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SYMBOLS

C”(M) : The set of smooth functions from the manifold M to R
Xp : Tangent vector at a point p € M

6 : Kronecker delta

Tp(M) : Tangent space at a point p € M

X(M) : The set of smooth vector fields on M

[,°] : Lie bracket operator

T, (M) : Cotangent space at a point p € M

Ti(Tp(M)) : The setof (r,s) tensors on M

® : Tensor product operator

r : Christoffel symbol (connection coefficient)

(M,g) : Riemannian manifold M with Riemannian metric g
\% : Covariant derivative operator

R(X,Y) : Curvature operator

R(X,Y,Z,W): Riemannian curvature tensor

K(X,Y) : Sectional curvature

Ric(X,Y) : Ricci tensor

R : Scalar curvature

(QE), : n-dimensional quasi Einstein manifold

N(QE), : n-dimensional nearly quasi Einstein manifold

R, : n-dimensional Ricci recurrent manifold

GRK, : n-dimensional generalized Ricci recurrent manifold
(PRS), : n-dimensional pseudo Ricci symmetric manifold

(APRS), : n-dimensional almost pseudo Ricci symmetric manifold
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ON GEODESIC MAPPINGS OF RIEMANNIAN MANIFOLDS

SUMMARY

Riemannian geometry is a branch of differential geometry that studies smooth
manifolds with Riemannian metric, which is a non-degenerate and a positive definite
tensor field. It was found by Bernhard Riemann in 1850’s by the generalization of
three dimensional surfaces. In this thesis, we will investigate geodesic mappings
of Riemannian manifolds. These maps play a key role in mechanics and general
theory of relativity. First, the literature on geodesic mappings is reviewed. Then,
the definitions and formulas of smooth manifolds and Riemannian manifolds are
given. Next, the general rules and the basic formulas of geodesic mappings are
considered. Furthermore, geodesic mappings on some special Riemannian manifolds
are investigated. The thesis ends with our conclusions and recommendations.

The thesis consists of five chapters.

In the introduction chapter, a brief description of geodesic mappings on Riemannian
manifolds is given. This chapter also includes the literature review of geodesic
mappings. We should remark that Josef Mikes, a mathematician from Palacky
University Olomouc, Czech Republic, has important contributions to the investigation
of geodesic mappings. Some of the manifolds that he has studied so far involve 2 Ricci
symmetric manifolds, Einstein manifolds, 3 symmetric manifolds, manifolds with
affine connection, generalized Ricci symmetric manifolds and Ricci flat manifolds.

The second chapter is the preliminaries part of the thesis. This chapter begins with
the definition of a topological manifold. Extra structures that are needed to define
smooth manifolds are given, namely C*-compatible charts and maximal atlases. Next,
the vital concepts of differential geometry are explained. These involve differentiable
maps, tangent vectors, tangent spaces, vector fields and Lie brackets. Furthermore, the
conventions and the notations that will be used throughout the thesis are stated. Then,
tensors on smooth manifolds are defined and their properties are given. Next, an affine
connection (covariant derivative) and the connection coefficients (Christoffel symbols)
are defined. In the last part, a Riemannian manifold and a Riemannian connection
are defined. Moreover, the fundamental theorem of Riemannian geometry is proven.
Important geometrical objects such as Riemannian curvature tensor, Ricci tensor,
scalar curvature are defined. In addition, the definitions of the special Riemannian
manifolds on which geodesic mappings will be investigated are given.

In the next chapter, the main subject of the thesis is explained in detail. This chapter
begins with the definition of vector fields parallel along a curve. Next, geodesics are
defined by using this concept. After giving these definitions, the differential equations
of geodesics are derived. Next, geodesic mappings are defined and the necessary
and sufficient conditions for the existence of such mappings are stated. Moreover,
the important formulas under arbitrary geodesic mappings are given. This chapter
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ends with the derivation of Sinyukov equations, which are the equivalent necessary
and sufficient conditions for the existence of geodesic mappings. Sinyukov equations
are very crucial for the investigation of special geodesic mappings of Riemannian
manifolds.

In the fourth chapter, geodesic mappings of some special Riemannian manifolds are
considered. First, the proof of Mikes’” Theorem on geodesic mappings of Einstein
manifolds is given. Then, the important results of Chepurna’s PhD thesis (Einstein
Tensor Preserving Geodesic Mappings) are stated. Using the results of Chepurna’s
thesis, a new result on quasi Einstein manifolds is obtained. In addition, we consider
geodesic mappings of generalized Ricci recurrent manifolds. Next, we examine
geodesic mappings of pseudo Ricci symmetric and almost pseudo Ricci symmetric
manifolds.

In the last chapter, the results of the thesis are stated, which are the following:

(i) If there exists an Einstein tensor preserving geodesic mapping from a quasi Einstein
manifold V,, onto a Riemannian manifold V,,, then V;, is nearly quasi Einstein.

(ii) Let V,, = (M, g,V) and V,, = (M, g,V) be two Riemannian manifolds. If V,, and
V, are in geodesic correspondence and V, is generalized Ricci recurrent, then the
following identity holds

An (nRi’ — 5,?R> =0,

where RQ = gth ik» Ay is a gradient vector and 5,? is the Kronecker delta.

(iii) If V,, = (M, g) is a pseudo Ricci symmetric manifold admitting geodesic mapping
onto V, = (M,3) and Viyij =2AcW;j +AiW;+AjVi, then V, is pseudo Ricci
symmetric.

(iv) If V,, = (M, g) is an almost pseudo Ricci symmetric manifold admitting geodesic
mapping onto V, = (M,g) and Vijj = (Ax+By) Vij +AiWkj+ AWy, then V, is
almost pseudo Ricci symmetric.

Moreover, in the same chapter, we discuss the special Riemannian manifolds for which
further studies of geodesic mappings can be done. These manifolds involve Ricci
solitons and quasi Einstein manifolds. For quasi Einstein manifolds, an investigation
can be made by either discarding our assumption that the mapping is Einstein tensor
preserving or having a new separate assumption.
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RIEMANN MANIFOLDLARINDA JEODEZIK DONUSUMLER

OZET

Riemann geometrisi, diferansiyel geometrinin en Onemli alanlarindan birisidir.
Bernhard Riemann tarafindan 1850’11 yillarda ii¢ boyutlu yiizeylerin genellestirilmesi
ile kesfedilmistir. Bu geometride kullanilan metrige Riemann metrigi, bu geometride
incelenen uzaylara ise Riemann uzaylar1 (Riemann manifoldlari) ad1 verilir.

Sadece diferansiyel geometri alaninda degil, ayn1 zamanda mekanik ve genel gorelilik
kuraminda da onemli bir yere sahip olan jeodezik doniistimler, jeodeziklerin, bir
manifold iizerindeki iki nokta arasindaki en kisa yolun, korunmasiyla elde edilir. Tezin
amaci, jeodezik doniisiimleri Riemann manifoldlari tizerinde ayrintili olarak incelemek
ve bu doniisiimlerin ele alinmadig1 6zel Riemann manifoldlar: ile ilgili gerek ve yeter
kosullar elde etmektir.

Bes boliimden olusan tezin giris boliimiinde jeodezik doniistimlerin tanimi yapilmis ve
bu doniisiimler altinda gecerli olan temel formiiller verilmistir. Jeodezik doniisiimlerin
literatiir taramasi yapilarak girig bolimii tamamlanmistir. Sonraki boliimde; diizgiin
manifoldlar, tensorler, afin koneksiyonlar ve Riemann manifoldlar ile ilgili tanimlar
ve formiiller verilmistir. Uciincii boliimde, tezin ana konusuna gegilmistir. Jeodezik
tanim1 yapilmis ve jeodeziklerin diferansiyel denklemleri elde edilmistir. Riemann
manifoldlar tizerinde jeodezik doniisiim tanimi yapumis ve bu doniisiimlerin genel
kurallar1 agiklanmigtir. Dordiincii boliimde, 6zel Riemann manifoldlar iizerindeki
jeodezik doniisiimler incelenmis ve bu manifoldlar arasinda jeodezik doniisiimlerin var
olabilmesi igin gerek ve yeter kosullar elde edilmistir. Oneriler ve sonuglar béliimii ile
tez tamamlanmistir.

Tezin birinci boliimii olan giris boliimiinde jeodezik doniisiimlerin tanimi ve bu
alandaki calismalara yer verildi. Calismalarinin ¢ogunlugunu jeodezik doniigiimlere
adayan Josef Mikes bu alandaki en dnemli isimlerden biridir. Jeodezik doniisiimlerin
incelendigi manifoldlara; sabit egrilige sahip manifoldlar, simetrik manifoldlar, Ricci
m-simetrik manifoldar, Einstein manifoldlar, afin koneksiyona sahip manifoldlar,
konformal diiz manifoldlar, Ricci rekiirent manifoldlar, Einstein olmayan Ricci
2-simetrik manifoldlar, 4 boyutlu ve sabit egrilige sahip olmayan Einstein manifoldlar,
3-simetrik Riemann manifoldlar 6rnek verilebilir. Ayrica, Riemann manifoldlarindaki
jeodezik doniisiimler altinda gecerli olan temel formiillere de bu boliimde yer verildi.

Sonraki boliim ise tezin 6n hazirligini olusturan boliimdiir. Ilk olarak bir Hausdorff
uzaymin lokal olarak bir Oklid uzayma benzemesi tanimlanmisti. Bu tanim
kullanilarak topolojik manifold tanimi yapilmigtir. Daha sonrasinda iki kartin C*°
uyumlu olmast icin gereken kosullar belirtilmigstir. Atlas ve maksimal atlas tanimi
yapildiktan sonra diizgiin manifoldlar tanimlanmistir. Diizgiin manifoldlara 6rnekler
verilmis ve bu manifoldlar {izerinde geometrik yapilar incelenmistir. Bu yapilara
diferansiyellenebilir fonksiyonlar, difeomorfizmalar, teget vektorler, teget uzaylar,
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vektor alanlar ve Lie iglemcileri ornek verilebilir. Daha sonra ise, tezde kullanilan
notasyonlar ve konvansiyonlar agiklanmigtir. Dual uzay tanimi verildikten sonra
kotanjant uzay1 ve 1-form tanimlanmistir. R” ve diizgiin manifoldlar {izerinde tensor
tanimi1 yapildiktan sonra, diferansiyel geometri ve fizik i¢in 6nemli bir kavram olan
tensor alan tanimi verilmigtir. Simetrik ve asimetrik tensor tanimlar1 da bu kisimda
yapilmig olup, lokal koordinatlarda (0,2) tensorlerin simetrik ve asimetrik olma
durumlar incelenmigtir. Afin koneksiyonun tanim ve 6zellikleri agiklandiktan sonra
Christoffel sembolleri (koneksiyon katsayilari) tanimlanmigtir. Bu bdliimiin sonunda
Riemann geometrisinin temel tanimlar1 ve formiilleri verilmistir. ilk 6nce, Riemann
manifoldlar1 ve Riemann metrigi tanimlanmigtir. Ardindan, Riemann koneksiyon
tanimi1 verilip Riemann geometrisinin temel teoremi kanitlanmistir. Riemann egrilik
tensorli, Ricci tensorii, kesit egrilifi ve skaler egrilik tanimlar1 da bu boliimde
verilmigtir.  Schur teoremi ispatlandiktan sonra sabit egrilik tanimi yapilmustir.
Jeodezik doniisiimlerin incelenecegi 6zel Riemann manifoldlarinin tanimi verilerek bu
boliim tamamlanmastir.

Uciincii boliimde tezin ana konusuna giris yapilmigti.  Riemann manifoldlart
izerinde bir vektor alanin bir egri boyunca paralel olmasinin tanimi verilmis ve bu
tamim kullanilarak jeodezikler tanimlanmistir. Jeodeziklere ait esdeger bir tanim
verildikten sonra, jeodeziklerin diferansiyel denklemleri elde edilmistir. Iki Riemann
manifoldu arasinda tanimlanan bir difeomorfizma biitiin jeodezikleri koruyorsa, bu
difeomorfizmaya jeodezik doniisiim denir. Jeodeziklerin diferansiyel denklemleri
dikkate alinarak jeodezik doniisiimlerin gerek ve yeter kosullari elde edilmistir. Bu
kosullar sonucunda elde edilen denklem Levi-Civita denklemi olarak adlandirilir.
Sonra, iki 6nemli san1 kanitlanip, iki manifold arasindaki Riemann egrilik tensorii ve
Ricci tensorii arasindaki iligki bulunmustur. Ayrica, Riemann manifoldlar {izerinde
Weyl tensorii tanimlanmis ve jeodezik doOniisiim altinda bu tensoriin korundugu
kanitlanmigtir. Daha sonra ise Beltrami’nin Teoremi ispatlanmistir. Bu teoreme gore
iki Riemann manifoldu arasinda bir jeodezik doniisiim var ise ve bir manifold sabit
egrilige sahip ise, diger manifold da sabit egrilige sahiptir. Jeodezik doniisiimlerin
esdeger gerek ve yeter kosulu olan Sinyukov denklemleri elde edilerek bu boliim
tamamlanmigtir. Sinyukov denklemleri, 6zel Riemann manifoldlar iizerinde jeodezik
doniistimleri arastirmak icin ¢ok énemli bir yere sahiptir.

Dordiincii bolimde jeodezik doniisiimler 6zel Riemann manifoldlar1 {izerinde
incelendi. Bu boliimdeki hesaplar lokal koordinatlar kullanarak yapildi. Ilk olarak
daha once yapilmig calismalara yer verildi. Mikes’in Einstein manifoldlar1 iizerine
olan teoreminin ispati verildi. Bu teoreme gore iki Riemann manifoldu arasinda bir
jeodezik doniisiim var ise ve bir manifold Einstein manifoldu ise diger manifold da
Einstein manifoldudur. Ayrica, Einstein tensoriinii koruyan jeodezik doniisiimleri
ele alan Chepurna’nin doktora tezindeki onemli sonuglar belirtildi. Chepurna’nin
tezindeki sonuclar kullanilarak bir yar1 Einstein manifold iizerinden tanimlanan ve
Einstein tensoriinii koruyan jeodezik doniisiimler icin 6zel bir sart bulundu. Daha
sonra ise genellestirilmis Ricci rekiirent manifodlar i¢in yeni sonuglar elde edildi.
Sozde Ricci simetrik ve hemen hemen sézde Ricci simetrik manifoldlarin jeodezik
doniisiimleri de incelendi.

Besinci boliimde elde ettigimiz yeni sonuglara yer verilmistir. Bu sonuclar asagidaki
gibidir:
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(i) Bir V, = (M,g) yari Einstein manifoldu iizerinden herhangi bir V,, = (M, 3)
Riemann manifoldu iizerine taniml1 Einstein tensoriinii koruyan jeodezik doniisiim var
ise V,, neredeyse yar1 Einstein’dir.

(ii) Genellestirilmig Ricci rekiirent manifoldu iizerinden herhangi bir Riemann
manifolduna tanimli jeodezik doniisiim mevcut ise asagidaki kosul saglanmaktadir:

A <nRZ _ 5,?1%) —0,

bu denklemde V kovaryant tiirev operatorii, R;; Ricci tensdrii ve y;; ise bir (0,2)
simetrik tensordiir.

(iii) Vo= (M, g,V) ve V,, = (M, g, V) iki Riemann manifoldu olsun. V,,’den V,,’e tanimli
bir jeodezik doniisiim oldugunu ve V,’in s6zde Ricci simetrik oldugunu varsayalim.
ViWij = 2A3Wij + AiWkj + AWy kosulu saglaniyorsa, V, manifoldu da sdzde Ricci
simetriktir.

(iv) Vo, = (M, g,V) ve V,, = (M, g, V) iki Riemann manifoldu olsun. V,,’den V,,’e tanimli
bir jeodezik doniisiim oldugunu ve V,,’in hemen hemen s6zde Ricci simetrik oldugunu
varsayalim. Vjj = (Ax + By) Wij +AiWkj + A j Wi kosulu saglaniyorsa, V, manifoldu
da hemen hemen sdzde Ricci simetriktir.

Ayrica, bu boliimde jeodezik doniisiimler {izerine yapilabilecek calismalara yer verildi.
Ricci solitonlan iizerine yeni bir ¢alisma yapilabilir veya tezimizde quasi Einstein
manifoldlar icin kabul ettigimiz i¢in kosul degistirilerek daha genel bir sonug¢ elde
edilebilir.
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1. INTRODUCTION

The thesis is devoted to the investigation of geodesic mappings on some special
Riemannian manifolds. First, we give the definitions and formulas of Riemannian
geometry. Next, we investigate the laws and the basic equations of geodesic mappings.

After that, we examine geodesic mappings on some special Riemannian manifolds.

In this chapter and throughout the thesis, all the definitions and the properties of
geodesic mappings will be given for Riemannian manifolds unless otherwise stated.

Before defining geodesic mappings, we will first define geodesics:

Let (M,g) be a Riemannian manifold with Riemannian connection V. Let y: J — M
be a smooth curve on M, where J is an open interval. The curve ¥ is called a geodesic

on M if Vy7=0, [1].
A geodesic mapping from V, = (M,g) onto V,, = (M,g) is a diffeomorphism that
preserves the geodesics, [2].

Formally, a geodesic mapping on Riemannian manifolds can be defined as follows:

Let V,, and V,, be two Riemannian manifolds with common coordinate system x, and
let f be a diffeomorphism from V,, onto V,,. f is a geodesic mapping if and only if the
Levi-Civita equation

VxY = VxY +w(X)Y +y(Y)X

is satisfied for any tangent vector fields X and Y, where y is some 1-form. If y # 0,

then the map is nontrivial. Otherwise, it is trivial, [2].

Due to the nature of the subject, we will carry out our studies in local coordinates.
This will aid us to perform an efficient research and it will be advantageous for the

calculations throughout the thesis.

In local coordinates, the necessary and sufficient condition for existence of a geodesic

mapping from V,, onto V,, is
1] 1 1 WJ ]Wla
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where Ff ;and l_“ﬁ ; are the Christoffel symbols of V, and V,., respectively, and ; are the

components of the 1-form v, [2].

Moreover, under geodesic mappings, the following conditions hold:

R?jl = R?jl +8/'yij — 51}'1 Vil

and

Rij=Rij+(n=1) i,
where y;; =V y; — yiy;, [3].

Sinyukov proved that below set of equations, known as the Sinyukov equations, are the
equivalent necessary and sufficient conditions for the existence of geodesic mappings

from a Riemannian manifold V,, = (M, g) onto V,, = (M, 2):

Viaij = Aigjk + Aj8&ki,
nVidi = ugi +ang R —aynjg R,

(n— 1)V =2(n+ 1) 4Ry ;" + aing”g" (2ViRjx— ViR 1) ,

where a;; = ezwg“ﬁgaigﬁj, Ai= —ez‘*'g“ﬁgmwa and 4 = g“ﬁvﬁka. In this case, the
map is nontrivial if A; Z 0, [4].

Geodesic mappings play a key role in mechanics and general theory of relativity. More-
over, it is an interesting subject of differential geometry and many mathematicians
have dedicated their studies to the theory of geodesic mappings. In addition to the
theory, mathematicians have been also investigating the geodesic mappings of special
manifolds. Some of these manifolds involve Einstein manifolds, compact Riemannian
manifolds, affine connected manifolds, manifolds with constant curvature, conformally
flat manifolds, symmetric manifolds, Ricci symmetric manifolds. Before giving the
important results, we should remark that geodesic mappings were first considered for

manifolds of constant curvature.
Some of the important results on geodesic mappings are as follows:

In 1972; Rosenfeld and Gorbaty proved that if a conformally flat Riemannian
manifold C,, (n > 3) admits a nontrivial geodesic mapping onto V,,, then V,, is either

subprojective or it is a hypersurface of a manifold with constant curvature, [3].



In 1976; Mikes proved that if there exits a geodesic mapping from a Riemannian
manifold V,, of nonconstant curvature onto a semisymmetric equiaffine manifold A,,,

then y;; = Bg;; holds in V,, and moreover, the following identity holds:

VirViRuijk — ViVuRnijk = B (gmnRuijk + miRni jk + &mjRnitk + &miRniji
—8inRmijc — 81iRmm jk — &1 Rnimk — SuxRnijm)
where B is a constant, [3].

In January 1978; Mikes proved that a non-Einstein Ricci 2-symmetric manifold V,,

(n > 3) does not admit nontrivial geodesic mappings, [5] .

In December 1978; Mikes also showed if there exists a geodesic mapping from an

Einstein manifold V,, onto another Riemannian manifold V,,, then V, is also Einstein,
[6].

In 1979; Sinyukov proved that if V,, is a manifold with covariantly nonconstant
concircular vector fields, then it admits nontrivial geodesic mappings. Moreover, he
also proved the vice versa, i.e., on the manifolds V,, which do not admit nontrivial

geodesic mappings, there are no covariantly nonconstant concircular vector fields, [3].

In 1982; Mikes and Kiosak proved that if V,, is a four-dimensional Einstein manifold

with nonconstant curvature, then it does not admit nontrivial geodesic mappings, [3].

In 1994; Mikes and Sobchuk proved that 3-symmetric Riemannian manifolds V,,
(n > 3) of nonconstant curvature and Ricci 3-symmetric manifolds V,, (n > 5) which

are not Einstein, do not admit nontrivial geodesic mappings, [7].

In 2018; Berezovski, Hinterleitner and Mikes investigated the geodesic mappings from
manifolds with affine connection onto Ricci symmetric manifolds. They proved the
following: A manifold A, with affine connection V admits a geodesic mapping onto
a Ricci symmetric manifold A, if and only if the below Cauchy type equations in
covariant derivative are satisfied, [8]
VuRij = 2YmRij+ WiRpj + WRim
and
Viyi= ﬁ [nRij +Rji — (nRij + Rji) | + iy,

Moreover, in the same work, [8], the authors proved the following: A manifold A, with

affine connection V admits a geodesic mapping onto a symmetric manifold A, if and

3



only if the below Cauchy type equations in covariant derivative are satisfied
1
Vivi = 21 [nRij + Rji — (nRij + Rji) | + viyj,

h _
\ R1]k - 21//m ijk + Wl mjk + ll/] lmk + Wth]m 5ml//05qujk

and

ph ph
Ritjy = 0s Rigjy =0,

where brackets imply symmetrization.

In 2020; Berezovski, Cherevko, Hinterleitner and Peska proved the following theorem:
There exists a geodesic mapping from a manifold A, with an affine connection onto a
2-symmetric manifold A, if and only if the below Cauchy type equations in covariant

derivative are satisfied

2
Vivi= vy, + 21 [”RU +Rji— (”Rij +Rji)} ’

Vo ViuRis = 20V pRij + WiV p R+ WiV p Rl + WiV o Ry

a mWOﬂVPRz]k z]kmp 3 C]kmp

and

=0, VR, . =V,RL.. =0,

ph
Rl =R i(jk) = YmR(ije) =

i(jk) — T(ijk) T

where B".

i jkmp and C"
[9].

ijkmp Ar€ some (1,5) tensors and brackets imply symmetrization,
In this thesis, we will investigate the geodesic mappings of quasi Einstein, generalized
Ricci recurrent, pseudo Ricci symmetric and almost pseudo Ricci symmetric

manifolds.



2. PRELIMINARIES

In this chapter, some basic notations and definitions used in the thesis will be given.

2.1 Smooth Manifolds

Definition 2.1.1 Let M be a Hausdorff space. If every point in M has a neighborhood
U such that there is a homeomorphism ¢ from U onto an open subset of R", the pair
(U, @) is called a chart. U is a coordinate neighborhood and ¢ is a coordinate system

on U. In this case, M is called a locally Euclidean space.

Definition 2.1.2 A topological manifold is a Hausdorff, second countable and locally
Euclidean space. It is said to be n-dimensional if every point has a neighborhood

homeomorphic to R”".
Example 2.1.3 R” is an n-dimensional topological manifold: R" can be covered by a
single chart (R",7), where i: R” — R” is the identity map.

Remark 2.1.4 Suppose (U, ¢) and (V, y) are two charts of a topological manifold M,
where U and V are open subsets of R”. Since ¢ is a homeomorphism, and U NV is

open, it follows that ¢ (U NV) is open.

Definition 2.1.5 Two charts (U,¢) and (V,y) of a topological manifold M are

C”-compatible if the following two maps are C™:

ooy L y(UNV)=@UNV),

iyyop loUNV)=wUNV).

These two functions are called transition functions or transition maps.

We will give an example to emphasize that both maps have to be C, as stated in the
above definition.

Example 2.1.6 Let A = {(R,¢),(R,y)} be a set consisting of two charts, where
0:R—->R,a—~@a)=aand y: R >R, a— yla) = a’. Then, the set A is not

C”-compatible.



Clearly, ¢ and y are homeomorphisms.

i) (yoo ') (a) =y (¢~ (a)) = y(a) = & is a differentiable function. So, yo ¢!
is C™.

i) (poy™)(a) =@ (y !(a) = @(a'?) = a'/3 is not differentiable at 0. Thus,
@oy~!isnotC™.

Therefore, the set A is not C*-compatible.

Definition 2.1.7 A C™-atlas or simply an atlas on a locally Euclidean space M is a

collection B = {(Uq, ) } Which are pairwise C*-compatible charts that cover M.

Definition 2.1.8 An atlas on a locally Euclidean space is maximal, if it is not contained

in a larger atlas.

Definition 2.1.9 A smooth or C* manifold is a topological manifold M which has a
maximal atlas. In other words, a smooth manifold is a topological manifold for which

all the transition maps are smooth.
Example 2.1.10 Some examples of smooth manifolds:

i) R" is an n-dimensional smooth manifold with a single chart (R”,u',---,u"), where

u' are standard coordinates in R”.
i) Any open subset of a manifold is a smooth manifold.
iii) General linear group GL (n,R) := {A € R"*"| det(A) # 0} is a smooth manifold.

iv) n-dimensional sphere S§" := {(xi,"-+,Xp01) ER™|xf+--- +x2 =1} is a

smooth manifold.

Definition 2.1.11 Let M be an n-dimensional smooth manifold. Let p = (x1,..,x,) € M
and (U;, ¢;) be charts of M. Lef f: U C M — R be a function. f is differentiable at p,
if fo¢~!is differentiable at ¢ (p). The set of differentiable functions from M to R is
denoted by C*(M).

Definition 2.1.12 Suppose that f: M — N is a map from a C* manifold M of
dimension m to another C** manifold N of dimension n. If there exists a chart (U, ¢)
at p € M and (V,y) at f(p) € N such that yo ¢~! is differentiable at ¢(p), then f
is called differentiable at p. If f is differentiable at every p € M, then f is called a
differentiable map from M to N.



In the Definition 2.1.12, let M = (a,b) C R. Then f: (a,b) — N is called a curve on

N. If f is smooth, then it is called a smooth curve on N.

Definition 2.1.13 Let M and N be two smooth manifolds. If f: M — N is a
differentiable, bijective map and has a differentiable inverse, then f is called a

diffeomorphism.

Let M be an n-dimensional smooth manifold. Our aim is to assign an n-dimensional
vector space isomorphic to R", which will be called tangent space, for each point p of

the manifold. For this purpose, a tangent vector must be defined.

Definition 2.1.14 Let M be an n-dimensional smooth manifold and p € M. Let a and
b be real numbers and f and g be real-valued differentiable functions on M. A tangent
vector on M at p is a function X,: C*(M) — R which satisfies the following two

conditions:
i) Linearity: X, (af 4+ bg) = aX,(f) +bX,(g)

ii) Leibniz’s Rule: X,(fg) = g(p)X,(f) + f(p)X,(g).

Definition 2.1.15 Let U be a coordinate neighborhood on an n-dimensional manifold
d d

=7, g be the usual coordinate vector
X X

M with local coordinates x!,---  x". Let

fields on U. The tangent space at p of M is

d d d
Tp(M) = SP“{@(P)»@(P)V" e (P)} .
The set of tangent vectors on M at p is the tangent space at p. It is a vector space and
dim (7,(M)) = dim(M).

Intuitively, tangent spaces and tangent vectors are a generalization of tangent vectors

and spaces for smooth curves and two dimensional surfaces in R>.

Proposition 2.1.16 [1] Let M be an n-dimensional smooth manifold and (U, @)

be a coordinate chart about p € M associated with local coordinates xl,--- XU If

N ) ) . .
if) {ﬁ@)aﬁ(l’)r” ,W(p)} is a basis for T,,(M).



Definition 2.1.17 A vector field on a smooth manifold M is an assignment of a tangent

vector X, € T,(M) for each p € M. Thatis, V: M — T,(M), p — X,,.

Let M be a smooth manifold and let X be a vector field on M. Considering the vector

field X in local coordinates, we have
L
X — bl—.
LV

where b"’s are functions defined in a coordinate neighborhood of M. X is called a
smooth vector field if all b”’s are smooth functions. The set of smooth vector fields on

M is denoted by X(M), [10].

Definition 2.1.18 Let M be a smooth manifold. Let X and Y be smooth vector fields
on M. The Lie bracket of X and Y is defined as

[X,Y] =XY -YX
and for a smooth function f: M — R,

X, Y1(f) =X (Y (f) - Y (X(f))-

Proposition 2.1.19 (Properties of the Lie Bracket)
(i) [aX +bY,Z| = a[X,Z] +D[Y,Z] and [X,aY + bZ] = a[X,Y ]|+ b[X,Z], where a and b

are real constants (Linear in both arguments).

(ii) [X,Y] = —[¥,X] (Anti symmetric).

(iii) [fX,gY] = fglX, Y]+ f(Xg)Y —g(Y )X, where f,g: M — R are smooth func-
tions.

(iv) [X,[Y,Z]]+ 1Y, [Z,X]] +[Z[X,Y]] = 0 (Jacobi identity).
o 9

(v) {ﬁ’ ﬂ} =0, where x', -+, x" are local coordinates.
X X

Remark 2.1.20 When the same index appears as a subscript and a superscript in an
expression, this index is summed until the desired value. This index is called a dummy
index and it can be replaced by any letter which is not involved in the expression. In
this case, the £ symbol can be omitted. This convention is due to Albert Einstein and
it is called the Einstein summation convention. Throughout this thesis, the Einstein
summation convention will be used, unless otherwise indicated, summation is implied

whenever repeated indices occur up and down in an expression.
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Local coordinates will be used in several parts of this thesis. We will do this in such a

way that our expressions in local coordinates will agree with those of Eisenhart, [11].

. d : : . .
The notation — = d; will be used in the remaining parts of the thesis, where 0; are

ox!

the partial differential operators with respect to local parametrization.

2.2 Tensors on Smooth Manifolds

Throughout this section, first the definitions will be given for R” and then will be

generalized to smooth manifolds.

Suppose that V is an n-dimensional vector space over R. The dual space of V, which

is denoted by V*, is the set of all linear maps from V to R.

V*={o|o:V—-R}

vie o (v).

Note that dim(V) = dim(V*) and o(v) is also denoted as (o, V).

Let V be a vector space of dimension n with a basis {ej, e, ...,e, }. Then, there exists a
unique dual basis {w',w?,...,w"} for V* such that w(e;) = §/. Letv € V, then v =v'e;.

By considering w/(v) we have,

wl (V) = wl(vie;) = (w/ Ve =1 <wj,el-> =viwle; = vi5ij =/,

As {eq,es,...,e,} is a basis for V and {w',w?,....w"} for V*, it follows that v = Ve,
and 0 = ojw'. Hence, o(v) = (0,v) = (ow!,vie;) = o/ (w',ej) = oppiwie; =
G,'vja]l: = G,'Vi.

Let’s apply the above definition for a smooth manifold M of dimension 7.

Definition 2.2.1 Let M be a smooth manifold of dimension n with charts (U;, ¢;) and

coordinates x'. Consider o: T,(M) — R.

It follows that, ¢ is an element of the dual space of T,(M). That space is
denoted by 7, (M) and called the cotangent space of the manifold M. Obviously,

dim (7, (M)) = dim (T,M) = dim(M).
Moreover, o is called a I-form with dx’ prel ki 0; . Therefore, {dx s, dx }
x X

is a basis for T, (M). Hence, any 1-form ¢ € 7,/ (M) can be written as ¢ = oidx'.



Definition 2.2.2 Suppose that V is an n-dimensional vector space and V* is the dual

space of V over R. Then, the multilinear map
O: V' X .. XV xVx..xV—=R,

where V* appears r-times and V appears s-times is called a tensor of order (1s). r is
called the contravariant order and s is called the covariant order of the tensor. The set

of (r,s) tensors is denoted by 7, (V).

Consider the cases r = 0 and s = 0 in the Definition 2.2.2:

(i) Suppose r = 0. T (V) is the set of covariant tensors of order s.

(if) Suppose s = 0. Ty (V) is the set of contravariant tensors of order r.
Now, let’s generalize the definition of a tensor in R” to smooth manifolds.

Definition 2.2.3 Let V = T,,(M) and V* = T,;(M). Then, the multilinear map

¢: T, (M) X ... x T, (M) X T,(M) x ... x Ty(M) — R,

where 7, (M) appears r-times and T,,(M) appears s-times is called a tensor of order
(r,5) on the manifold M. r is called the contravariant order and s is called the covariant

order of the tensor. The set of (7,s) tensors on M is denoted by 7] (7,,(M)).

Special cases:

(i) r=0,5=1:v: Ty(M) — Ris called a I-covariant tensor or I-form and v € T;(M).
(ii) r=1,5=0: w: T;(M) — Ris called a I-contravariant tensor and w € T,,(M).

Definition 2.2.4 A C* covariant tensor field of order r on a C* manifold M is a

function ¢ which assigns an (0, r) tensor ¢, € T,>(T,(M)) for each p € M.

Definition 2.2.5 The product of two covariant tensors ¢ € T.)(T,(M)) and

v € T)(T,(M)) is an (0,7 +s) tensor such that

(¢ X ll/) (V17v27 e Ve Vet 1, "'7vr+s) = ¢(V17V27 ceey Vr) W(VH—1 PR Vr+s)~
Remark 2.2.6 ® is bilinear, associative but not commutative.

Definition 2.2.7 Let S(r) be the permutation group of the set of numbers {1,2,...,n}.
Let 0 € S(r). sign(o) =1 if o is even and sign(c) = —1 if o is odd. Let
¢ € T)(T,(M)). Using the notation ¢°(x1,x2,....%:) = @ (X(1):Xg(2)s - Xo(r))
antisymmetric and symmetric tensors are defined by,

10



(i) ¢ is an antisymmetric tensor if ¢ (x1,x7,...,x,) = sign(c)P(x1,x2,...,Xx,)
(ii) ¢ is a symmetric tensor if §° (x1,x2,...,x,) = @ (X1,X2, ..., Xy).

Let T be a tensor of type (0,2) with components 7;; in some basis. If 7;; = Tj; we say

that T' is symmetric, while if T;; = —Tj; we say that T is antisymmetric.

The symmetric part T(;; of T is the symmetric tensor with components

(T +Tj)

| =

Tiij)

while the antisymmetric part Tj;;) of T is the antisymmetric tensor with components

(Tij = Tii).

| =

Tjij)

Evidently, for a (0,2) tensor, T is the sum of its symmetric and antisymmetric parts.

Definition 2.2.8 Let M be an n-dimensional smooth manifold. Let ¢ be a (0,2)
symmetric tensor. Then, ¢ is called positive definite if ¢(u,v) > 0 Vu,v € T,,(M) and
¢(u,v) =0if and only if u =0 or v =0.

2.3 Affine Connections on Manifolds

Definition 2.3.1 Let M be a C” manifold. An affine connection or a covariant
derivative on M, is an operator V that assigns for each pair of C* vector fields X

and Y, a C* vector field VxY.

Let X, Y and Z be C* vector fields and p € C*(M). The following properties hold for

an affine connection V:

Vx (Y +2Z) = VxY +VxZ (2.3.1)
VinZ=VxZ+VyZ (2.3.2)
Viox)Y =pVxY (2.3.3)
VypY = pVxY +X(p)Y. (2.3.4)

Let U C M and x! ,---,x" be the local coordinates of M.

11



LetX, € T,(U)andY € X(U). Assume X, = a’ai‘p and Y = b/9;. By using the above
properties, we have
Vx,Y = Vi(pab';

= ai(p)Vaibjaj

=d'(p) [(9; (b)) 9; +b'V5,0;)].
Definition 2.3.2 The expression V.0, is determined by the formula

Vy,0; =T}0, (2.3.5)

and the functions F?j are called connection coefficients or Christoffel symbols of the

affine connection V.

Definition 2.3.3 Let A; be the components of a mixed tensor of order 2. Then, the

covariant derivative of A; with respect to the connection V is

i

VAi—%JrA’T" —ALTh
KA = ook TG e A ke

2.4 Riemannian Manifolds

Definition 2.4.1 Let M be an n-dimensional smooth manifold. If at each point p € M,
there exists a bilinear, symmetric and positive definite tensor field g =< -,- > defined
on T,(M), then M is called a Riemannian manifold and g is called a Riemannian metric

or fundamental tensor. The manifold is represented as (M, g).

g: T,(M) x T,(M) = R

(X,Y) > g(Xp,Yp) = (X,Y), €R.

Let xl,--- ,x"" be the local coordinates of M. The components g;; of the Riemannian

metric g are given as
8ij :g(alvaj)v I,j= 17 1.

Remark 2.4.2 In three dimensional Euclidean space, the distance between the points

(x,v,z) and (x+dx,y+dy,z+dz) is given by the formula

ds* = dx’ + aly2 +dZ*.
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The above formula was generalized to n-dimensions by Bernhard Riemann and the
distance between the points (x',---,x") and (x! +dx', --- ,x" +dx") is given by the
following identity, [12]

ds* = g;jdx'dx’ . (2.4.1)
Definition 2.4.3 The reciprocal of g;; is denoted as g/ and called the fundamental

contravariant tensor, where ghmg’"k = 5;1‘, [12].

Definition 2.4.4 Let (M, g) be a Riemannian manifold and V be an affine connection
on (M,g). If V satisfies the following conditions, then it is called a Riemannian
connection.

VxZ—-VzX =[X,Z] (2.4.2)
(2.4.2) is called torsion free property and (2.4.3) is called metric compatibility
condition.
Considering the equation (2.4.2) for X = 0; and Z = J; gives,

V5,0;— V9,0 = [9:,9;] .

By using Proposition 2.1.19 (v), we have V;0;=V;d;. Hence, it follows that
Ff’j = F?i. Moreover, metric compatibility condition of a Riemannian connection yields
Vigij = 0 and similarly Vg’ =0.
Theorem 2.4.5 (Fundamental Theorem of Riemannian Geometry) [10] There

exists a unique Riemannian connection V on a Riemannian manifold (M, g).

Proof: Let (M, g) be a Riemannian manifold and X, Y and Z be smooth vector fields.

Permuting X, Y and Z in (2.4.3) yields two more equations, namely
Xg(Y,Z) = g(VxY,Z) +g(Y,VxZ) (2.4.4)

and

Yg(Z,X)=g(VyZ,X)+g(Z,VyX). (2.4.5)

Adding (2.4.5) and (2.4.4), then subtracting (2.4.3) from the resulting equation, it

follows that
Xg(Y,2)+Yg(Z,X)—Zg(X,Y)=g(Y,VxZ—VzX)
+g(X,VyZ—VZY)+g(Z,VXY+VyX).
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Adding and subtracting VxY from the last term of the right hand side and using the
equation (2.4.2), the above identity can be written as
Xg(Y7Z) +Yg(Z7X) _Zg(X7Y) = g(Y7 [X7Z]) +g<X7 [sz])

+2¢(Z,VxY)+¢(Z,[Y . X]).
Rearranging the above equation leads to the Koszul formula:

2g(Z7VXY> :Xg(Y,Z) +Yg(Z,X) _Zg(X7Y) _g(Y7 [XaZD
Given any smooth vector field Z, the right hand side of the equation (2.4.6) can be
uniquely determined. Assume that there exists a smooth vector field U # VxY such
that g (VxY,Z) = g(U,Z). It follows that g (VxY,Z) — g (U,Z) = g(VxY —U,Z) =0.

As g is a non-degenerate metric, this implies VxY = U, contrary to the assumption that

U # VxY. Therefore, V is unique.

Defining V as in the equation (2.4.6) proves the existence of the connection. To prove

that V is a Riemannian connection, it must be shown that V satisfies (2.3.1) - (2.3.4),

(2.4.2) and (2.4.3). O

Considering (2.4.6) for X = d;, Y = d; and Z = J, the following holds:
28 (9k,V5,9)) = ig (9, k) + ;g (9, 9}) — kg (91,9;) -
Using the equation (2.3.5), the above identity can be written as

thjgkh = (aigjk + ajgik - 3kgij) . 2.4.7)

N | =

Multiplying both sides of (2.4.7) with g"* gives,
1
Ty = 58" (9igji+9jgi — 9isiy) - (2.4.8)
Contracting the equation (2.4.8) for m and j yields, [11, 12]
i 0
I} =5 (nyg). (2.4.9)

Definition 2.4.6 Let X, Y and Z be smooth vector fields. The operator R(X,Y) which
is defined as
R(X,Y)Z=VxVyZ—VyVxZ—VixyZ
14



is called the curvature operator, [1].
If we write X = 0}, Y = di and Z = d;, then we have
R(X,Y)Z =V, (V3,0) ~ Vs, (Va]a,-)
=Vy, <Fiiaz> -V <F§i31>
— (/T — AT + T4, T~ T, ) 0
=R} ;0.
Definition 2.4.7 Let X, Y, Z and W be smooth vector fields.
R(X,Y,Z,W) = (R(X,Y)Z,W)
is called the Riemannian curvature tensor of type (0,4).

In local coordinates, the Riemannian curvature tensor is determined by either of the

functions Rﬁ ik and Ry; jx, which are defined as
Ry =0Ty — oI}, + T}, T — T}, T, (2.4.10)
and
Riijk = 8imRiy- (2.4.11)
From the equation (2.4.10), it follows that R/ = —R,, i
For covariant tensors A; and b;;,,, we have the following identities, [11]:
ViVjdi—V;Viki = MRl (2.4.12)

and

ViV bim =V jVibim = bRy i + bR}y (2.4.13)
Proposition 2.4.8 (Properties of the Riemannian Curvature Tensor)
(i)R(X,Y,Z,W)=—R(Y,X,Z,W)
(ii) R(X,Y,Z,W) = —R(X,Y,Z,W)
(iii) R(X,Y,Z,W) =R(Z,W,X,Y)
(iv) R(X,Y,Z,W)+R(X,W,Y,Z)+R(X,Z,W,Y) = 0 (first Bianchi identity)

(v) VrR(X,Y,Z,W) + VzR(X,Y,W,T) + VwR(X,Y,T,Z) = 0 (second Bianchi
identity)
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Definition 2.4.9 Let XY € T,(M) and I1 C T,,(M). The sectional curvature K(IT) is
defined as

where (X,Y) is any basis of IT.

Letting X = oc’"8m|p and Y = p! 81‘[) and considering the sectional curvature in local
coordinates, we have, [12]

Ryijnot Bl B*
(8nj8ik — gmgij) " Blati Bk

K — (2.4.14)

Theorem 2.4.10 (Schur’s Theorem) [12] If the sectional curvature of a Riemannian
manifold is independent of the orientation chosen at each point, then it is constant

throughout the manifold.

Proof: Suppose that K is independent of the orientation chosen. Then, by using

(2.4.14), we have

Rpijk = K (ghjgik - ghkgij) . (2.4.15)

Covariantly differentiating the equation (2.4.15) with respect to the connection V

gives,

ViRijk = (gnjgixk — gm8ij) ViK. (2.4.16)
Permuting j, k and / in (2.4.16) yields two more equations namely,

ViR = (gni&it — gngix) V ;K (2.4.17)
and

ViRnitj = (8mgij — 8njgu) ViK. (2.4.18)
Adding (2.4.16), (2.4.17), (2.4.18) and using the second Bianchi identity, we obtain

(8njgik — 8nk8ij) ViK + (gne&it — 8migik) VK + (gngij — 8&njgit) ViK = 0.

If n = 2, then the manifold has only one orientation at each point. So, assume that

n > 3. Multiplying both sides with g/ gives,
(l’l - 2) (gileK - gileK) =0.
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As the above identity holds for all i = 1,-- - ,n, it follows that, [12]
VK=V K=0.

Since the covariant derivatives of K are zero, the manifold has constant sectional
curvature. Considering (2.4.15) for constant K, it follows that the Riemannian

curvature tensor is also constant. O

Definition 2.4.11 Let V,, = (M, g) be a Riemannian manifold.

if and only if V,, is of constant curvature K. In local coordinates, the above condition

takes the form (2.4.15).

Definition 2.4.12 Let (M, g) be a Riemannian manifold. Let X, Y and Z be smooth

vector fields. The Ricci tensor Ric(X,Y) is defined as the trace
Ric(X,Y)=1tr(Z— R(Z,X)Y).

In local coordinates, the Ricci tensor R;; is obtained by the contraction of the

Riemannian curvature tensor Rf i for [ and k, which is given by the formula

J h d h h m h m
AL RRY Tl Y

Rij = Wrih_ ot i m

Equation (2.4.9) gives,

Anyg  d L, 0ln\/g
U X _8_xhrij oL = 17 oxh (24.19)

Definition 2.4.13 The scalar curvature R is given by the formula, [12]
R=R;g". (2.4.20)

Definition 2.4.14 A Riemannian manifold (M, g) is called an Einstein manifold if its

Ricci tensor Ric(X,Y) satisfies
Ric(X,Y)=2Ag(X,Y),
where A is a real constant, [1].
In local coordinates, an Einstein manifold (M, g) is characterized by the equation

Rij :)Lgij~ (2.4.21)
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Lemma 2.4.15 Let (M, g) be a Riemannian manifold of dimension n > 3. If M has

constant curvature, then it is an Einstein manifold.

Proof: Multiplying both sides of (2.4.15) with g/ gives,
R :K<5l. ! >
l]k ]glk kglj .
Contracting the above equation for / and £, it follows that
Rij = —K(n - l)gij- (2.4.22)

O
For lower dimensions, the following special cases hold, [12]:
i)n=2: (M,g) is an Einstein manifold.
ii) n=3:1f (M, g) is an Einstein manifold, then it is of constant curvature.

Definition 2.4.16 A non-flat n-dimensional (n > 2) Riemannian manifold (M,g) is
called a quasi Einstein manifold if its Ricci tensor Ric(X,Y) is not identically zero and
satisfies

Ric(X,Y) = ag(X,Y) +bA(X)A(Y), (2.4.23)

where a and b are scalars such that » # 0 and A is a non-zero 1-form satisfying
g(X,U) =A(X) for any vector field X and any unit vector field U. Moreover, a and b
are called associated scalars, A is called associated 1-form and U is called the generator

of the manifold. An n-dimensional quasi Einstein manifold is denoted by (QE),, [13].
If in the above definition b = 0, then the manifold is Einstein.

Definition 2.4.17 A non-flat n-dimensional (n > 3) Riemannian manifold (M,g) is
called a nearly quasi Einstein manifold if its Ricci tensor Ric(X,Y) is not identically
zero and satisfies

Ric(X,Y) = ag(X,Y) +bA(X,Y), (2.4.24)

where a and b are non-zero scalars and A is a non-zero (0,2) symmetric tensor. An

n-dimensional nearly quasi Einstein manifold is denoted by N(QE),, [14].

Any quasi Einstein manifold is a nearly quasi Einstein manifold, but the converse is

not necessarily true.
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Definition 2.4.18 A non-flat n-dimensional (n > 3) Riemannian manifold (M,g) is

called Ricci recurrent if its Ricci tensor satisfies

VxR(Y,Z) = ¢(X)R(Y,Z) (2.4.25)
for some non-zero 1-form ¢. An n-dimensional Ricci recurrent manifold is denoted by
Ry, [15].
Definition 2.4.19 A non-flat n-dimensional (n > 3) Riemannian manifold (M,g) is
called generalized Ricci recurrent if its Ricci tensor satisfies

VxR(Y,Z) = 0(X)R(Y,Z) + a(X)g(Y,Z) (2.4.26)

for some non-zero 1-forms ¢ and &. An n-dimensional generalized Ricci recurrent

manifold is denoted by GRK,,, [16].

Definition 2.4.20 An n-dimensional Riemannian (n > 3) manifold (M,g) is called

Ricci symmetric if its Ricci tensor Ric(X,Y) satisfies, [17]
VRic(X,Y) = 0. (2.4.27)

Definition 2.4.21 A non-flat n-dimensional (n > 3) Riemannian manifold (M,g) is
called pseudo Ricci symmetric if its Ricci tensor Ric(X,Y) is not identically zero and

satisfies
(VxRic)(Y,Z) =2A(X)Ric(Y,Z) +A(Y)Ric(X,Z) +A(Z)Ric(Y,X), (2.4.28)

where A is a non-vanishing 1-form. An n-dimensional pseudo Ricci symmetric

manifold is denoted by (PRS),, [17].

Definition 2.4.22 An n-dimensional (n > 3) Riemannian manifold (M,g) is called
almost pseudo Ricci symmetric if its Ricci tensor Ric(X,Y) is not identically zero and

satisfies
(VxRic)(Y,Z) = [A(X)+B(X)|Ric(Y,Z)+A(Y)Ric(X,Z)+A(Z)Ric(Y,X), (2.4.29)

where A and B are non-vanishing 1-forms associated with the unique vector fields U
and V respectively such that g(X,U) = A(X) and g(X,V) = B(X) for all X € X(M).
The vector fields U and V are called the generators of the manifold and the 1-forms A
and B are called associated 1-forms. An n-dimensional almost pseudo Ricci symmetric

manifold is denoted by A(PRS),, [18].
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3. GEODESIC MAPPINGS OF RIEMANNIAN MANIFOLDS

In this chapter, geodesics and the geodesic mappings of Riemannian manifolds will be
defined. Moreover, necessary and sufficient conditions for the existence of geodesic
mappings will be derived and the important formulas will be stated. Furthermore,
Sinyukov equations, equivalent conditions for the existence of geodesic mappings, will

be proven.

3.1 Geodesics

Definition 3.1.1 Let (M, g) be a Riemannian manifold with Riemannian connection V.
Let y: J — M be a smooth curve on M, where J is an open interval. A vector field X

is parallel along y,if VyX =0, [1].

Definition 3.1.2 Let (M, g) be a Riemannian manifold with Riemannian connection V.
Let y: J — M be a smooth curve on M, where J is an open interval. The curve ¥ is
called a geodesic on M, if V¥ = 0. Explicitly, the curve ¥ is geodesic if 7 is parallel
along 7, [1].

Suppose that X = X'd; and Y = Y/9,. Then,

VxY = Vx (Y/9))
=X(Y/)9; +Y'Vx0;
=X(¥Y/)9;+Y/X'V,0;

- [X(Y") +F§‘jX"Yf] .
Hence VxY = 0, provided that
k k yvivyJ

As,




it follows that

dY"+F" dyl

7 ”d =0.

Another way to describe geodesics is to use the property that they are a path of

minimum (or maximum) length, [11, 12].

To see this, let V,, = (M,g) be an n-dimensional Riemannian manifold and y be a
curve in V,,. Let P be an arbitrary point on the curve whose coordinates are given by
the functions x' = x’(¢). Assume that A and B are two fixed points on the curve with

coordinate functions x' = x’(to) and x' = x’(¢;) respectively.

Consider an infinitesimal deformation of the curve y to 7, where the points A and B
remain fixed but the point P is displaced to P. The coordinates of the point P are given

by the formula
() =x'(t)+2 (1), (3.1.1)
where 7' are infinitesimal functions of 7.

As the points A and B remain fixed under this deformation, we have
Z(10) =2 (1) =0. (3.1.2)

The length of the original curve from A to B is

dxt dxJ

1 P
8ii g ar \/ &ijX' %/ dt (3.1.3)

and the length of the deformed curve from A to B is

f dxt+d7 dx] +d7/ gl .
\/gij - “di= \/gij(xl+il)()€] +27) dt, (3.1.4)
dt f
dx) 97 dxk
where ¥/ = — and 2/ = S dr

Suppose that the Taylor series of \/ gij(& +2")(%/ +z/) is expanded to the first order.
If the integral (3.1.3) and the integral of this expanded function from #; to ¢; are the

same, then the curve 7 is called a geodesic, [11,12].

Now, we obtain the differential equations of geodesics. First, consider the integral

I:/t] o (x', 2" i, (3.1.5)

To
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where ¢ is an analytic function of the 21 arguments x' and x’. Assume that I’ is the
integral where x'’s are replaced with x' 4z’ in (3.1.5). That is,
n
1':/ o (' +2!, i ) dr, (3.1.6)
fo

Considering the integral I’ up to the first order gives us, [11,12]

A Sad a‘P (P
r-1=) [8x’ gt (3.1.7)
Let
_ ¢ ¢
ol = ; {ﬁz + ﬁ2:| dt. (3.1.8)

Applying integration by parts and using the equation (3.1.2) yields,

90 ] 20" [ (99
L5 a=5e]- Z—(a—f)‘”

A / id (99
y i
Therefore, 61 can be expressed as
_ a9 id (99
51_}4){8x }dt /) <8ﬂ>‘h
_["[de ¢
-, {w——(axl)}m-

Definition 3.1.3 If 81 is equal to zero for all infinitesimal functions z'(¢), which vanish

(3.1.9)

at fo and 1, the integral [ is called stationary, [11,12].

. d¢ 29
The equation o dr ( Py

The differential equations of geodesics are obtained by applying the Euler-Lagrange

) = 0 is known as the Euler-Lagrange equation.

equation to the integral (3.1.3).

For this purpose, let

: d 1\ 2
0 = \/gjptisk = d—j - (gjkxfx"> 2

First, consider

D=

3 , d
As (g]kxf)/‘) ’ 1 = 1 and i (gjkxka> = ( g]k) x5, it follows

s ¢ dx! dx!
8¢ 1 8ng ] k
" 25 o : (3.1.10)
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Now, consider

20 on) ).

o (i i/ | Za
As o (g jkxka> =g jkﬁxk +g jkﬁxf , we have

99 1 [ o al
gjkal +gjkal

dil 1 (3.1.11)
:Egijxj~
From th tions (3.1.10) and (3.1.11) 99 99 0 is equivalent t
rom € equations . an . s | =— — — = 1S equivalent to
q oxt o q
1 8ng d 1
ik — /) = 0. 3.1.12
25 Ixi dt gl]x ( )

d d
Using — o7 (g, J) 8g kj “ and the product rule yields,

d (1 ; d (1 d 1 . d , 1
¥/ -] .. Y () _ 0
dt ( <L ) dt ( )g” i {dt (g”)} P+ [dt (x )} 58

Y dgijil 1
(( )2) glj +8xlk]s x1_|_xJ gz]

Hence, (3.1.12) can be written in the following way:

lag]k -k i agijl.k.' il
R g e v e UEUNIC RS

Multiplying (3.1.13) with —s gives,

agl] ka lagjk.j.k_ ] .'S._

gi¥! + 5 g =S

d
gljk we get

Using [k, ij] + [i, jK] =

agl] ik 1agjk ik — (agij_lagfk>xjxk

oxk 2 Jx oxk 2 dxt
1 1 .
= <§[j»ik] + (i ki) = 5 K, ji]) s
= [i, kj]x/5k.
Therefore, (3.1.13) is equivalent to
gijk I 4-i, k]]xfx —gljxj, 0. (3.1.14)
$

Multiplying (3.1.14) with g gives,
il 4T i _di oo,
J §
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The above equation can be written as
2
d>dxdxk dx! %
T T T dit ), 3.1.15
a? T War ar ds ( )
Choosing the arc-length s for the parameter ¢ in (3.1.15) gives the differential equations

of geodesics, [11,12] ‘
A’ dx dxr B

—_ f—— = 3.1.16
ds? ki'ds ds ( )

3.2 Geodesic Mappings of Riemannian Manifolds

Definition 3.2.1 Let V, = (M, g) and V,, = (M, g) be two Riemannian manifolds with
the Riemannian connections V and V, respectively. The diffeomorphism f: V, — V,
is called a geodesic mapping or geodesic correspondence if f maps any geodesic of V,,

onto a geodesic of V,,, [2].

By considering (3.1.15) for V,, and using a general parameter yields, [11]

dx) d*x' dx' d*x/ podxodx' dx! dx™
. Ay Al | quadly) SRR 3.2.1)
dt dt>? dt dr? dt mdt ) dt dt

Similarly, we have
dijﬁ_d_ﬂdzxj+ ‘;’md_xj_‘{ ﬁ d_xlﬁzo_ (3.2.2)
dt dt®> dt dt? dt mdt ) dt dt

If any solution of (3.2.1) is a geodesic in Vj,, then from (3.2.1) and (3.2.2) we get
_. . dxj _ ; dxi dxl dx™
b= Ti) - = (Th, = 10,) - ) =2 —0. 323
(( im = Llm) dt ( im " Im dt) dt dt (323)
Considering the law of transformation of Christoffel symbols for both manifolds and

subtracting the resulting equations gives,

— 3x’“ 8X/ 3xl —
7 7 [ [ A
(F[.LG F[,LG) axi a J 5 m - Fl] _Fl] (32 )

By defining a tensor af ; as

olyim (i T, ) 2o 07 9
oxi dxJ 9x'*

(3.2.4) can be written as

0 =T +aj;. (3.2.5)
As Christoffel symbols are symmetric in the subscripts, it follows from the equation
(3.2.5) that afj is symmetric in i and j.
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Substituting (3.2.5) into (3.2.3) results,

4 dxj j dxt\ dx! dxm
m-ar Un gy dt ) dt dr

Using a dummy index k, the above equation takes the form

- dxk dx! dx™
(8t — 8ia}, ) T- == <. (3.2.6)

Permuting the dummy indices &, [, and m in (3.2.6), adding all the resulting three

equations, we obtain

(6,{61;,"— kalm> (5[ Ay — Siai;k)—k((s,{;akl 8! akl>_0 (3.2.7)

Contracting the equation (3.2.7) for j and m yields,

‘ : 1 1
a?ﬁ@é( +1)alm+51( +1> " (3.2.8)
By defining a tensor y; as
1 m
Wl = n+1 alm?
(3.2.8) is equivalent to
ay = 8iw + 8w (3.2.9)

Using (3.2.9), (3.2.5) can be written as
I, =T};+8 v+ 8w (3.2.10)

Remark 3.2.2 Equation (3.2.10) is the necessary and sufficient condition for the
existence of a geodesic mapping from the Riemannian manifold V, onto another
Riemannian manifold V,, with a common coordinate system x, x = (xl,xz, e ,x").

If y; # 0, then the map is nontrivial.

Contracting (3.2.10) for / and j, and using the equation (2.4.9), it follows that

dlng Jdlng
dxi  Ix

0
n+1adxi

+2(n+ 1)y (3.2.11)

Thus, it follows that y; = (ln §> and y; is the gradient of a function.

8
Lemma 3.2.3 [11] Vg, = Zgiijw+gjkViw+giijy/.
Proof: Substituting (3.2.10) into Vg = d;gi — gihf‘i’j — ghkl_"?j =0 gives us,
9;g* — gl — 2z v — GiiWi— Gl — g Wi =0
i8 8int kj 8ikVi — &ijWk — 8nkl ij — &k Vi .
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Moreover, as d jgik — gihl“z i~ ghkl“f’j = V,gir, and y; is a gradient, the above expression
can be written as

Vigik =28V iy + & Viy + &ijViy. (3.2.12)

O

Lemma 3.2.4 [11] The integrability condition of
Vigik =28u V¥ +8iViv+8&ijVi¥
is reducible to
Gk + &imRy'y = 8ij W — 8t Wij + 8kj Wit — 8 Vij»
where y;; = V,;V,y —V,yV,y.
Proof: Replacing j with [ in (3.2.12) gives,
Vigik = 28 Vi + & Viy + 8u Vi . (3.2.13)
Considering (2.4.13) for g and using the connection V yields,
ViVigik =V iVigik = §imR{j + EmcRi}- (3.2.14)
Taking the covariant derivative of (3.2.12) with respect to the connection V gives,
ViVigu = 2Vigi) (Viv) + (ViViv) 28ik) + (Vigjx) (Viv)
+(ViViw) (&) + (Vigi) (Viw) + (ViViw) (8i) (3.2.15)
and of (3.2.13) with respect to the connection V yields,
ViVigic = (2V;gi) (Viv) + (Vi Viw) (2gi) + (Vgu) (Viv)
+(ViViw) (gu) + (V&) (Vaw) + (V,;Viw) (3ur) - (3.2.16)

As y; is a gradient, the first covariant derivative is symmetric. Subtracting (3.2.16)

from (3.2.15), the following expression is obtained:

ViVigik—ViVigu = 2Vigu) (Vjw) + (Vig i) (Viw) + (ViViv) (8 k)
+(V18i)) (Vew) + (ViView)(8ij) — (2V,;8i) (V1Y)

— (V&) (Viv) = (V;Viy) (gu)

—(Vi8i) (View) — (Vi Viw)(ga)-
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Using (3.2.12), the above expression can be written as
ViVigik —ViVigik = gkj(ViViv = ViwViy) 4 gi;(ViViy = ViwViy)
= &i(ViView = ViwViw) +gu(V;Viy — VyViy)
= 8ijWk — 8itVkj + 8kj Vit — 8k Vij-
Therefore, from (3.2.14), it follows that
GimRyy + iRy = 8ij W — 8t Wij + 8kj Wit — 8 Vij- (3.2.17)
U

Lemma 3.2.5 [11] Suppose that for the fundamental tensor g;; of V,,, the Riemannian

curvature tensor is denoted by R;?;l. Then, the following identity holds:
Ry =R+ 8" yij — 67"y

Proof: Considering (2.4.10) and subtracting R7}; from R’i’}l

gives,
_Zl'z 3 Zl'l =0, (_?11 - :?) -9 (f?} _F?}')
+ (T oy i) - (T - T

Substituting (3.2.10) into the above equation yields,

pimn 7 m J h m J h

R —Rjj; = 9 5 Vi LV — WiV | - 5; o Vi TaVn—wivi |
As Vy; = 9y — w, I} and Vi = s, it follows that

REI— Ry = 8" (ViViy = VjuViy) = 87 (ViViy = ViyViy).

Hence, we get

R = Ry + 8"y — 87w, (3.2.18)
0

Contracting (3.2.18) for m and [ gives,
Rij=Rij+(n—1)yij. (3.2.19)
Substituting the expression y;; of (3.2.19) into (3.2.18) yields,
R0y = Rl (87" (R — Ra] — 8" [Ryy — Ry
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Hence, it follows that

_ 1 _ _ 1
1
Definition 3.2.6 i’}?l = ?}'l e (51’"R,~ i — 5]’-"R,-l) is called the projective curvature

tensor or Weyl tensor, [11].

From equation (3.2.20), it follows that projective curvature tensor is preserved under

geodesic mappings.

Theorem 3.2.7 (Beltrami’s Theorem) [11] Let V, = (M,g) and V,, = (M,g) be
two Riemannian manifolds with the Riemannian connections V and V, respectively.
Assume that V,, and V,, are in geodesic correspondence. If V,, is of constant curvature,

then V,, is also of constant curvature.

Proof: Multiplying both sides of (2.4.15) with g”" gives,
1=K (878 — 8"gij) - (3.2.21)
Substituting (3.2.21) into (3.2.17) results,
gk (Kgu—Wu) — &u (Kgij — Wij) +8ij (K — Wia) — & (Kgkj — W) = 0.
By defining a tensor A;; as
Ajj = Kgij— Yij,

the above equation can be written as

g jkAil — 8kiAij + &ijAr — &uAjr = 0. (3.2.22)

Multiplying both sides of (3.2.22) with g/* gives,

1
Ay = ;gingkAjb

By defining a scalar invariant p as

1.
p = ZgjkAjka

the above equation can be written as

Air = p&ir- (3.2.23)
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Substituting (3.2.21) into (3.2.18) yields,
RIS =K (878 — 8["8ij) + 6" wij — 87w
= 0/"Aj — 0" Ajj.
Multiplying both sides of the above equation with g,,;, gives,
Rpiji = gnjAil — EniAij. (3.2.24)
Substituting (3.2.23) into (3.2.24), it follows that
Riiji = p (8jn8it — 8n&ij) - (3.2.25)

As p is a scalar invariant, V,, is a manifold of constant curvature. Ol

3.3 Sinyukov Equations

In the previous section, we have obtained the necessary and sufficient condition for
the existence of a geodesic mapping between two Riemannian manifolds. However,
we have not found any direct relationship between the metrics of these manifolds.
Sinyukov introduced the tensors a;; = ¥ goB gaigpj and A; = —e2¥gop gpiVas [4].
Using these objects, he obtained the necessary and sufficient conditions for V,
admitting a geodesic mapping onto V,,, which were named as "Sinyukov equations".

Before deriving the Sinyukov equations, we need to prove the following lemmas:

Lemma 3.3.1 Vg™ = —2g™V,y — §"g"V,,y — §/g"V ,p.

Proof: Covariant differentiation of g g j=0 J’ with respect to the connection V yields,
\% (gikgkj> = 8kj (Vlgfik> +8* (Vig;) = Vi8i =0.

Hence, it follows that g; (Vlgik) =gk (Vlgkj). Using Lemma 3.2.3, this can be

expressed in the following way:
3 (Vig") = 2" (28 Y1y + 8, Ve w +3uV,v).
Multiplying both sides with g/™ gives,

Vig" = —2g"Viy — 8'g"V,y — (5" V. (33.1)
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Lemma 3.3.2 Contraction of the (1,3) Riemannian curvature tensor gives the

following identities:

g"R}, = Rug™, (i)
&R, = —Rug", (if)
&Ry, =0. (iif)

Proof:

(i) Multiplying both sides of g""Ryu,jx = R}, with &/ and using the skew symmetry
property of the (1,3) Riemannian curvature tensor, we have gj’"Rmh jk = —Rpk. Now,
multiplying both sides with g™ and using Proposition 2.4.8 (i), it follows that

g Ry i — Rig". Therefore, we get g’”ijn "= Rig.

(i) g R}y, = —&"" Ry = —&" R} Thus, by (i), we have ¢"/R},,, = —Rig™.
(iiiy By using the first Bianchi identity, we have g"/ (R,im j+ R+ Ry, jk> =0.
Considering (i) and (ii), it follows that g"/R;, ;=0 O

Proposition 3.3.3 (Sinyukov Equations) [4] The condition, for which an
n-dimensional (n > 2) Riemannian manifold (M,g) admits a geodesic mapping
onto another n-dimensional Riemannian manifold (M, g), has the following form of

differential equations of Cauchy type in covariant derivatives;

Viaij = Aig jk + g, (i)
nViA = gy +aug R — anjg™™ Ry, (i)
(n—1)Vir =2(n+ 1) Rjg" + ang’g" (2ViRju — ViRj1) , (iif)

where u = g“ﬁVﬁla.

Proof:

(i) Covariant differentiation of a;; with respect to the connection V gives,
Viaij = (Vkezly> gP 8ai&pj+ <ngaﬁ ) *'g4igp ;-

Using Lemma 3.3.1, it follows that

Viaij =~ g gigi;(Vaw) — ¥ 8" gigp i (Vi)
= (_ez\{’gahgm%) 8kj T+ <_€2Tghﬁgﬁjl”h) 8ki (3.3.2)
= Aigjk + Ajgi-
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Note: Before proving the second Sinyukov equation, we need to show that the

integrability condition of the first Sinyukov equation is

aihR?kl +auRl; = giVidj+ g Viki— gaVid; — g1 Vii.

Considering (2.4.13) for a;; gives,
Vleaij — Vlea,-j = aihR?kl + athélkl'

Taking the covariant derivative of the equation (3.3.2) with respect to the connection
V yields,
ViViaij = gixVidi + g ViA,. (3.3.3)

Interchanging / and k in the equation (3.3.3) gives,
ViViaij = g Viki +8iuViA;. (3.3.4)
Subtracting the equation (3.3.4) from the equation (3.3.3), it follows that
aihR?kl +auRl; = giVidj+ g Viki — gaVik; — giViki. (3.3.5)
(ii) Multiplying both sides of the equation (3.3.5) with g/* yields,
ainRl 8’ + ajRl g™ = 8/ViA;+nV A — ¢ gy Vid; — 8/ Vi
=nViA; — Ugi.

Using the skew-symmetry property of the (1,3) Riemannian curvature tensor and

Lemma 3.3.2, it follows that

nViAi = ugi+amngRj —an;g’" R} (3.3.6)

ilm*
(iii) Covariantly differentiating (3.3.6) with respect to the connection V yields,
nViViki = gq Vi (1) + " Vi (auRj) — Vi <athf~’,m> : (3.3.7)
Interchanging / and k in (3.3.7) gives,

nViViki = gaVi (1) + gV, (ainR k) — 8™V, (ath,hkm> : (3.3.8)
Subtracting (3.3.7) from (3.3.8) and by using (2.4.13), it follows that
nAnRly = g Vit — ga Vil + g’ (RjxViain — R jiViain)
+apg™ (ViRj— ViR ;1) — apjg™™ (VIR?km - VkR?lm)
ikm ilm

_gjm <Rh Vlahj —Rh Vkahj> .
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By using the equation (3.3.2), second Bianchi identity, and multiplying both sides with

g'!, we obtain the following identity:

(n—1)Viu =2(n+ D)ARy 8" + aing”g" (ViR jx — ViRj1)

+ahjgjmgil (VmRZk) )
Considering Lemma 3.3.2, the above equation can be written as

(n—1)Viu =2(n+ )Ry 8" +aing”g" (ViR jx — ViR ;1)

+ahjgjmghsvm (Rks) :
Letting s = j, j =i and m = [ in the last term of the right hand side, it follows that
(n — I)Vku = 2(I’l + l)llejgﬂ —I—a,-hgjhgil (ZVlek —5 Vkle> . (339)

0
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4. GEODESIC MAPPINGS OF SOME SPECIAL RIEMANNIAN
MANIFOLDS

In this chapter, first we will give the proof of Mikes’ Theorem on geodesic mappings
of Einstein manifolds, [6]. Furthermore, we will give the proofs of the important
theorems of Chepurna’s PhD Thesis, [19] considering the Einstein tensor preserving
geodesic mappings. Then, we will investigate the geodesic mappings of some special

Riemannian manifolds.

4.1 Geodesic Mappings of Einstein Manifolds

In this section, we will give the proof of Mikes’ Theorem on geodesic mappings of

Einstein manifolds, [6].

Theorem 4.1.1[6] Let V,, = (M,g,V) and V,, = (M, g, V) be two Riemannian manifolds
of dimension greater than or equal to three. If V,, and V,, are in geodesic correspondence

and V,, is an Einstein manifold, then V,, is Einstein.

Proof: Let V,, be an Einstein manifold with the Ricci tensor
RijZ—K(n—l)gij. (411)

When V), is a Riemannian manifold of constant curvature, by Lemma 2.4.15, the Ricci
tensor is given as above. However, if the equation (4.1.1) holds, this does not imply

that the manifold is of constant curvature.

Covariantly differentiating (3.3.5) with respect to the connection V and using (3.3.2)

gives us,

(Aighm + Angim) R?kl + aihva?kl + (Mg jm + Ajgnm) Ry + an ViRl
= gikVmVidi+ gV ViAj — g1V Vidi — guVmViA;. (4.1.2)
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Multiplying both sides of the equation (4.1.2) with g/, the following equation is

obtained:

}L,'Rjk + A (R?’ki + Rl}-lkj> + AR+ aihglmeRifkl + ahjglmethk]

= 818"V Vidi + g™V Vid; — VVidi — ViVid,. (4.1.3)
Alternating i and k in (4.1.3) gives us,

)LkRji + lh (Rl}ik + Rzij) + A«iji + akhglmeR?il + ahjglmeRl]Zi]

= gj,-gl’"VmVl?Lk + gkigl’”VmVllj — VjViQLk — VkViJLj. 4.1.4)

Subtracting (4.1.4) from (4.1.3), using the first Bianchi identity, the equation (2.4.12)

and noting that A; is gradient, [4], we get

)L,‘Rjk — lkR,'j + 4)LhR?ki =+ ahjglmeRf’ki + aihglmva?kl — akhglmeR?il

= g8V Vidi — 818"V Vi . (4.1.5)
Considering the equation (4.1.1), second and the third Sinyukov equations become
nViA; = ugi — K(n—1)ay — apg" R, (4.1.6)
and
Vik = =2(n+1)KA; 4.1.7)

respectively.
Covariantly differentiating (4.1.6) with respect to the connection V and using (4.1.7),
we obtain
nViVidi = gaVitt — K(n— 1) [igic + Migix] — MRy

— Asgnk&" Riy; — ansg” ViRl (4.1.8)
Multiplying both sides of (4.1.5) with n and substituting (4.1.1) into the resulting
equation, it follows that

Kn(n—1)[—Aigjk + Agij] + 4n7LhR?kl- + nahjglmeR?ki + naihglmeR?kl

— nakhglmeRl}ﬂ = ng k8" VmVidi —ngijg""V.uVik.
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Using (4.1.8), the above equation can be written as

4nAiKgji —4nKgij + 4nlhR?ki + nahjglmeR;lki + naihglmeR?kl

+ nagg""V Ry = ang” gim <g WVaRl +g; ,-VmR’,gh) . (4.1.9)
Simplifying the equation (4.1.9) gives us, [6]
MRl = K (8ijM — i) - (4.1.10)
Contracting the equation (3.3.5) with A/ and considering (4.1.10) leads to
8ki0inA" + g1 ;0 A" — 2,0jx — A0y = 0, (4.1.11)

where eij = le,’ — Ka,'j.

Defining a scalar invariant u satisfying A”6); = uA; and using the equation (4.1.11),

we have
VA = ugij + Kaj. (4.1.12)

Taking the covariant derivative of A; with respect to the connection V and using the

equations (3.2.12) and (3.3.2), we obtain
vij = Kgij — Kgij, 4.1.13)

where K is a scalar invariant.

By using the equations (3.2.19), (4.1.1) and (4.1.13), it follows that
Rij:(n—l)Kgij. 4.1.14)

Therefore, V,, is an Einstein manifold. O

4.2 Einstein Tensor Preserving Geodesic Mappings

In this section, we will give the important definitions and theorems of Chepurna’s PhD

thesis, [19].

Definition 4.2.1 Let (M,g) be a Riemannian manifold. The Einstein tensor E;; is

defined by
R
E,’j = Rij - ;gij‘
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Definition 4.2.2 A map between two Riemannian manifolds (M, g) and (M, g) is called

Einstein tensor-preserving if it satisfies

Eij=Eij. 4.2.1)

Definition 4.2.3 Let (M,g) be a Riemannian manifold. The concircular curvature

tensor Yzl}k is given by the formula
yh gt R (she. sho @22)
ik Nk (- 1) % 8ij — Oj 8ik | - 2.

Theorem 4.2.4 [19] Let V,, = (M, g) and V,, = (M, g) be two Riemannian manifolds. If
there exists an Einstein tensor preserving geodesic mapping from V,, onto V,, then the

following identity holds:

R R
VL = ¥ [ 508 JE AW ANy
jll 4 (g VaVp n(n—l))gl]+n<n—l)alj

_eZ‘Pg—aﬁ

Proof: Taking the covariant derivative of A; = gpiVa With respect to the

connection V and using Lemma 3.3.1 gives us,

Viki =8P givayp — 8 gpiva;. (4.2.3)
Since the map is Einstein tensor preserving, we have
R R
Rl] 8ij = le — ;gij- 4.2.4)

Substituting the equation (4.2.4) into the equation (3.2.19), it follows that

R _ R
Vij = l’l(l’l—l)glj_n(n—l)gl]' (4.2.5)
Now, substituting the equation (4.2.5) into the equation (4.2.3), we have
_ R _ R )
Vidi= (e“’g“ﬁllfall/ﬁ> gij— (n(n_ 8 1)g(xj) g
R R
_ 2% ( sap _ y 2WzaB, o on.
e (g W(XWﬁ n(n_l))gl]+n(n_1) <e g ga]gﬁl>
R R
_ 2¥ [ saB _ y . 4.2
€ (g W(XWﬁ n(n_l))gl]+n(n_1)al_]' ( . 6)
]
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Theorem 4.2.5 [19] Let V,, = (M, g) and V,, = (M, &) be two Riemannian manifolds. If
there exists an Einstein tensor preserving geodesic mapping from V,, onto V,, then the

following identity holds:
ath kl +a]hY O.
Proof: Substituting (4.2.6) into (3.3.5) we obtain,
h h R
ainRj +ajnRiy — n(n=1) (angjk+ajgix — awgji—ajgi) = 0. 4.2.7)

By using the formula of concircular curvature tensor Yz?k the above equation can be

written as

R R
h h h h h h
Qip (ijz - m <51 8jk — 5k8jl>) +ajp <Yik1 - m <51 8ik — 5k8i1>)
R
Tati—1) (augk+aigik — awgji — ajgit) = 0.
Simplifying the above equation gives us

U

Theorem 4.2.6 [19] Concircular curvature tensor is preserved under Einstein tensor

preserving geodesic mappings.

Proof: As projective curvature tensor is preserved under geodesic mappings, we have

Whe =W}, (4.2.9)

1 1

where Wl- = ik~ <5 5]]-1R,-k>.

Assume that the map is Einstein tensor preserving. Substituting (4.2.1) into (4.2.9),

we obtain

1 R_ W [R = R_
Ry — — 8 gl,+Ru &ij| = Oj | gkt Rik = —8ik

1
— Ry - (6,?R, j— 8 R ).

Simplifying the above equation, we get

R h h R ho . shs
Ry — m<5kgij—5jgik) Ry — m(5kgij—5jgik>-
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Hence, for Einstein tensor preserving geodesic mappings, it follows that
Yh =Y (4.2.10)

g

4.3 Geodesic Mappings of Quasi Einstein Manifolds

In this section, we will consider the Einstein tensor preserving geodesic mappings
from a quasi Einstein manifold V,, = (M,g) onto an arbitrary Riemannian manifold

V, = (M, §) and we obtain new results.

From Chepurna’s PhD thesis, [19] and from the paper of Chepurna, Kiosak and Mikes,
[20], under Einstein tensor preserving geodesic mappings the concircular curvature
h

tensor Yl i

is preserved (Theorem 4.2.6). That is,
Y.é%k = Yl.}]’.k, 4.3.1)

R
where Yi_}]’-k = Rf’jk — m (5/?&']‘ -3 5jhgik>~

Theorem 4.3.1 Let V, = (M,g,V) and V, = (M,§,V) be two n-dimensional

Riemannian manifolds. If there is a geodesic map between V,, and V,, preserving the

Einstein tensor and V, is a quasi Einstein manifold, then V,, is nearly quasi Einstein.

Proof: Assume there is a geodesic mapping between V,, and V,, which preserves the

Einstein tensor. By contracting the equation (4.3.1) for 4 and k, we obtain
_ R R
Rii——gii=Rij——gij- 4.3.2
1 n gz] ij n gz] ( )
If V,, is quasi Einstein, then we have
where a and b are nonzero scalars and u;u jgij = 1. Multiplying both sides of (4.3.3)
with g/ gives,
R=na+b. 4.3.4)

Substituting the equations (4.3.3) and (4.3.4) into the equation (4.3.2), we get

na+b
n

_ R _
Rij— - 8ij = agij+ buju;j—

1
=b (uiuj—;gij) .
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Hence, we get

_ R _ 1
Rij =~ 8ij+b | uitj =~ 8ij |-

R - - 1
Puta:= —,b:=band A;; ;= ujuj — —g;;. Then, it follows that
n n
Rij = agij+ bA;;. (4.3.5)
Therefore, V,, is a nearly quasi Einstein manifold. U

4.4 Geodesic Mappings of Ricci Recurrent and Ricci Symmetric Manifolds

Sinyukov proved that a recurrent manifold V,, with nonconstant curvature only admits

a trivial geodesic mapping, [21].

Furhermore, Mikes proved that a non-Einstein Ricci symmetric manifold Vj, does not

admit a nontrivial geodesic mapping, [5].

In the next section, we will examine geodesic mappings of generalized Ricci recurrent

manifolds.

4.5 Geodesic Mappings of Generalized Ricci Recurrent Manifolds

In this section, we will consider geodesic mappings of generalized Ricci recurrent

manifolds and we obtain new results.
Before stating our theorem, we must prove the following lemmas:
Lemma 4.5.1 [4] ayRY, + aj R, + aiRY;, = 0.

Proof: Recall the integrability condition of the first Sinyukov equation:

aihR?kl +auRh; = gk Vidi + g Vi — g1 Viki — guViAj. (4.5.1)
Permuting the indices i, k and [ we obtain two more equations, namely

ath?n +anRY; = guVikj+ 81 Vil — g Vidi — gjiVidx (4.5.2)
and

ath?ik +aiRly = g1Vikj+8iViki — guVildi — gk Vi (4.5.3)
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Adding the equations (4.5.1), (4.5.2) and (4.5.3), using the first Bianchi identity, it

follows that

ainRy; + R, + apRly = 0. (4.5.4)
O
Lemma 4.5.2 [4] ayR! — aj R = 0, where R = g""R
o>e k— Ghikiy ’ k=8 HNmk-
Proof: Contracting the equation (4.5.4) with g"/ and using Lemma 3.3.2, we get
ij ph hm hm _
aing 'Ry +aing™ Rk — akng™ Ryt = 0.
Considering the term a;;,g"/ R?kl and by using the first Bianchi identity, we get
aihgin?kz = ezlyg_ aﬁgah% (_R;ljk - RZ[ j)
= g% g0 8} (R;’kj ~Riy j)
=*¥gh (Raukp — Rowap)
=*¥gP Rourp — P “Rgia
=0.
Therefore, we obtain
aypRY — iRl = 0. (4.5.5)
U

Theorem 4.5.3 Let V, = (M,g,V) and V,, = (M, g, V) be two Riemannian manifolds.
If V,, and V,, are in geodesic correspondence and V), is a generalized Ricci recurrent

manifold, then the following identity holds:
o (nRY— 8!R) = 0.
Proof: If V, is generalized Ricci recurrent, then we have
ViRij = 0Rij + 04gij (4.5.6)

for some 1-forms ¢y and .

Taking the covariant derivative of the equation (4.5.5) with respect to the connection

V and using (4.5.6) gives,

PRl ap; + O Of — OmR) ap — Cman 8 + RIV map — RIV magy = 0.
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Since a;; is symmetric, equation (3.3.2) gives us,
R (Angim + Aignm) — R) (Angiom + Mgnm) = 0. (4.5.7)
Multiplying both sides of (4.5.7) with g/, we get
(n+1)R!A, — R (xhs,ﬁ + ;Lksfl) ~0.
Simplifying the above equation gives,
nR! Ay, — RAy = 0.
As Ay = 5,fl/lh, it follows that

o (nR— SR ) =0, (4.5.8)

4.6 Geodesic Mappings of Pseudo Ricci Symmetric and Almost Pseudo Ricci

Symmetric Manifolds

In this section, we will consider the geodesic mappings of pseudo Ricci symmetric and

almost pseudo Ricci symmetric manifolds and we obtain new results.

Before stating our theorems, we must prove the following lemma:

Lemma 4.6.1 Let V,, = (M, g,V) and V,, = (M, g, V) be two Riemannian manifolds. If

V,, and V,, are in geodesic correspondence, then we have
ViRij = ViRij+ (n— 1)Viw;; — 2WRij — ViR — ViR

Proof: Covariantly differentiating the Ricci tensor R;; with respect to the connection
V gives,

ViRij = Rij — TRy — T} Rin. (4.6.1)
Using the equation (3.2.10), the equation (4.6.1) can be written as

6](]?,-]' = akRij — (FZZ + 6,?1//, + 5lh1[/k> th — (FZ] —+ 6]?![/] + 6jhl[/k> Rih-
Simplifying the above equation gives,
ViRij = ORij — T}iRnj — 2WiRij — Wil — wiRy — T Rip.
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As OR;j — TR, i rt ]Rih = ViR, it follows that
ViRi; = ViRij — 2WiRij — WiRyj — ViR
Using (3.2.19), we get
ViRij = ViRij+ (n— 1)ViWij — 2WiRi; — WiRyj — WiRy. (4.6.2)

U

Theorem 4.6.2 If V, =(M,g) is a pseudo Ricci symmetric manifold admitting
geodesic mapping onto V, = (M, g) and Viy;j = 2A,W;; +AiWi; +A;j Wik, then V, is

pseudo Ricci symmetric.

Proof: Assume that V,, is pseudo Ricci symmetric. Then, we have
ViRij = 2AkR;j +AiRyj + AjRj.
Using the equation (3.2.19), the above equation can be written as

ViRij =2A; (Rij— (n—1)y;j) +A; (R — (n— 1)yi;) +Aj (R — (n— 1)) .

(4.6.3)
By using the equations (4.6.3) and (4.6.2), we get
ViRij = 2AkR;j +AiRk; +AjRix — 2WiRij — WiRy; — ViR
—(n—1) 2455 + AV + A Wik — VWi -
Now, assume that V y;; = 2A;y;; +A; Wy j +AjWj. Then, we have
ViRij =2 (Ar— W) Rij+ (Ai — i) R + (A — ;) Rix. (4.6.4)
Hence, V,, is pseudo Ricci symmetric associated to 1-form Ay = Ay — . U

Theorem 4.6.31f V,, = (M, g) is an almost pseudo Ricci symmetric manifold admitting
geodesic mapping onto V, = (M,g) and Viy;; = (Ax+ By) Wi +Aiij + A Wik, then

V,, is almost pseudo Ricci symmetric.

Proof: Assume that V), is almost pseudo Ricci symmetric. Then, we have
VkRij = (Ak —l—Bk) R;; —I—A,'Rkj +AjRik.
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Using the equation (3.2.19), the above equation can be written as

ViRij = (A +By) (Rij— (n— 1) w;j) +A;i (Rej — (n— D)yi) +A; (R — (n— 1) ).

(4.6.5)
By using the equations (4.6.5) and (4.6.2), we get

ViRij = (Ax + Bi) Rij +AiRyj + A jRi — 2WiRij — WiRej — WiRik

— (n—1) [(Ak+Bi) Wij + AW + AW — Vi) -
Now, assume that Vy;; = (Ax + Bi) Wij + AWk +AjWir. Then, we have
ViRij = (A — i) + (B — Vi) Rij + (Ai — i) R+ (Aj — ;) Rix. (4.6.6)

Hence, V,, is almost pseudo Ricci symmetric, with Ay = Ay — y; and By, = By, — ;.. O
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S. CONCLUSIONS AND RECOMMENDATIONS

In this thesis, we investigated the geodesic mappings of some special Riemannian
manifolds. First, we gave the properties of smooth and Riemannian manifolds.
After the preliminaries chapter, we obtained the differential equations of geodesics.
Next, using these equations, we found the necessary and sufficient conditions for
the existence of geodesic mappings of Riemannian manifolds. Next, we derived the
Sinyukov equations, which are the equivalent conditions for the existence of geodesic

mappings.

In the fourth chapter, we obtained our own results. We began this chapter by giving
the proof of Mikes’ Theorem on geodesic mappings of Einstein manifolds. Next, we
examined Chepurna’s PhD thesis considering the Einstein tensor preserving geodesic

mappings.
Using the results of Chepurna’s work, we proved the following theorem:

If there exists an Einstein tensor preserving geodesic mapping from a quasi Einstein
manifold V,, = (M, g) onto a Riemannian manifold V,,, then V,, = (M, g) is nearly quasi

Einstein.

In the next section, we investigated the geodesic mappings of generalized Ricci

recurrent manifolds and proved:

LetV, = (M,g,V) and V, = (M, g,V) be two Riemannian manifolds. If V,, and V, are
in geodesic correspondence and V,, is a generalized Ricci recurrent manifold, then the

following identity holds:

P (nRZ - 6,?R) — 0.

In the final section, we considered the geodesic mappings of pseudo Ricci symmetric

and almost pseudo Ricci symmetric manifolds and proved the following theorems:
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(i) If V,, = (M, g) is a pseudo Ricci symmetric manifold admitting geodesic mapping
onto V,=(M,g) and Viy;; =2AcWij+AiWj+AjWi, then V, is pseudo Ricci

symmetric.

(i) If V,, = (M, g) is an almost pseudo Ricci symmetric manifold admitting geodesic
mapping onto V, = (M,g) and Viyjj = (Ax+Bi) Vij +AiWkj+ AWy, then V, is

almost pseudo Ricci symmetric.

We should remark that the investigation of geodesic mappings is a broad subject of
differential geometry. There are manifolds for which a detailed research has not been
made yet. For example, geodesic mappings of Ricci solitons can be studied. Moreover,
by tightening the conditions which we have assumed for quasi Einstein manifolds, a

general result can be obtained.
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