15]]. The missing uniqueness result in [5] is recovered by using the regularization
of fBBM equation in [16]. Additionally, the extension of life span for these equations
are obtained in [17] and [18]]. The global well-posedness and regularity of solutions
to the fKdV equation are proved in [19] and [20], respectively. In [21], the solitary
wave solutions in terms of existence and stability are investigated. The stability and
linear instability results for a general nonlinearity are obtained in [[14]]. Blow-up issues
for both equations are observed in [22], numerically. A Fourier spectral method is
studied for fKdV equation and its solitary wave solutions are constructed numerically
in [23]] by using Petviashvili method. For the convergence analysis of the Petviashvili
method we refer to [10,24]. Recently, the existence, uniqueness and spectral stability

of periodic waves for the fKdV and fBBM equations have been proved in [25] and [26].

On the other hand, the literature about gfBBM equation is still very limited. This
equation is derived from a physical model in [3,4] as explained above. In [27]], the
gfBBM equation is studied in both mathematical and numerical aspects. Stability

properties of the solitary wave solution to the same equation is proposed in [28]].

Literature overview of the fKdV, fBBM and gfBBM equations has been alluded.
In literature, the authors studied only quadratic nonlinearity for the corresponding
equations. However, we consider power type nonlinearity in this study. At that point
the question arises what are the effects of both power type nonlinear terms and the

fractional differentiation operator on dispersive terms.

To the best of our knowledge, the problem proposed in this thesis will be the first
in literature for the gfBBM equation. In addition, since special cases of the gfBBM
equation contain a large class of equations we expect that the results will attract interest

and give rise to new research problems.



2. ANALYTICAL RESULTS FOR THE GENERALIZED FRACTIONAL
BENJAMIN-BONA-MAHONY EQUATION

2.1 Preliminaries and Notations

In this section, the notations and basic definitions will be presented. Then, useful

inequalities, lemmas and theorems that we utilized in this chapter will be recalled.

Definition 2. (L?(R) Space) Let f be an arbitrary function defined on the domain

R. LP(R) is the normed vector space endowed with the norm

(il fIPdx)F < oo if 1< p<oo

HuHLl’(R) =
esssup | f | if p=oo

The inner product of functions f, g € L*>(R) is defined by

(f;g)y(R):/Rf(x)g(x)dx.

Due to simplicity, we keep to use notation (., .) for the inner product on L?(R).

Definition 3. (Test Function) [29] Let CZ(Q) denote the space of infinitely
differentiable functions @ : Q C (R") — C, with compact support in Q, an open subset

of R". A function f belonging to C*(Q) is called a test function.

Definition 4. (Compactly Contained Set) [|29] Let Q and V denote open subsets of R".

We write
VccQ

and say V is compactly contained in Q if the closure of V belongs to Q.

Definition 5. (Locally Integrable Functions) [29] Let 1 < p < oo, Lf oo (Q) is the set
of locally integrable functions, L () ={u:Q— Clue LP(V) for each V CC Q},

ieue Ll (Q)ifu:Q— C satisfiesu e LP(V) forallV CC Q.

loc
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Definition 6. (Weak Derivative) [29] Suppose u,v € L}OC(Q) and & = (Qy,...,0,) is
multiindex. If the equality

/uD%dx:(—l)'ﬁ"/ vodx,
Q Q
with
0% ¢
8x?‘ ..Ox%n

is satisfied for all test functions ¢ € C., then v is called the weak derivative of order

D% =

| @ | of the function u in the domain Q and is denoted by D%u i.e. v = D%u.

Definition 7. (Sobolev Space) [29] The Sobolev space W*5P(Q) consists of all
integrable functions u : Q — R such that for each multiindex & with | & |< s, D%u
exists in the weak sense and belongs to LP(Q). Similarly we define the space W;O’f (Q)
using locally integrable functions instead of integrable ones. We introduce a natural

norm on the Sobolev space:

lullwsr=Y I D%u|lLr .

o[ <s

Throughout this study, we consider p = 2, space dimension n = 1.

Remark: Let p =2 and n = 1, then we write usual notation
H*(R) = W**(R)
with the representation of norm in Fourier space

Il Z/R(l + (k%) (k) Pdk

for s € R. Here, it is useful to give the Fourier transform and its inverse for a function

u € L*(R). They are defined by

i(k) :/Ru(x)e_ikxdx

and
1

T

u(x) /R a(k)e™ dk,

respectively. Here, i is the imaginary unit and k denotes wave number in Fourier space.

Theorem 1. (Sobolev Imbedding Theorem) Let r > 0 and 1 < p < oo, We have



o If2r <1, then H (R) — LP(R) for every p < %
o If2r =1, then H'(R) < LP(R) for every p < oo.
o If2r> 1, then H' (R) — L*(R).

Definition 8. (Holder’s Inequality) Assume that p € [1,00] and ]% +$ =1. Ifue LP(R)
and v € LY(R), then uv € L' (R) and

vl @y < lullzr@)Vllzo)-

Definition 9. (Minkowski’s Inequality) Assume that p € [1,00]. If u, v € LP(R), then
u+v e LP(R) with

lu+vl|rw) < llulle@) + [Vller)-
Definition 10. (Gronwall’s Inequality - Differential Form) Suppose that b(t) and f (t)

are continuous functions for t > a and u(t) is a differentiable function for t > a. If the

following inequalities are satisfied

w'(t) = bOult)+f(1), t=a,

<
—~

S}
~
IN

up,
then

u(t) < ugexp ( / tb(r)dr) + / (1) exp ( /T tb(s)ds) dt, Vi>a

Definition 11. (Gronwall’s Inequality - Integral Form) Suppose that u(t) and f(t)

are nonnegative continuous functions fort > 0 and satisfy the following inequality

u(t) < C+/Olu(1)f(r), t>0,

with C > 0. Then
t
u(t) < Cexp (/ f(r)dr) Cvi>o.
0

Definition 12. (Fractional Leibniz Rule) [30] Let oo = a; + o € (0,1) with oz > 0
and p,q,r € (1,0). Then,

I D%(f8) — fD%g —gDf [|Lr S| D* f ||al| D®g ||1-



Here, the notation x < y is used to denote x < Cy for any quantities x, y and constant

C>0.

Lemma 1. [31] For r > 1/2, H"(R) is an algebra with respect to the product of
functions. That is, if u,v € H"(R) then uv € H"(R) and

[wv]| gy < Cllullgrw) VI r(w)- (2.1)

Lemma 2. [32] Assume that f € CK(R), u,v € H (Q)NL®(Q) and k = [r] + 1, where
r > 0. Then we have

1 () = £F0) || < K(M)[Ju—v|, (2.2)
if |||l <M, ||V|| <M, ||u|l, <M and ||v||, < M, where K(M) is a constant depending

on M and s.

Definition 13. (Skew Symmetric Operator) An operator A is said to be

skew-symmetric with respect to the inner product on L? (R), if it satisfies
(Au,v) = —(u,Av).

Definition 14. (Variational Derivative) The variational derivative of sufficiently

smooth functional G of u is defined by

(G (u),v) = %G(u—kevﬂg_o.

Throughout this study, C = C;(i € N) denotes a generic constant.

2.2 Conserved Quantities

In this section, we derive the conserved quantities of the gfBBM equation (1.1)) for the

smooth enough solutions with
u(x,t) =0, X — Foo.
First, we rewrite the equation (I.1)) in the conservative like form

5 1 3
(I+ ZDO‘)u, + (u+ Eup“ + ZDau)x =0.

By using the fact that the operator (1 + %DO‘) is invertible, we are allowed to write

5 1 3
ut+8x(I—I—ZD°‘)_1(u+§up+l +5D%) =0. (2.3)
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Therefore, we have obviously first conserved quantity as

= / u(x,t)dx. (2.4)
R
Multiplying the equation (1.1]) by u

1 3 5
uny + utty + EM(MPH )x + ZuDaux + ZuDaut =0,

and integrating result on the whole line, we have

1 3 5
/uu,dx+/uuxdx+—/ u(up+l)xdx+—/uDauxdx+—/uDO‘u,dx:O.
R R 2 J/r 4 Jr 4 Jr

By the help of integration by parts technique, we rewrite the above equation as

u? u? 1p+1
—)id —)d [ (wP?)d
/]R<2)t H/@z)"x Ty

3 5
+ —/uDauxdx+—/uDauth=0-
4 Jr 4 Jr
(2.5)

To deal with the last two terms of the equation (2.5)), we use Plancherel’s formula

which yields that
[0 uudx = [ 1¢[“4,(8.0)a(E dE.
= [ leifag fde.
— D2 ul*d 2.6
2o [ Ipfuax 2.6)
and
3 o 3 o 2
—/(D ux)udx:—/ |D2ul|idx. (2.7)
4 Jr 8 Jr

Using (2.6) and (2.7) in (2.3), we obtain

1d [0 5 ap . L[ o ptl 0 3 a
_ & 21D uP)dx+ - P p2 4 21D u)dx =0,
2dt/R(u +4| u|)x+2/R(u +p+2u +4] u|”)dx

Finally, the last equation allows us to write second conserved quantity in the following

form
F= /R(u2+§|1)?uyz)dx. (2.8)
On the other hand, the equivalent form of the equation (1.1 gives us the
Hamiltonian formulation
u+JH' (u) = 0. (2.9)
11



Here, ’ denotes variational derivative. J is skew-adjoint operator with

J= 8x(1+§D°‘)_1, (2.10)

and H is the Hamiltonian with
1 2 I/lp+2 3 a 5
H(u) = - —|D>2 dx. 2.11
(u) 2/R(u +p+2+4| ul*)dx (2.11)

We note that some restriction on o occurs so that H(u) is well-defined. According to

Sobolev imbedding theorem we have

H? < [P*2 for p+2<

In particular, the Hamiltonian together with the L”*2 norm is able to control the H /2
norm when & > p/(p+2). This implies that the Hamiltonian does not make sense

when 0 < o < p/(p+2).

2.3 Local Well-posedness
In this chapter, we address the question on the local existence and uniqueness of

solutions to the Cauchy problem for the gfBBM equation

1 3 5
u,+ux+§(up+1)x+ZDaux+ZDau, =0, (2.12)

u(x,0) = up(x). (2.13)

To prove the local existence and uniqueness of the Cauchy problem we separate it into

the following cases: 1 <o <2and0< a < 1.

2.3.1 Thecasel <ax <2

The Cauchy problem (2.12)-(2.13) is rewritten as

3 5 1,5
ur + (I + ZD“)(H— ZD“)_lux =5+ ZDO‘)—I(uP“)X (2.14)
u(x,0) = up(x). (2.15)

S o . . . . .
Here, we note that the operator I + ZDO‘ is invertible, as its Fourier transform is never
zero. Due to the Duhamel formula we can extend the solution of homogenous problem

to the nonhomogeneous one. Thus, this formula implies that u is the solution of the

12



Cauchy problem (2.14)-(2.15) if, and only if, u satisfies the integral equation u = Pu

where

1 t

- o § ay—1 p+1
5 Os(z r)[ax(1+4D) u?* (x, 7)dr, (2.16)

(DPu)(x,1) = S(t)uo(x)
with
351

S(tu=F"" <e_1+§t|§al§ ) su(x).

The symbol * denotes the convolution operation.

Now, we prove the existence and uniqueness of the local solution for the problem

(2.12)-(2.13) by using the contraction mapping principle for 1 < o < 2.

Theorem 2. Let 1 < o < 2 be fixed and ug € H'(R) with r > a /2. Then there exists a
unique local solution u € C([0,T"),H"(R)) of the Cauchy problem 2.12))-(2.13), where
T’ =T'(||uol|ar) > 0.

Proof. For T > 0, define By as the closed ball

Br = {u € C([0,T],H"(R)), lull =(jo,7),rr()) < 2luollr}-

We first prove ® maps By into By for T > 0 small enough and a convenient choice of

a > 0. From (2.16)), one gets

ulr = ISWuo—5 [ 6= +309 @ (e

| 5
< SO0l +5 [ 186 =) [0 +30%) (@] rd.

(2.17)
The definition of Sobolev norm allows us to estimate the following term
L (i
ISl = [ (kR T (k) P,
< [ P Vo) P,
= luollZr- (2.18)

13



5
Using Lemmaand 1+ 4_1|k|a > |k| for a > 1, one gets similarly to (2.18)) that

ik  —
||S(t—‘c)[8x(1+%D“)’lul’“(t)]H%p < /(1+|k|2)r|TuP+1(k,t)|2dk
R 1+ 3 |k|*

< [ Ry ) Pk
R
— WOl

< Clu()|r.
(2.19)

Using (2.18) and (2.19) in (2.17), we obtain

cr +1
1Lu() [l < lluollr + == sup [Ju(®)llzgr < 2lluo]la-
t€[0,T]

2
By choosing T = T’ > 0 small enough and satisfying T < Clholly we have that @
_ _ Hollhr
maps B into Br.

In the second step of proof we show that ® is a strict contraction. Let uy, u» € By. The

Duhamel formula (2.16) gives

5
By (1) — Dun (1) || < /HSt— (142D [l = (2) de (2.20)

and Lemma [2]imply

| (0) = @)l < € [ KM () =) e,

< CTK(M) sup |u1(t) — us(t)||pr-
1€[0,T]

where |[u1||gr <M and |luz||pr < M. If we choose T < & ( 7. then @ is strictly

contractive.

To obtain the continuity with respect to the initial data, we consider the solutions u and
vin H"(R) corresponding to initial conditions ug and v, respectively, with ||ug ||zr <M

and ||vo||g- < M. Computations similar as above show that

oa(e) = v(2) |-
< 11S(r) (w0 — vo) e + /Ot IS(r — )01 + ZDa)l (=) (1) | rd T

< [luo —vollzr +CTK(M) sup |lu(z) —v(t)|[r-
t€[0,T]

14



The inequality

1
sup |lu(t) —v(t)||nr < =777 lluo —vollur
1€[0,T] 1-CTK(M)

with 1 —CTK (M) > 0 yields that the solution depends continuously on the given initial
data as it is bounded by a continuous function related to the difference of the initial

data. O]

2.3.2 Thecase0 < a < 1

The local well-posedness of solutions in Sobolev spaces for the Cauchy problem to the

fBBM equation with the quadratic nonlinearity

U + e + uny, +D%u; = 0,

u(x,0) = up(x),

is studied by using energy estimation technique given in [5] in which the authors
consider 0 < o < 1. However, this method does not provide the uniqueness since one of
the terms can not be controlled by the appropriate Sobolev norm. The same problem is
also observed for the equation (1.1). Therefore, we use the vanishing viscosity method

given in [33]] and consider the following regularization of the equation (I.1)

1 3 5
ol + 5 [(u®)P ], + D+ D% — euf, =0, (2.21)
u®(x,0) = uf(x). (2.22)

The equation (2.21]) is rewritten as

5 3 1
(I+ ZDO‘)uf + I+ ZDa)uﬁ —eut, = —5[(u£)p+l]x.

Since the operator (1 + ZDO‘) is invertible, we are allowed to write above equation in

the following form

3 5 5 1 5
u + (I + D" I+ 3D%) " uf = (1+ 3D%) eu = = (1+7D%) ()],
4 4 4 2 4
(2.23)
According to Duhamel formula u? is the solution of the Cauchy problem (2.21))-(2.22))

if and only if u® is the solution of the integral equation u® = ®*u* where

(@ )en) = SO0~ [ S-S
4

15
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where

7[1+%\k\0‘i ex2 }t
S(t)u:ﬁl(e LHGI T L3 ) *u(x).
We need the following lemmas in order to proceed with the fixed point theorem:

Lemma 3. LetO< ax < 1 andr > 0. We have

u(lfoDa)saxuv)nm < (el (225)
4
where
[l+%|k\“. ek? 3a

S(u=7"" (e 1+ ke +1+Zk|°‘][) «u(x), Cle,t)=Clet) Ta. (2.26)

Proof. By duality, proving the lemma is equivalent to proving
/ LS(I)(M(X)V(X))W(XMX < C(&,0)lull e [Vl (Wl
R (I+3D%)
for all we .(R). Thanks to the Plancherel’s identity and the nice property of
convolution opeator, one gets

| G5 SO e s

1+ 3D%)
1+ 3 K% )

] — + t —
— —’Sk [e (H%\k\“’ 1+%V<\"‘) }u(k)v(k)w(k)dk
R1+ Z|k|a

14+ 3k % )

} - + t ~
= —’Sk [e (H%W 1+3k°‘)}(ﬁ*$)(k)w(k)dk
R 143kl

1+3 K% i

ik 7(1+§\k\“l +1+5ka)[]A S(mVe
- 4 4 k— k)dndk.
/]R/Rl—i—%|k|“ {e u(k—mn)v(n)w(k)dn

Let us define
U=(&Ya, V=7, W=(& (2.27)

where (k) = (14 k2)1/2. By using the triangle inequality (k)" < C{k—1n)"(n)", we
n);m

have
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oy _
| s SOy

I+32D%)

3 2
ik —[:‘S‘l ‘(xl i@ ]t <k>r R o~
e AN RS ST (k—n)V ()W (k)dndk
/R/R 1+%‘k|ae N (k—m)V(n)W(k)dn

(k—n)r(m)"
— H%ﬂ' ek? '
T3
R L s
<C\|W UxVlle| —— 3
<CW U2V ZHLeléﬁatH
< L 2Vl [+ 3K

The definition of L?>-norm provides

el e 2
|, - [ s Do 7
ERIE m \ 1+ 3]k

Y cl w2
= 2/ — ¢ 1+3 k| dk+2/ | | e 1+3 k| dk
o \ 1+ 37 A\

= I+l

We have

2
I = 2/ ( |5| a) . dk
2
1 k
C/ ‘5—| dk
0 \ 1+ 3|kl*

1 1
< T A~ 1\ .
< c /0 et

. . ) . 1
Above integral is convergent for o < % The inequality e < — forx>0and 6 € R
X

yields that

2
= 2/ u L
Lo\ T+ gkl ( o t)

(1+31k*)

1 - 1 20(a—2)
<
< C(gt)29/1 [k[2(@=1) k| dk

1 > 1
- C(et)29/1 |k|2((x71)+29(27a)dk
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o
——S() (u(x)v(x))w(x)dx |< C(g,t)||W U \%
| s S SO )0 < D IW LU V]
3
for C(g,t) = C(et)~% with 6 > %. By using the definitions in (2.27)), we obtain

) _
| /R U+—§MS(I)(u(x)v(x))w(x)dx|§ Ce, )il llullrr V] o

O
Lemma(l|leads to the following corollary.
Corollary 1. Let 0 < o < 1 and r > 1/2. We have
Ox A o
|— %SO @)l < Cle.0)ullf (2.28)
I+ ZDa)

where the operator S(t) and C(&€,t) are given in the equation (2.26).

Now, we prove the existence and uniqueness of the local solution for the reqularized

problem (2.21)-(2.22)) by using the contraction mapping principle.

Theorem 3. Assume that uy € H'(R) with r > 1/2 and 0 < a < 1. Then, for any

€ > 0 there exists a unique solution u® € C([0,Tg],H"(R)) to the Cauchy problem

(2.21)-2.22), where Ty = T (||ug]|, €).
Proof. Let By with T > 0 be the closed ball
Br = {uc C([0,T],H" (R)), [lull 1=(0,7),17(®)) < 2llu0ll () }-
We first prove ©¢ maps By into Br for T small enough. From (2.24), one gets

Ol = 18006~ 5 [ 80— 0) [ S ) ] ()aelr

1+5Da)

< ugllar+ / I1S(t — ) [ ———@*)"!(7)] || ard.

1+5Da)
The Corollary [T]implies that

3

5t =) [<1+a—§3)a><us>f’+'<r>}||m <Clet—) TRl @29)
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Using (2.29), we have

DU (1) | < ||u§ || +Ce T sup [|uf ()[4t
t€[0,T]

By choosing 7" small enough to satisty 7' < gives that ®¢ maps Br

= Ce 20 g e
into Br.

The next step is to prove that ®* is contractive. Let uf, u5 € Br. The Duhamel formula

@29 gives

[(u?)P—H . (ug)p—i-l} (T)HHrdT

(2.30)

1 t
DUl (1) — Pus (¢ r<—/ S(t—17)———
ot (0@ < 5 L1509

and Corollary [T and Lemma [2] imply

[Dui (1) = D5 ()| < C/Ot(e(f—T))_%:Il(uf)”“(f)—(uﬁ)”“(T)HHrdT

< Ce,TK(M) sup [|uy(r) —u5(0)]|ar-
t€[0,T]

where ||uf||pr <M and ||u5||nr < M. If we choose T < m, then ®F is strictly

contractive such that

1D (1) = D%us (1) | 1r < (Ju () — w5 (8) [ -

To obtain the continuity with respect to the initial data, we consider the solutions u® and
v® in H"(R) corresponding to initial conditions uf and v§, respectively, with ||ug|| g <

M and ||v§||g < M. Similar computations show that

o0 () = vE () |-
< [I8(e) (uf —v§) HHr+/O 15( — T>(1+—§Da)((”8>p+l — ()P (1) |lardr
4

< [lug —v§llur + Ce , TK(M) S[gpr] [[u®(2) = v (2)| -
telo,

The inequality

1
—Ce, TK(M)

sup [Ju(£) =v*()llmr < 5 et = vl -

1€[0,T]

with 1 —C¢ ,TK(M) > 0 yields that the solution depends continuously on the given
initial data since it is bounded by a continuous function related to the difference of the

initial data. [
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Theorem 4. Let 0 < a < 1 and the initial data in u§ € H" (R) with r > % —a. Then
the unique regularized solution C([0,T],H" (R)) to the equations (2.21))-(2.22)) satisfies
the energy inequality

d

() < Cll (). 2.31)

Proof. Let us set r = s+ §. Applying the Bessel potential J* to the equation (2.21),

multiplying both sides of the equation by J*u® and then integrating on the whole line,

we have
1d 5 a d +1
. /R (uf P2 S P+ e /R (P =~ /R P ()il ) d.
(2.32)
Using the fractional Leibniz rule, the term J* ((u®)?uf) is written as
I ((u®)Puf) = (u®)PIul + uld* (u®)? +R.
Here, R denotes remainder terms. Then, the equation (2.32)) becomes
1d 5 a d
- JS82 _JS+782d 8_/]582d
S LR SRy [ (Pudx
1
' P4 (/ (ue)szuiJsuedx—l—/ uﬁ]s(ue)szuedx+/RJSugdx).
2 R R R
(2.33)
Using the integration by parts first term of RHS can be written as
1
/R ()P PuS P = — /R [(4E)P](Jul 2l (2.34)
By using the Holder’s inequality, (2.34)) is estimated as
/RI[(ue)p]x(Jsug)zldx < Ol Ll 156 | 7
< Ol Ll v g 1w 4
< Ol oo g 1762 o
ep s €12
< )P g IR g
< Cllufll? . (2.35)
Here, we have used the following Sobolev imbeddings
BT o L0 for g < o
R e
a 2
H? < qu, for q»2 S m, (236)
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L4+ 2 <1 implies s > 3(1 — ). By Lemma ut € H*TZI(R) ensures

TR
(uf)? € Ht5(R), as the condition s > 3(1 — @) guarantees that H*"5(R) is an

where

algebra. The estimation of the second term in RHS of the equation (2.33) is given as

/ g P ul TP (uf)Pldx < |lug]|pos | T u®|| pas | J° ()P || s
< Cllgllorg o w17 (f)P]], g
< Cllu Sll”w (2.37)

where q% + q1—4 + ql—s < 1. Here, the equations
1ulZg = [ (142 Tuldk
=[RSk = ]2, g
R
and
s P12 _ P12
P2y = )2

help us for the estimation (2.37). Additionally, the Sobolev imbeddings used in (2.37)

HtEl o LB, for g3 <

3-2s—a’
o 2
H2 — L% f < —,
, 10I g4 = —a’
H? < [95 f < 2
or S m—
) qs5 > 1— a

provide s > %(1 — ). The estimation of last term of the equation (2.33)),

/R [RPufldx <Rl 2140 14 || 2100 < ClIRI 2ycrs0 |45 o

follows directly from Holder’s inequality and the Sobolev imbedding H 5y 200,

Following [5,30] and using

o 4 2
H§+,u (R) N L4/(1+Oﬂ), S ,
1+~ 1-2(5+n)
4 2

HS-Fg—l—,u R L4/(l+0€) <
TR = D Ttra S 12+ %—1-p)

forany O < u < s, one gets

IR|j27010a) < CIITH ()P oo ITH () x|l /0140

CHMSHZH_% Hu6||Hs+%7

IN
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and finally
/ [RIu|dx < Cl[uf]|" 2, . (2.38)
R H"2

Choosing a suitable u, last restriction provides s > %(1 — o) as above. Combining the

equations (2.33)), (2.37) and (2.38)), we have

d a a +2
Ellf”zug(t)lliz < CF 2 @)1y

From ||J*u||;2 = ||u|| s, the energy estimate is given by

d

SOl < Clluf Ol (2.39)

According to (2.39), one can write ||uf(t)||%, < y(t) where y(t) is the solution of the

following initial value problem

p+2

Y1) =Cly(n)] 2
¥(0) = [|uf || (2.40)

The energy bound is given by
¥(0) 165 13

)= = . 241
) = GO 2~ 2=Cplu|L, 777 24D
[]

Theorem 5. Let 0 < oo < 1, r > 2— % and up € H'(R). Then there exists a
time T > 0, the solution u® of the Cauchy problem for the equations (2.21)-([2.22))
converges uniformly to u of the Cauchy problem for the equations (2.12)-2.13)) in
C([0,T],H"(R)) as € — 0.

Proof. We show that (1€ (t))¢>0 is a Cauchy sequence in [0,T]. Let £,8 > 0 and u®,v?
be the respective solutions of the equations (Z.21)-(2.22). The difference w = uf — v°

satisfies

We -+ Wy + ZD“WX + ZD“W, + %{[(ue)l’“]x S8 = (e - 8)uy + B,
(2.42)
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Multiplying both sides of the equation (2.42)) by w and then integrating on the whole

line, we have

(2.43)

By using the Holder’s inequality, the first term of RHS of the equation (2.43)) is

estimated as

LI+ @) 4 (00)7] 0
<Y )+ @) 4 (0°) ] [ W

<CI@Y + @ et OOV g iy @240

Here, we have used the Sobolev imbeddings in (2.36). By Theorem uf and v0 are

bounded. Then, we deduce that
L@+ @)W et 0O w2 [ dx < ClwlZg. (249)
R H?2

On the other hand, the second term in RHS of (2.43)) is estimated as

/|u W | dx
R

IN

el o W] o

IA

||u§x||Hx+%—2 ||WHH7

< gl

Here, we have used the following Sobolev imbeddings

a 2
H'52 <y L9 for gg< ——
L Py

HY < L7, for q7<i

l—«o

where %4—%7 < I implies s > 2 — . Since r = s+ 5, we obtain r > 2— . By

Theorem[], it follows that

/%|u%w|dx§(ﬂmeg. (2.46)
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Combining the estimates (2.45)) and (2.46)), we get

d 2 2
i g < ClwiP g +Cle—8)lwl 5

The Gronwall’s inequality implies that (u®(f))¢>0 is a Cauchy sequence in the
complete space H 2 (R) and it converges to a limit u(¢). Moreover, uf(¢) is continuous
with respect to time and uniformly bounded by Theorem 4} the sequence u®(z) is also

weakly convergent in H* 2 (R) to the limit u(¢). O
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2.4 Solitary Wave Solutions

Solitary waves play an important role in the context of wave phenomena. In this
chapter, the existence and non-existence of the solitary wave solutions of the equation

(I.1) are studied and some properties of the corresponding solutions are investigated.

A localized solitary wave solution of the equation (1.1) is a solution of the form

u(x,t) =Qc(x—ct), &=x—ct,

with
lim Q.(&) =0.

|§[—ee

Substituting this into (I.1)) one gets ordinary differential equation
/ / 1 p+1y/ 3 a 5 a
_CQC+QC+§(QC ) +ZD QC_CZD Qc =0.

Here ' denotes the derivative with respect to &. Integrating the above equation, we have

5 3

1
(Zc—Z)D“QC+(c— 1)QC—§(QC)P+1 =0. (2.47)

2.4.1 Non-Existence of Solitary Waves

In this section, we derive the sufficient conditions for the non-existence of the
nontrivial solutions which satisfy the equation (2.47). The following theorem states

our results.

Theorem 6. Assume that one of the following cases

i. cE(%,l)andaZﬁ,

ii. c¢ (3,1)and o < I%’

W

ii. c=zorc=1,

is satisfied. Then, does not posses any nontrivial solution Q. in the class
H?(R)NLPT2(R).
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Proof: Let Q. be any nontrivial solution of in the class H? (R)(LPT2(R). If
we multiply the equation (2.47) by Q. and integrate on R, we get

G- ) [ ep*0ug+(1-c) [ Q¢ + 5 [ortaz=o0. @4
From Plancherel’s formula we have
/QcDandé = /|k|an(k)Qc(k)dk
R R
= [ I 0cli) kel
S AR
R

Now, the equation (2.48) becomes

350 [ 1Soufde+ (o) [ otae——L [ grv2
(-39 [pfePas+(-c) [ Qaz—— [ orag.  @49)

On the other hand, multiplying the equation (2.47) by £Q.. and integrating on R we

have

———c /gQCD“QCd§+ (1—c) /gQCchng /§QCQP“d§ 0. (2.50)

To write the above equation in a simple form, we now consider the first term. By
the help of integration by parts, Plancherel’s formula and some properties of Fourier

transform we gather
! D@ _ [ Do io
| €0ip0uas = ~ [ D0(k) 5 (kO.(k))dk
A A~ d =
_ o 2 . o .
= — [ W0c) Pk~ [ 1K°kG. 2 Oclk)dk
N N d ~ ————
- _ o 2 o 2 oy
= — [ MG 0P+ (et 1) [ K10 (0) P+ [ K%K O 0c(K)ak
= o [ IOk [ (k500 (k0. (0))dk
= 2Q.PdE - | = (EQ.)(D*Q,
- a [ IDfo.fdE /Rdg(ch)(D 0.)d¢,
_ . SO .120E _ ' D%
= (a—1) [ IDfQ.Pag~ [ £QiD"Qud,

which implies that

—1 o
/ EQ.DYQ.dE :_0‘2 / D% Q. PdE. 2.51)
R R

For the second and third terms in the equation (2.50) we use integration by parts

technique. Then we obtain

/ £0.0.dE = / ché (2.52)



and

roPtlge —
| goiortiag =~ [

The equalities (2.52)), (2.53) and (2.51) turn the equation (2.50) into the Pohozaev type
identity

dE. (2.53)

3

g 254

Multiplying (2.49) by ﬁ and then adding to (2.54)), we obtain

(3 (e 5 e (55 355) L

Rewriting above equation

(5 - §c> (a(p+2) —p)/R|D?Qc\2d€ =p(1 —c)/RQ?dév

we finally obtain

20.12dE = p(1

The proof of items (i) and (ii) of the theorem follows directly from the positivity of the

left hand integral. It is possible when ¢ > 1 or ¢ = 3 /5 for the case ¢ > % To prove
p

item (iii) we first set ¢ = 1 in (2.55) which gives D3 Q. = 0 and then the assumption

lim Qc(é) = 0 shows that the solution is trivial. Lastly, if we rewrite (2.53) as

&=
“c—?}?@(’ﬁz 2 [ Dt pag = [ ot

and set ¢ = 3/5 we directly have that Q. = 0. Finally, we complete the proof of
Theorem (6)).

Combining the results of Theorem (6)) and the condition o > % which ensures that
p
the Hamiltonian (2.11)) is well-posed we conclude that in order to have a non-trivial

solution we must have o >

pzandc<3/50rc>l.

On the other hand, we now investigate the cases ¢ < 3/5 and ¢ > 1, in detail. First,
we focus on the case ¢ < 3/5 and assume that the solution Q. (x — ct) is positive, then
the equation (2.49) gives a contradiction while the RHS of the equation is positive and
the LHS is negative. Therefore, the gf BBM equation has no positive solitary wave

solutions for ¢ < 3/5. More preciously, we see that the equation (2.49) is satisfied if
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the solution Q. (x — ct) is the negative and p is an odd number. Second, we focus on the
case ¢ > 1. Then, the equation (2.49) is satisfied if the solution Q.(x — ct) is positive

for any p. Otherwise, it gives contradiction.

Next, we note that if Q.(x —ct) > 0 is a solitary wave solution for the gfBBM equation,
then —Q.(x — ct) is also a solution when ¢ > 1 and p is even. As it is obvious that the
dynamics for the solutions Q. and —Q, are the same, we do not consider these type of

negative solutions in the current study.

2.4.2 Existence of Solitary Waves

In this section we show the existence and uniqueness of the both positive and negative
solitary wave solutions to the gfBBM equation. To this end, we first recall the results

of Frank and Lenzmann [34]).

Definition 15. (Definition 2.1 of [34)], Definition 1.1 of [14]]) Let Q € H*/*(R) be an

even and positive solution of the equation
D*Q+Q- Q" =0. (2.56)

I
J4P(Q) = inf{J%P (u)|u € H**(R)\{0}} (2.57)

then Q € H*/2(R) is a positive ground state solution of the equation (2.56) where J%P

is the Weinstein functional defined by

-1 p/2a Pl
JOP (u) = (/ |u|p+2dx) (/ |Da/2u|2dx) (/ |u|2dx)
R R R

First, we prove the existence of positive solitary wave solutions that the gfBBM

o—1)/2a+1

equation admits for ¢ > 1 and o > % The scaling
p

c_ /o
08) = (e -1))70 ((%) 5) 059

converts the equation (2.47)) into the equation (2.536). The condition ¢ > 1 guarantees
the positivity of the coefficients in this scaling. The definition (I5]) gives the existence
and uniqueness of the positive ground state solutions of the equation (2.56) when 0 <

o < 2and 0 < p < pmax holds, where the critical exponent is defined as

2a

pmax(a):{ T—a’ for O<O£<1

oo, for 1 <a<?2. (2.59)
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Here the condition (2.39) coincides with the above condition o > & for the
p
Hamiltonian to be well-defined. Therefore, the equation (2.47)) has a unique positive

ground state solution Q. € H*/2(R) for ¢ > 1 and o > % In the next chapters,
p
we will choose the parameters ¢, o and p satisfying these conditions so that we obtain

positive solitary wave solutions.

Now, we prove the existence and uniqueness of negative solitary wave solutions by

following the similar idea. For this aim, we consider ¢ < 3/5, a > P > and p is
odd. To employ the result of existence and uniqueness to the solitary waves in [34]],
the equation is written in terms of positive solitary wave solutions. Setting
Q. = —R. where R, > 0, equation becomes

3 5 1
(4—1 - Zc)D“RC +(1=¢)R. — ERé’“ =0. (2.60)

A scaling argument as

ol 1/
R(E) = (2(1-))/70 ((45(6_?) é) @.61)

converts (2.60) into the equation (2.56). Here the condition ¢ < 3/5 guarantees the

positivity of the coefficients in this scaling. Therefore, we obtain the existence and
uniqueness of a positive even solution R, of the equation (2.60) and consequently a
negative solution Q. of the equation when ¢ <3/5and pisoddfor0 < o <2.1In
the next chapters, we will choose the parameters ¢, & and p satisfying these conditions

to obtain negative solitary wave solutions.

Finally, the all results are summarized in the Figure 2.5

2.4.3 Exact Solitary Wave Solution

This thesis study concerns numerical behaviours to the solutions besides the qualitative
properties. Therefore we need exact solitary wave solutions to compare with numerical
ones. The exact solitary wave solutions to the equation (1.1} is still unknown for o €
(0,1). For a special case oo = 1, however, it is possible to construct by using solitary
wave solutions of

u; +uu, +D%, = 0. (2.62)
A solitary wave solution Q(&) of (2.62) satisfies
o 1 2
D Q—I-CQ—EQ =0, ¢>0. (2.63)
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Figure 2.1 : Existence of solitary wave solutions and their dependence on & and ¢
when p = 1.

In the literature, it is shown that (2.63)) has exact solution in the form

4c
Q(g):m,

for @ = 1. Thus, solitary wave solution Q. of the equation (I.1)) for @ = 1 and p = 1

must also satisfy (2.63) after a simple change of variables:

c—1 u
C—>—X_§ u%x_z
4 4 4 4

Finally, exact solitary wave solution of (I.1]) can be obtained as

4(c—1) ,_5. 3
L+ (S2(—er)2 © 4 4

4

u(x,t) = (2.64)

Additionally, it is also possible to find exact solitary wave solution of gfBBM equation
by using similar idea for the case of &« =2 and p = 1. For this case, the equation (L.1)

has the solitary wave solution

u(x,1) = 3(c — 1)sech? (% %(x—ct)) : (2.65)

Here we also note that both of the exact solutions defined in (2.64)) and (2.65]) agree

with the above result: The solution is positive when ¢ > 1, it is negative when ¢ < 3/5.
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2.5 Orbital Stability

In this part, we will investigate the orbital stability properties of both positive and
negative solitary wave solutions to the equation (I.I).Depending on the parameters c,
« and p included in the equation, stability properties change. We first state the method

in an abstract setting. Later we give the proof of stability.

2.5.1 Grillakis Shatah Strauss Approach

For the orbital stability analysis we follow the approach given by Grillakis, Shatah
and Strauss in [8]. The stability theory in their study applies to the evolutionary
partial differential equation which is of the form (2.9). To use this method, following
assumptions are required:

(A1) For every uy € H"(R), r > % and 0 < o < 2, there exists a solution u of (I.I)) in
[0,T) such that u(0) = ugp where u € C([0,T],H"(R)). Moreover, there exist conserved
functionals F(u) and H (u) for solutions of (I.T).

(A2) For all ¢ > 1 when 1% < a < 2, there exists a positive travelling wave solution
0. € H? (R) of (T.1), where Q. > 0 and Q’. # 0. Furthermore cF'(Q.) + H'(Q.) =0,
where F’ and H' denote the variational derivatives of F and H, respectively.

For all ¢ < 3 When 2 < o < 2, there exists a negative travelling wave solution Q.
e H%(R) of (T.1), where Qc = —R¢, R; > 0 and Q. # 0. Furthermore cF'(Q.) +
H'(Q:)=0

(A3) For all ¢ > 1 when ﬁ < o < 2, the linearized Hamiltonian operator around Q.

is defined by
1
Q7.

5 3
L= (ZC—Z)DO‘+C—1—

Forall £ 3<c when 2 < o < 2, the linearized Hamiltonian operator around Q. = —R,

is defined by
3 5 p+1

"%C__ (Z_ZC) Da+1 TR?
The operators .Z," and .Z.~ have exactly one negative simple eigenvalue, their kernels

are spanned by Q.. and R, and the rest of the spectrum is positive and bounded away

from zero, respectively.
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Under the assumptions (A1)-(A3), the GSS approach states that the solitary wave

solution is orbitally stable if the scalar function d(c) = H(Q.) + cF(Q.) is convex.

Now, we show that our problem falls into the framework of the GSS approach. First,
we consider our problem in the form (2.9). Here, the operator J is given in the
equation (2.10). J is skew-symmetric with respect to the inner product on L? (R), for
all u,v € H*t% . Moreover, the Hamiltonian H (1) is obtained in the equation (Z-TT). As
a conclusion, GSS approach is now applicable to the problem proposed in this study
if the assumptions (A1)-(A3) are satisfied. In the next chapters, we will present the

sufficient conditions which ensure the orbital stability of solitary wave solutions.

2.5.2 Proof of Stability for Positive Solitary Waves
Now, we state our main result:
Theorem 7. Let o € (0,2) and ¢ > 1. The positive solitary wave solution Q. of the

equation (I.1) is orbitally stable for ¢ € (1,00) when § < o0 < 2 and for ¢ € (c1,p,0)

_P_ V4
when o2 <o <3, where

60 +2p+3ap+2p/2a—p+ap
52a+ap) '

Clp=
Proof. In the first step, we show that the assumptions (A1)-(A3) hold.

* (A1) By the help of the chain rule we see that H(u) is the conserved functional of
the equation (I.1)), i.e.,

d

o) = (H'(u),ur) = (H'(u),JH' (1)) = —(JH'(u), H'(u)) = 0.

In addition to the Hamiltonian, the second conserved functional of the equation
(L.1) is

F() =5 [ 6@+ 2D%uP)a,
as

d_, . dl

°F _ -
aFW=g7 R

5, .«
(u* + Z\D7u]2)dx =0.
* (A2) We recall that the equation (I.1]) does not posses any nontrivial solutions unless
c<3/5orc>1and o > ﬁ according to the theorem (6)). In the previous section,

it is proved that the equation (I.1I)) has unique positive ground state solution Q. €
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H?(R) for ¢ > 1 and & > —£. The equation can be written in terms of

p+2°

conserved functionals as
cF'(Q.)+H'(Q.) =0, (2.66)
where o
or 3
H' =—Q.— —>D“

(Qc) = ~Qc — =5~ — JD“Q.,

and

5
F/(Qc) - Qc"’ ZDan-
Therefore, the equation (2.66) guarantees the (A2).

(A3) To show the validity of (A3), we investigate the spectral properties of the

operator

Lt =cF"(u)+H"(u).

Since the second variational derivatives of the ' and H are computed as

5
F//(QC) :I_'__Doc’

4
and
p+1 3
H"(Qc) = ~1— =5 —0F = D"
respectively, one gets
5 3 p+1
O%C+:(ZC—Z)DOC+C—1— ) Qf

In this part, we consider that the Q. is a positive solitary wave solution. Although
all calculations addressing the stability depends on solution Q., we do not need to
know the explicit form of it. First, we consider the equation (2.56). The properties
of ground state solutions of this fractional differential equation are discussed in [34].

They consider the operator associated with the solitary wave Q as
Zp=D"+1—(p+1)0".
We again use the elementary scaling given in (2.58)

0c = (2(c—1))""70(6x), (2.67)
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with 6 = ( 5(6 3))1/ *. We follow the idea in [14] to relate the operators $C+ and

Z,. Defining the dilation operator Tp as

(To.f)(x) = f(6x),

with 6 # 0 and using the definitions above, one can write

ZTof = Cem DD (Tpf)w) + (e~ )(Tof)(0) - L3102 (To)()
= Ce2)0°D%F(0x) + (e~ 1)/(0) - p“gpf( 0x)
= (= D)ID%(6x) + £(0x) ~ (p+1)Q7F(6)
= (e~ D)ITo2pf]

This implies that ., and .Z}, have the same spectral structure with
L= (c—N)Tp LTy " (2.68)

Let us consider that ), has an eigenvalue A with the corresponding eigenfunction
Y as
Ly =Ay.

Using the equation (2.68)) we have

T971=%+T9‘I’ = Ay,

c—1
and
L To(y) = (c = DAT(y).
Then, .Z." has the eigenvalue (¢ — 1)A with corresponding eigenfunction Ty ().

The work [34] provides following properties of .Z),:
(i) %, is a self-adjoint operator in L2(R),
ii) The essential spectrum is O(-Z)) = [1,0),

(
(iif) The number of strictly negative eigenvalues is n(.%),) = 1,
(

iv) Ker(%£,) =span{Q'}.

Since .£" and .%), have the same spectral structure, we conclude that spec{.Z."} =
{(c=1)A : A € spec{Z,}}, thus n(£") = 1 and Ker(.£") = [Q./] such that

+/_§_§ o o /_1 +1y _
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Given the above properties, the theory in [8] implies that the stability of the solitary

wave solutions of (I.1]) can be determined by convexity of the scalar function

d(C) = H(Qc) + CF(QC)‘

In the second step of proof, we will investigate if d(c) is convex, i.e, d”(c) > 0. To this

end, we first compute

d/(c) =F(Qc)+ (H/(QC) +CF/(QC>7 9:0c) = F(Q.),

where
1 5 .«
F(Q:) =5 [ (@2+3ID% 0cP)dx
R 4

Thus we get

d 1d 5 a

d"(c) = —F(Qc) = ~— | (Q2+>|D20.|*)dE. 2.
() = F(Q0) = 5 | (02+21D% Q) (269)

Let us recall the Pohozaev type identity (2.54))

g 298 _ 4p(c 2
I e e Y ROR
Moreover using (2.67)), we have
[ 10:&)Pag = (2(c=1)*"" [ 0(68)Rag = / 0(E)PdE,
with 0& = E Using the above relations, the equation (2.69) can be rewritten as
, o 1d :
(o) = 5 (@3t
d|, [ 53 1/“( 5p(c—1) ) )
- dC[(C 7 (emn) (T sestama—m) | 1oF
(2.70)
Now, we rewrite d”’(c) in the following form:
d"(c) = Mp(c) QI 2.71)
where
d| [ 53 1/“( 5p(c—1) )
Mole) = % [“ 7 (se=n) (" Eoaaria=n
B 5c-3 \@ 2c—1)%(o(c)
B (4(6—1)) oap(5¢—3)2(c—1)2oc—p+oap) 272)



Here, ®(c) is a polynomial which is obtained as @(c) = 2502c*p + 50a%c* —
300%cp — 600’ +9a’ p+ 18 —20acp —2ap® 4+ 120p +2p?. Since the term || Q||?
in the equation is always positive, the sign of d”(c) depends on the sign of
M) (c). Namely, positivity of implies the convexity of d(c) and orbital stability
of solitary wave solutions. The function M,(c) in is always positive for ¢ > 1

when £ < & < 2. In the case ;I < o0 < §, M) (c) has two roots:

6a+2p+3ap+v2p/2o—pFap

= 2.73
Ly 52a+ ap) ’ (2.73)
. B 60 +2p+3ap—2p2a—p+op (2.74)
P 5200+ ap) ' '

For this case M, (c) is positive when ¢ > ¢ ,. Finally, we obtain orbital stability of
solitary wave solutions of gfBBM equation for the following cases when 1 < p:
)e>1land o> p/2,

_p_ p
2)c>c17pandp+2<a<2. [l

To see the restrictions given in the theorem more clearly, we present some figures. For
simplicity, we consider the quadratic nonlinearity, i.e. p = 1. Figure 2.2] presents the
function M| (c) for several values of a. Regarding the sign of M;(c), we observe that
the function M (c) is positive if for all ¢ > 1 if oo > 1/2. On the other hand M (c) is

positive for ¢ > ¢y > 1 if% <a< %

2.5.3 Proof of Stability for Negative Solitary Waves

First, we state our main result:

Theorem 8. Let o € (0,2). The negative solitary wave solution Q. of the equation

(L) is orbitally stable for c € (c3 p, %) when 1 < a <2, where

6a+2p+3ap—2p/20—p+ap
5o+ ap) ‘

C2,p=

Proof. Similar with the previous section, we prove that the assumptions (A1)-(A3)

hold.

* (A1) Since first assumption is same for both cases, it is already proved in the

previous section.
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C
Figure 2.2 : Variation of M| with ¢, @ = 0.35, &« = 0.4 and @ = 0.45 for p = 1.

(A2) By considering the negative solitary wave solution Q. = —R, with R. > 0, the

equation (2.60) can be written in terms of conserved functionals as

—cF'(R;)—H'(R;) =0, (2.75)
where "
R? 3
H'(R)) = —R.+ Cz — ZD“RC,
and

5
F'(R.) =R.+ ZD“RC.

Thus, the equation (2.75) guarantees the assumption (A2) for negative solitary

waves also.

(A3) To show the validity of (A3), we investigate the spectral properties of the
operator

L =—cF"(u)—H"(u).

Since the second variational derivatives of the F' and H are computed as

5
F"(Re) =1+ D%

and

p+1 3 4
RP—-D

2 ¢ 477

H'(R)=—1+
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respectively, one gets

p+1
R?.
2 C

35

Using the following form of elementary scaling given in (2.61])

R.(E)=(2(1-¢))"PQ(0E) (2.76)

and by the help of the dilation operator we can relate .Z, and .Z), as:

ZTof = (20D (Tof)w) + (1) (Tef) () ~ L2 R (To ) (o)
= (- 20)0%D%F(0x) + (1) f(02) - LRy (0)
= (1=0)[D¥f(6x)+ f(6x) — (p+ 1)Q" f(6x)]
= (1=0)[TeZ,f],

which proves that £ and .Z), have the same spectral structure with

L =(1-0)Te LT, " (2.77)

Let us consider that .Z), has eigenvalue A with eigenfunction y as Then, similar
calculation with previous section gives that .~ has eigenvalue (1 —c)A with
eigenfunction Tp(y). Now, since .Z,~ and .Z), have the same spectral structure,
we conclude that spec{.Z"} = {(1 —c)A : A € spec{.Z},}}, thus n(.£.") = 1 and
Ker(.£.") = [R./] such that

3 5 1
L7 (R.) = (Z — Zc)D“R’C +(1—c)R. — 5(Rg’“)’ =0.

According to the above properties, we are also allowed to use GSS’s approach for the
negative solitary wave solutions to the gf BBM equation. For this aim we investigate

the convexity of the scalar function
d(c) =H(R;)+cF(R.).
To consider the sign of d”(c), we first compute
d'(c) =F(Rc) + (H'(Rc) +cF'(Rc), 0c(Re)) = F(R),

and then second derivative as

d 1d 5 4
d'(e) = 5 F(R) = 5 /R (R2+2IDERP)dE. (2.78)
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Since we do not have negative solitary wave solution —R,, explicitly, we now derive

Pohozaev type identity for this solution.

Let us multiply the equation (2.60) by R. and integrate on R, we have

E_é a _ 2 _1 P2 98 _
G 40)/RRCD RedE + (1 c)/RRCdJ; 2/RRC dE = 0. (2.79)

From Plancherel’s formula, the equation becomes
2 2 1 +2
———c |D2R |“dé+(1—c¢) | Ridx—= | RE™=dE =0. (2.80)
R 2Jr
Additionally we multiplying the equation ([2.60) by £R.. and integrating on R we have
———c /§R D*R.dE + (1 —c) /gRRdg——/éR RPFIGE =0.  (2.81)

Integration by parts, Plancherel’s formula and some properties of Fourier transform

lead above equation to the Pohozaev type identity

3 5.a—1 a5 1—c¢ 5 1 / )
S D2R.|°dE — —— | R%d RPT2dE =0. (2.82
(4 4C) 2 /Rl C| ig’ 2 /]R c €+2(P+2) R Cc é ( )

If we multiply (2.80) by ﬁ and then add to (2.82)), we gather

(;l_%)(p—ll-Z )/|D2RC|2‘15 ( +2 1;C>/RR%‘J€:O'

Rewriting above equation we have

$RPdE = — P .
/R|D Rc[dS = (3—5c) p+2 /R d€, (2.83)

where c < 2, a > - - and p is odd. Furthermore, (2.61) gives

fimeerpas = -0 [ moerpas = CI [ @i

with 0& = £. By using the above equations, the equation turns into

1d 5

d'(c) = 3 de R(R§+Z]D%Rc\2)d§
- % [(1_6)2/,,(45(5:;)”“ (1 seatatria- p>)] oI
(2.84)
Now, we rewrite d’(¢) in the following form:
d"(c) =M, (c)|lQ], (2.85)
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“(c = i —C 2/ —SC—3 1/a Sp(c_l)
M, (c) = — [(1 )p(4(c_1)> (1+(50—3)(06(p+2)—19))]

- (45(2:?)) : ap(5c—3)

The function M, (c) in (2.86) has also same roots with M), (c) as given in (2.73) and

(2.86)

S]
\®]
ol —

(2.74) and M, (c) is positive for c; , < ¢ < 2 when I < a < 2. Finally, we obtain orbital
stability of negative solitary wave solutions of gfBBM equation for the following case
when p > 1:

l)cz7p<c<%and1<oc<2 O]

As a conclusion, the sign of d”(c) varies with roots with M, (2.73) and (2.74) for both

cases 1 < ¢ and % < c. First, we illustrate the variation of the roots with o for p =1

and p = 2 in Figure [2.3] and Figure[2.4] respectively.

© 4/5

3/5

1
1
1/2 L
0 1/31/2 1 3/2 2

Figure 2.3 : Variations of the roots of M, with & for p = 1.

To clear the conditions we summarize stability results for quadratic nonlinearity in

Figure[2.5]
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Figure 2.4 : Variations of the roots of M), with ¢ for p = 2.
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Figure 2.5 : The region for the orbital stability of solutions when p = 1 (shaded area).
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3. NUMERICAL RESULTS FOR THE GENERALIZED FRACTIONAL
BENJAMIN-BONA-MAHONY EQUATION

In this chapter, we first propose Petviashvili method to generate solitary wave profiles,
numerically. Second we present Fourier pseudo-spectral method for the gfBBM
equation to investigate the time evolution of these solutions. Finally, we carry out
some simulations to understand the behaviour of the solutions and justify proposed

schemes.

3.1 Petviashvili Method

In this section, we construct approximate solitary wave solutions of the equation (I.T).
For this aim, we propose Petviashvili method. Since we do not know the analytical
solitary wave solutions of the equation (I.I]) for & € (0, 1), numerical wave generation
plays an important role for the numerical experiments in this chapter. This method was
first used by V. I. Petviashvili to generate solitary wave solution of the KP equation
in [9]. Although this method seems like a basic fixed point iteration technique, it has
been improved by introducing a stabilizing factor. In this way, Petviashvili method is
easy for implementation and converges rapidly but only to the ground state solution of

nonlinear wave equations.

Now, we implement the Petviashvili algorithm for the equation (I.T)). In order to solve

we rewrite it in Fourier space as
| ——

5 3 ~
(c— Lt Ce- z”’"“) 0.l) = 200 () G0

Here Qc is the Fourier transform of Q.. Hereafter, we use the notation Q instead of Q.
for simplicity. Q,l (k) denotes n'" iteration of numerical solution in Fourier space. We

propose the standard iterative algorithm to (3.1) in the form

1

0i (k). 32
2[c—1+(§c—§)|kya]Q ®) G2

Qn—i—l (k) =

Unfortunately, the fixed point iteration diverges or converges to trivial solution Q =0,

although one may start with exact solution. To handle with this problem, (3.2) is
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multiplied by a stabilizing factor. Now, Petviashvili method for the gfBBM equation
can be formulated as

M, P
2fe—1+(Ge— 3k~

Oni1(k) = (k),

with stabilizing factor
Jrle =1+ (e — )k “][0n (k) *dk

J 308 (k) Qn(K)dk
for some parameter v. According to the study [[10], the fastest convergence occurs

M, =

Y

when v = (p+1)/p. Therefore to reduce the CPU time, we use v = (p+1)/p in the

numerical simulations.

3.2 The Fourier Pseudo-Spectral Method

In this section, we investigate time evolution of the numerically generated solitary
waves by using a scheme combining a Fourier pseudo-spectral method for space and
a fourth order Runge-Kutta method for the time integration. Since the fractional
derivative in the gfBBM equation is defined by a Fourier multiplier, the Fourier spectral
method will be the most appropriate method for investigating the evolution of the
solution in time. In order to explain the numerical algorithms u(x,7) is assumed as
a solution of in a truncated domain [—L,L] X [0,T]. We assume that u(x,) has
periodic boundary condition u(—L,t) = u(L,t) for (x,r) € R x [0,T].

The MATLAB functions "fft" and "ifft" computes the discrete Fourier transform and
its inverse for any function f(x) by using efficient Fast Fourier Transform (FFT) for
N equally spaced discrete points on x € [0,27]. Therefore, the spatial period must
be normalized from finite interval x € [—L,L] to X € [0,27x] using the transformation

X =2m(x+L)/2L. In this case, the equation (I.I]) becomes

4 L L 2L 4 L
The interval [0, 27] is divided into N equal subintervals with grid spacing AX =27 /N,

L P AL S (CA L T 5

where the integer N is even. The spatial grid points are given by X; = 27 j/N, j =
0,1,2,...,N. The approximate solutions at (X;,¢) are denoted by U;(¢). The discrete

Fourier transform of the sequence {U;}, i.e.

~ 1 Nzl .
U= ZilUj] = Y U™, —N/2<k<N/2-1 (3.4)
j=0
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gives the corresponding Fourier coefficients. Likewise, {U;} can be recovered from the
Fourier coefficients by the inversion formula for the discrete Fourier transform (3.4)),

as follows:

=

1
~ 2 ~ .
Ui=Z;'U]=Y U™, j=0,1,2,.,N—1. (3.5)

N
szf

Here .% denotes the discrete Fourier transform and .% ! its inverse. Derivatives with
respect to X may also be calculated approximately by using fft algorithm, for example,

the first-order derivative at (X;,¢) is given by .7 j-*l [ik.Z|U|]] and so on.

Applying the fft MATLAB function to the equation (3.3), we get the ordinary

differential equation given by

_ 3 4
N —%ikUk— %ik(Ul’“)k— Z(%)““ik|k|°‘Uk
(Uk): = " : (3.6)
142 (5o ke
<2 Ey

We then use the fourth order Runge-Kutta (RK4) method to solve the resulting equation

(3.6) in time. The time interval [0,7] is divided into M equal subintervals with time

step At. The temporal grid points are shown by 7, = ’"WT m=0,...M.

By the help of RK4 method we can compute approximate solution at time #,,11 if we

know the solution at any time ¢,,. This method applies to the equations of the form.
(Ue)r = G(Up).-

The structure of the scheme can be written as

Ui = U8 g1=GU)
At

U, = U1+?gl, g2 =G(U2)
At

Uy = U2+3g2, g3 = G(Uz)

Uy = Us+Atgs3, g4=G(Us).

Now, combining the functions we obtain the solution in Fourier space as follows

~ ~. At
Ut = Uy +g(g1 +2g2+2g3+84).

Finally, the approximate solution can be obtained by applying the inversion formula of

the discrete Fourier transform.
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3.3 Numerical Experiments

In this section, we perform the numerical experiments to investigate the effects of
dispersion and nonlinearity on the solutions and test the analytical results obtained
in the previous sections. For general values of a the exact solution is unknown.

Therefore, we propose the numerical control parameters such as

Error(n) = ||On — On-1|l, n=0,1,....

between two consecutive iterations defined with the number of iterations, the
stabilization factor error

1-M,|, n=0,1,...

and the residual error
RES(n) = || 0ull, n=0,1,....

where

3 5 1
SO = (Z—ZC)D“Q—(l—c)Q—EQPH. (3.7)

Iterative process is stopped when the all given numerical errors are less than 1072,

simultaneously.

In the first numerical experiment, we test our scheme by comparing the numerical
result with the exact solution. To this end, we use the analytical solitary wave solution
given in (2.64) at the initial time

u(x,0) = —1—1—(%)2)@.

The space interval and number of grid points are chosen as x € [—2048,2048] and

N =2'3 respectively.

In Figure [3.1) we present the difference between the obtained numerical and exact
solitary wave solution and the variation of three different errors with the number of
iterations in semi-log scale. As it is seen from the Figure Petviashvili method

captures the solution remarkably well.

46



x10°

-Q |

num — exact

© o

H »
Error

N |

Q

-2048 -1000 0 1000 2048 0 10 20 30 40 50
number of iterations

ol

[1-M
RES

107

12}

A4}

-16

0 5 10 15 20 25 30 0 10 20 30 40 50 60
number of iterations number of iterations

Figure 3.1 : Difference between the exact and the numerical solutions for & = 1,
p = 1 and the variation of the Error(n), |l — M,| and RES with the
number of iterations in semi-log scale.

Since we do not know the exact solitary wave solution for different values of o, we
cannot compare the numerical solution with the exact solution. Therefore, the iteration,
stabilization factor and the residual errors are depicted in Figure [3.2] respectively. In
this experiment we choose 0.4 < o < 0.9. These results show that the solitary wave
solution generated by Petviashvili’s method converges rapidly to the accurate solution.

After justifying our numerical scheme we can continue with the next experiments.

In order to understand the effects of the fractional dispersion, we illustrate the solitary
wave profiles generated by Petviashvili method for various values of 0 < @ < 1 and
1 < o <2 in Figure [3.3]and Figure [3.4] respectively. In these experiments, solitary
waves generated by choosing ¢ = 1.1 and p = 1. We observe that the solutions steepen
with decreasing values of & for both cases since the nonlinearity effect becomes more

visible.

In order to understand the effects of the nonlinearity, we present the solitary wave

profiles generated by Petviashvili’s iteration method for various nonlinearities with
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Figure 3.2 : The variation of the iteration, stabilization factor and the residual errors
with the number of iterations in the semi-log scale (c = 1.1, p = 1).
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Figure 3.3 : Solitary wave profiles for various values of ¢ (0 < o < 1) (p =1,
c=1.1).
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Figure 3.4 : Solitary wave profiles for various values of & (1 < o <2) (p =1,
c=1.1).

fixed o« = 0.8 in Figure [3.5 This numerical result agrees well with the fact
that the wave becomes more peaked with increasing nonlinear effects. In the next
experiment we investigate the speed-amplitude relation. We illustrate the variation of
the amplitude with the speed parameter for various values of p and the fixed o« = 0.8
and various values of & and fixed nonlinearity p = 1 in Figure [3.6] We observe that
the amplitude is increasing with the increasing values of speed c. This situation is
expected for the solitary wave solutions. As it is seen from the left panel of Figure [3.6]
there is a critical speed ¢ near 1.5. For a fixed value of o and speed (¢ < ¢), the
amplitude increases with increasing nonlinearity. However, for a fixed value of o and
speed (¢ > c¢y), the growing rate of amplitude decreases with increasing nonlinearity.
The right panel of Figure [3.6illustrates that the amplitude increases with decreasing

values of « for a fixed value of nonlinearity p = 1 and speed.

We next present the negative solitary wave profiles for various values of o when p
is fixed, and for various values of p when « is fixed in Figure In both cases we
choose ¢ = 0.5. In Figure [3.3] and [3.5] we observe that, in case of positive solutions,
decreasing the order of fractional derivative and increasing the order of nonlinearity
have the same effect on the solutions. However, we do not observe the same behaviour
for the negative solitary waves. The amplitude of the negative solitary wave solution

increases with the decreasing values of o whereas the amplitude decreases with the
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Figure 3.6 : Speed and amplitude relation for various values of p and the fixed
o = 0.8 (left panel) and for various values of & and fixed nonlinearity
p =1 (right panel).

increasing values of p. Furthermore, the speed-amplitude relation for negative solitary
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0
X

0.5 1

Figure 3.7 : Variation of negative solitary wave profiles with a (left panel) and with p
(right panel) when ¢ = 0.5.
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waves is also studied and results are shown in Figure [3.8] The left panel of Figure [3.§|
illustrates that the variation in the amplitude with the speed parameter for various odd
values of p and the fixed o = 0.8 when ¢ < % For a fixed value of o and speed
(c< %), the decrease rate for the magnitude of amplitude goes down with increasing
nonlinearity. The right panel of Figure [3.8]shows that the amplitude changes with the
speed parameter for various values of a and fixed nonlinearity p = 1 when ¢ < %
The decrease rate for the magnitude of amplitude increases with decreasing values of

o for a fixed value of nonlinearity p = 1. Now we investigate the time evolution of

4.5 : : : : 10 ‘
—p=1 —a=0.8
4+ - = -p=3|" - - -a=06
p=5 8 a=0.4|]
351 ]
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Speed Speed

Figure 3.8 : Speed and amplitude relation for various values of p and the fixed
o = 0.8 (left panel) and for various values of & and fixed nonlinearity
p =1 (right panel).
the generated solutions by using Fourier pseudo-spectral method. First we show that
the numerical scheme captures the exact solution (2.64)) for oo = 1 well enough. We
use the initial data with ¢ = 1.1, a =1, p = 1. The problem is solved in the
space interval —2048 < x <2048 up to T = 20. We set the number of grid points
as N = 218 M = 4000. Figure illustrates variation of change in the conserved
quantity (2.8)) with time and shows that it is preserved by the numerical scheme. Here
we note that as the conserved quantity is linear it is automatically preserved by the
numerical scheme [35]]. Figure [3.10|shows the wave profile calculated by the Fourier
pseudo-spectral method with time step Ar = 0.005 at r = 10 and r = 20. To observe
the wave profile more clear, we focus on the space interval —150 < x < 150. In Figure
[3.10] we also show the change for the conserved quantity /; in time. It is seen from the

figure, the proposed scheme conserves I very well.
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Figure 3.10 : The change in the conserved quantity /; with time (left panel) and time
evolution of the wave profile (c = 1.1, p =1, a = 0.6) at several times
(right panel).
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4. CONCLUSIONS

This dissertation is devoted to the mathematical and the numerical analysis of the

gfBBM equation.

In the first chapter, we introduced the gfBBM equation and presented literature

overview for the fKdV, fBBM and gfBBM equations.

In the second chapter, we have proved the local well-posedness of solutions to the
Cauchy problem for the gfBBM equation when 0 < o < 2. Then, the existence and
non-existence results of the solitary wave solutions to the gfBBM equation have been
presented. Moreover, the exact solitary wave solutions derived for ¢ = 1 and o =
2 when p = 1. Additionally, orbital stability properties of the solitary waves to the

gfBBM equation have been discussed and sufficient conditions have been obtained.

In the last section, we have presented the numerical methods and results. Petviashvili
method has been proposed for construction of the solitary wave profiles to the
gfBBM equation. The method is quite successful to generate ground states solutions,
numerically. The Fourier pseudo-spectral method has been presented for the time
evolution of generated solitary wave solutions. Validation of the method has been
controlled by the help of the conserved quantities. The method has been provided

highly accurate results.
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