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TIME SERIES CLASSIFICATION VIA
TOPOLOGICAL DATA ANALYSIS

SUMMARY

This dissertation aims to demonstrate the power of Topological Data Analysis (TDA)
and the subwindowing method for feature engineering in time series classification
tasks. As an application, we used two publicly available datasets, WESAD and
DriveDB. These datasets consisted of physiological signals collected under stressful
and non stressful events. Furthermore, in order to assess the reliability of our
methodology, we tested our feature engineering methods on a synthetic dataset that
consists of artificial physiological signals mimicking a stress detection study. The
results indicated that automatically created topological features can yield higher
classification accuracies than signal-specific and hand-crafted features (such as heart
rate derived from an ECG signal).

In the first chapter of this work, we briefly summarize TDA and persistent homology.
Also, the methods for time series classification via persistent homology is discussed,
and we make a literature review on the subject.

The second chapter is devoted to time series methods, and how we can classify them.
We first define the method of sliding windows, and discuss why it can be useful in
machine learning tasks. Then, we talk about time delay embeddings which transforms
a univariate time series into a high dimensional dataset. We illustrate how the topology
of the resulting dataset is affected by the delay parameter (also known as the embedding
dimension). At the end of this chapter, we introduced the subwindowing methodology
which solved the main problem of this work. We showed that this method allows us to
reduce noise, improve computation time by a large amount, and use longer windows
without incurring extra computational cost.

In the third chapter, the theoretical background for TDA and persistent homology is
given. The chapter starts with discussing why we should see the data at different
scales. Then we give preliminary definitions related with simplices and simplicial
complexes. We state the Nerve theorem and talk about how a topological space and
a simplicial complex can be homotopy equivalent under some assumptions. This
theorem tells us that the Cech (and therefore Rips) complexes are topologically similar
to the underlying object that the dataset was sampled from. Later in this chapter,
we define simplicial homology and show how we can compute the homology of a
simplicial complex. Note that we need a fixed distance (epsilon) parameter to build
a simplicial complex on top of a dataset. On the other hand, persistent homology
allows us to investigate the persistence of homology groups when epsilon varies. After
presenting how persistent homology works, we define persistence diagrams and two
widely used metrics between them. Also, we show that persistence diagrams are stable
under small perturbations of the data. Lastly, we show some means of performing
feature engineering of persistence diagrams.
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The fourth chapter consists of the description of the datasets used in this dissertation
and our methodologies. First, we introduce the three datasets (synthetic, WESAD
and DriveDB) used in this study. For the synthetic dataset, there were two classes of
physiological signals: stress and non stress. The classes for WESAD were baseline,
amusement and stress. For DriveDB, the classes were relax, driving in the highway
(low stress) and driving in the city (high stress). We then talk about the physiological
signals included in the datasets, their sampling frequencies, and some preprocessing
we did beforehand. Our experiments had some parameters such as window size,
subwindow size, the embedding dimension in time delay embeddings. Later in this
chapter, we discuss how these parameters were chosen, and how we did feature
engineering for our experiments. Then, we present the machine learning algorithms
and their hyperparameters used in our experiments.

Lastly in chapter four, we introduce the two cross-validation methodologies used in
our experiments. For Leave-one-subject-out cross validation (LOSOCYV), the model is
trained on all subjects but one, and tested on the other. When each participant appears
in the test set once and only once, the results are averaged. This cross validation
technique tells us about the model’s performance on a previously unseen subject. For
intra-subject cross validation, we split each subjects data into two. We train on either
half, and test on the other, then average the results. We get a final accuracy by averaging
all accuracies obtained from each participant. This method shows whether the model
can benefit from having the same subject’s data on both the train and the test sets.

The results of the experiments are covered in the fifth chapter. We presented the
results for the synthetic, WESAD and DriveDB datasets, respectively. The results
for the synthetic dataset indicated that as the magnitude of the physiological change
that mimics stress increases, stress detection accuracy also improves. For example,
when the heart rate variability -an important stress indicator- is raised, the topological
features could detect it almost perfectly. The results imply that stress detection errors
in real-world datasets can be attributed to the noisy nature of the dataset itself, rather
than the topological features. For example, such lack of effect can appear when some
participants do not react to the stress condition.

When the results from the real datasets were investigated, we usually observed
the highest affect recognition accuracies when features coming from all persistence
diagrams (level sets and delay embeddings) are used. Nevertheless, using only one
persistence diagram (resulting in much fewer features) we were able to achieve similar
recognition performance. This tells us that high accuracies are attainable using a
small number of automatically engineered topological features rather than hand-crafted
signal-specific features. For the three-class tasks, we observed that stress conditions
are well separated from other conditions. This result supports the hypothesis that
topological features works pretty well in distinguishing chaotic time series from non
chaotic ones. When we made a binary classification task (stress vs non stress),
topological features again performed better than those used in the original studies for
most of the physiological signals.

We have already stated that an important advantage of the subwindowing method is
to be able to change the window size effectively. When we tested different window
sizes, we observed that higher windows implied better stress detection performance.
Furthermore, model performance with intra-subjects cross validation was significantly

Xxii



higher than LOSOCV. This was an expected finding since the model can perform better
on the test set when the data from the same subject appears in the training set.

Finally, in the sixth chapter, we outline our methodologies and their limitations. We
also discussed what future works can aim for. For example, future studies can assess
the performance of a model trained on one dataset and tested on another. Also, later
research can use semi-supervised (rather than supervised) tasks for even improved
accuracies. Lastly, one can use other vector representations of persistence diagrams
for feature engineering.
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TOPOLOJIK VERI ANALIZI ILE
ZAMAN SERILERININ SINIFLANDIRILMASI

OZET

Bu calisma, zaman serilerinin smiflandirilmasi i¢in Topolojik Veri Analizi ve
altpencereleme metodu ile 6zellik tiretme yontemlerinin giiclinii gdstermeyi amaclar.
Uygulama olarak, iki adet halka acik (WESAD ve DriveDB) veri kiimesini kullandik.
Bu veri kiimeleri, stresli ve stressiz kosullar altinda toplanmus fizyolojik sinyallerden
olusmaktaydi. Ayrica, yontemlerimizin giivenilirligini anlamak i¢in, 6zellik iiretme
yontemlerimizi, stres belirleme calismalarini taklit eden ve sentetik fizyolojik
sinyallerden olusan bir veri seti iizerinde test ettik. Sonuglar, otomatik olarak
olusturulmus topolojik 6zelliklerin, sinyale 6zgii (ECG sinyalinden kalp atis hiz1
ozelligi tiretilmesi gibi) el yapimi 6zelliklerden daha yiiksek dogrulukla siniflandirma
yapabilecegini gosterdi.

Bu calismanin birinci boliimii olan giris boliimiinde topolojik veri analizi ve
kalict homoloji kisaca Ozetlenmistir.  Ayrica, kalict homoloji ile zaman serileri
siniflandirmasinin nasil yapilabilecegi tartisilmistir ve konuyla ilgili yapilmig onceki
caligmalara deginilerek literatiir taramas1 tamamlanmustir.

Ikinci bolimde, zaman serileri yontemlerinden bahsedilerek, bunlarin siiflandir-
masinin nasil yapilabilece8i tartisilmistir. Kayan pencereler yontemini tanitarak,
bunun makine Ogrenmesi modellerinde ni¢in avantajli olabilecegini dile getirdik.
Ardindan, zaman gecikme doniisiimiinden bahsederek, bir zaman serisinin ¢cok boyutlu
bir veri kiimesine nasil doniistiiriilebilecegini gosterip, olusan veri kiimesinin gecikme
boyutunun farkli degerlerine gore topolojik olarak nasil etkilendiginden bahsedip
bunu Orneklendirdik. Bu boliimiin sonunda ise, ¢alismanin esas problemini ¢dzen
altpencereleme metodunu anlattik. Bu yOntemin, giiriiltiiniin giderilmesini, hesap
stiresinin onemli Ol¢iide azaltilmasini, ve biiyiik uzunluktaki kayan pencereleri hesap
stiresini artirmadan kullanilmasini sagladigini gosterdik.

Calismanin iiclincii boliimii topolojik veri analizi ve kalict homolojinin teorik
altyapisin1 veriyor.  Boliim, elimizdeki veri kiimesini nicin farkli Olceklerde
gozlemlememiz gerektigini tartisarak bagliyor. Ardindan simpleks ve basit kompleks
ile ilgili temel tanimlar1 veriyoruz. Nerve teoreminden bahsederek, bir topolojik uzay
ile bir basit kompleksin bazi sartlar altinda homotopi denk oldugunu gosteriyoruz. Bu
teorem bize Cech (ve dolayisiyla Rips) komplekslerin, bir veri kiimesinin 6rneklendigi
objeye topolojik olarak benzedigini soyliiyor. Daha sonra, basit homolojiden
bahsederek, basit kompleksler iizerinde homoloji hesabinin nasil yapilabilecegini
gosteriyoruz. Ne var ki, bir veri seti iizerine basit kompleks insa etmek icin
sabit bir uzaklik parametresine (epsilon) ihtiya¢c duyuyoruz. Kalic1 homoloji
teorisi ise, farkli epsilon degerleri icin olusan farkli basit komplekslerdeki homoloji
gruplarimin hangi epsilon araliklarinda yasadigini hesaplamamizi sagliyor. Bu
boliimde kalici homoloji hesabinin nasil yapildigini1 gosterdikten sonra, kalicilik
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diyagramlarin1 ve bu diyagramlar arasinda tanimlanabilecek metrikleri tanitiyoruz.
Ayrica, kalicilik diyagramlarinin veri kiimesindeki kiiciik sarsintilara kargi kararl
oldugunu gosteriyoruz. Bu boliimde son olarak, kalicilik diyagramlarindan 6zellik
iiretme yontemlerinden bazilarimi gosterdik.

Dordiincii boliimde, yontemlerimizi test ettigimiz veri kiimeleri ve kullandigimiz
yontemler sunuluyor. Oncelikle, kullandigimuz ii¢ veri kiimesini (sentetik, WESAD,
ve DriveDB) tanmitiyoruz. Sentetik veri kiimesinde stresli ve stressiz olmak iizere
iki zaman serisi smift kullanildi. WESAD i¢in zaman serisi simiflar1 referans (rahat
olma hali), eglenme, ve stres seklinde iken, DriveDB icin bunlar rahatlama, otoyolda
araba siiriis (diisiik stres) ve sehirde araba siiriis (yliksek stres) seklindeydi. Daha
sonra her bir veri kiimesinin igerdigi fizyolojik sinyalleri ve bunlarin Ornekleme
frekanslarini, hangi siniflardan olustugunu, ve -varsa- 6n isleme adimlarini anlatiyoruz.
Deneylerimiz birtakim parametreler iceriyordu. Bunlara ornek olarak, pencere
uzunlugu, altpencere uzunlugu, zaman gecikme doniisiimii boyutunu verebiliriz. Bu
boliimde, bu parametrelerin nasil secildiginden bahsedip, 6zellik iiretmeyi bu deneyler
Ozelinde nasil yaptigimiz1 anlatiyoruz. Bundan sonra, deneylerde kullanilacak makine
0grenmesi modellerini, ve bunlarin hiperparametrelerini sdyliiyoruz.

Dordiincii bolimde son olarak, kullandigimiz iki farkli ¢apraz gecerlilik yontemini
anlatiyoruz.  Bir katilimciyr disarida birak capraz gecerlilik yontemi, makine
0grenmesi modeline biri hari¢ tiim katilimeilar egitim setine koyup, modeli dista kalan
katilimcida test ediyor. Her katilimcr bir defa test edildiginde sonuglarin ortalamasi
alimiyor. Bu yontem bize, daha 6nce hi¢ goriilmemis bir katilimc1 i¢in modelin ne kadar
kesin calistigin1 gostermektedir. Katilimer i¢i capraz gecerlilik yonteminde ise, her bir
katilimcinin verilerini ikiye boliiyor, sonrasinda ise her iki yarimda ayr1 ayr egitip,
diger yarimda test ederek ortalamasini aliyoruz. Her katilimci icin elde edilen skorlarin
ortalamas1 alindiginda, modelin genel performansini elde ediyoruz. Bu yontem bize,
modeli ayni katilimcinin verisiyle egitip test ettigimizde model performansinda bir
artis olup olmadigini gosteriyor.

Calismamizin beginci bolimii deney sonuglarini igeriyor. Bu boliimde sirasiyla
sentetik, WESAD, ve DriveDB veri kiimelerinden elde edilen sonuglar1 inceledik.
Sentetik veri kiimesi sonuglarina gore, taklit etmeye calisti§imiz stres durumunun
etkisi artifinda, stres belirleme kesinligi de artti. C)rnegin, stresin onemli bir indikatori
olan kalp hizi1 degiskenligi yiiksek oranda arttiginda, olusturdugumuz topolojik
ozellikler bunu tam dogrulukla bulabildi. Bu durum, gercek hayatta toplanmig veri
kiimelerindeki olas1 diisiik kesinligin kullandigimiz 6zellik tiretme yonteminden degil,
veri kiimesinin giiriiltiilii dogasindan kaynaklanabilecegini gosteriyor. Bu giiriiltii, bazi
katilimcilarin stres kosulu altinda ¢ok az fizyolojik stres tepkisi vermesi veya benzeri
bir sebeple olusabilir.

WESAD ve DriveDB veri kiimelerinden elde edilen sonuclar incelendiginde, genel-
likle, tiim kalicilik diyagramlarindan elde edilen 6zelliklerin tamami kullanildiginda
en yiiksek kesinlikle duygu siniflandirmas: yapilabiliyor. Yine de, kesinlikten ¢ok az
miktarda 6diin vererek, sadece bir kalicilik diyagrami ile benzer sonuglar1 elde etmek
miimkiin olabildi. Bu bize gosteriyor ki, otomatik olarak olusturulmus ve sinyale
Ozgii ozelliklerden daha az sayida olan topolojik 6zellikleri kullanarak yiiksek bir
kesinlik elde etmek miimkiin olabiliyor. Uclii stniflandirma sonuglari icin karigiklik
matrisine baktigimizda stres smiflarinin diger siniflardan daha iyi ayurt edildigini
goriiyoruz. Bu durum, topolojik 6zelliklerin kaotik ve kaotik olmayan zaman serilerini
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birbirinden ayirt etmede ise yaradig1 hipotezini destekliyor. Stres ve digerleri seklinde
ikili siniflandirma yapildiginda da sonuglar yine ¢ogu fizyolojik sinyal icin orijinal
caligmadaki bulgulardan daha iyi ¢ikiyor.

Altpencereleme metodunun Onemli bir avantajinin pencere boyutunu kolayca
degistirebilmek oldugunu sodylemistik.  Bunu test etmek icin uzun pencereler
kullanildiginda modelin kesinliginin arttif1 gozlemlendi. Bunun yani sira, model
performansinin katilimer i¢i capraz gegerlilik yontemi kullanildiginda, bir katilimciy1
digarida birak capraz gecerlilik yontemine gore istatistiksel olarak anlamli derecede
yiiksek oldugu gozlemlendi. Bu bekledigimiz bir sonugtu, ciinkii egitim ve test
kitlelerinde ayn1 katilimci oldugu siirece model daha i1yi performans gosterecektir.

Son boliim olan altinct boliimde kullandigimiz yontemler 6zetlenerek bunlarin kisitla-
malar1 anlatildi. Gelecek calismalarda, bir veri kiimesinde egitilmis modelin bagka bir
veri kiimesinde test edilebilecegi, gozetimli yerine yari-gozetimli 6grenmenin daha
yiiksek kesinlikte sonuglar iiretebilecegi, ve kalicilik diyagramlarimin farkli vektor

temsilleri kullanilarak elde edilecek 6zellik iiretme yontemlerinin denenebileceginden
bahsedildi.
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1. INTRODUCTION

This thesis demonstrates the effectiveness of persistent homology in time series
classification tasks. In addition to creating sliding windows for the learning tasks,
we also created sliding subwindows within each window. This made our topological
features generated from the persistence diagrams obtained from the subwindows
more robust to noise, and computationally much less expensive. The methods were
tested on two publicly available datasets: WESAD [2] and DriveDB [3] that include
physiological signals collected from human subjects under different affect and stress
conditions. Furthermore, we also tested our methods on a synthetic dataset containing
multiple time series mimicking physiological signals collected under stressful and
non-stressful events. This dissertation is an extension of our previous study [4], and
some passages, figures and tables in this dissertation have been quoted verbatim from

our paper.

Typically, time series classification tasks involve time series of different and long
durations. For example, in WESAD dataset, physiological measurements were
collected from 15 participants under stressful and non stressful conditions ranging
from 8 to 20 minutes. Feeding such datasets directly into a machine learning model
is problematic because the number of training instances will be too small, and each
training instance will have an infeasibly long duration. A common approach in such
cases is to create sliding windows from each time series. Using this approach, one gets
equally sized shorter time series which can be used as training instances. This method

results in an augmented and more manageable dataset.

Topological Data Analysis (TDA) has become a common tool in data analysis tasks,
especially when a dataset is assumed to lie on a fairly low dimensional object in a
high dimensional space. A fundamental tool in TDA is persistent homology which
generates a persistence diagram that contains critical topological information about
the data, hence about the underlying object. Given a sequence of topological spaces, a

persistence diagram keeps track of the birth-death times of topological features.



There are two main methods to compute a persistence diagram from a univariate
time series. The first method is straightforward: we can directly compute the
persistence diagram of the time series induced by the (sub- or super-) level sets
(e.g. [5-7]). Alternatively, we can convert the time series to a higher dimensional
dataset (called the time delay embedding) whose topological structure involves crucial
clues about the time series itself. Then, we can compute the persistence diagram of
the resulting dataset (e.g. [8—10]). This method has its theoretical guarantees from
Taken’s delay embedding theorem [11]. Unfortunately, persistent homology has a large
computational complexity (O(n?) for the standard algorithm). Therefore, topological
feature extraction can be discouraging when the time series is long and hence, the time
delay embedding is a large dataset. In such cases, subsampling was used for faster

computation (e.g. [12, 13]).

Once a persistence diagram for each window is obtained, distance-based machine
learning models (such as kNN) can be employed (e.g. [14,15]). However, since finding
distance between persistence diagrams is computationally expensive, such machine
learning models can only be used if the number of training instances remains fairly low.
Otherwise, one must resort to secondary methods to extract features from persistence
diagrams first. In such cases, one must first engineer feature vectors and then use

machine learning models on these feature vectors.

Feature engineering from a persistence diagram can be made purely on the statistical
properties such as average birth or minimum death of the points in the persistence
diagram (e.g. [9, 10]). However, such features are very sensitive to noise, so they can
produce unreliable results when not used carefully. One can also use stable vector
representations of a persistence diagram such as the Betti curve or the Persistence
landscape. As these representations lie in a vector space, they can directly be fed into
learning algorithms (e.g. [8, 16]), or one can engineer features (such as L'-norm) on
these curves ( [17]). Other stable features such as persistent entropy and maximum
persistence are also widely used in many applications ( [7, 13]). We refer the reader
to Pun, Xia and Lee [18] for a survey of different feature engineering techniques on

persistence diagrams.

Studies using sliding window persistence have a variety of applications such as

action classification [12], wheeze detection [13], chatter detection [19], (quasi)
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periodicity quantification of videos [20], chaos detection [21] and financial time series
classification [8]. There are also many studies that employ persistent homology
of physiological signals for a range of applications, including activity recognition
from EMG [16], detecting autism spectrum disorder from EEG [7], optimal delay
embedding parameter selection for EEG [22], classification of ECG [9], and respiration

rate estimation [23].

1.1 Problem Definition

Stress detection is an active area of study. Researchers apply different methods to
obtain better classification accuracies to differentiate physiological signals collected
under stressful vs non stressful events. As TDA methods have previously been
shown effective in distinguishing chaotic time series from non chaotic ones, we
expected to observe high performance when persistent homology is applied to the
stress detection domain. Also, the methods needed to be computationally feasible.
On the other hand, when windows got larger, persistent homology became more and
more computationally expensive. This was a great drawback of TDA methods, and we

solved it by using the subwindowing strategy.






2. TIME SERIES METHODS

Whenever a variable changes quantitatively in time, it can be expressed as a time series.
This broad definition makes time series methods appear in almost every field. The
number bacteria in a culture, the price of a stock, the wrist temperature of a person,
the population of a city are all regarded as time series if they are measured at different

timestamps.

Definition 2.1. A (univariate) time series is a function T — R where T is the time

domain.

In practice, we do not work with continuous functions defined on a finite interval.
We usually have finite time-ordered samples of outputs (x; | € I) where [ is a finite
index set taken from T the time interval on which our function is defined. In this
work, we will assume that the sample set / consists of elements for which successive

measurements are all equal.

In this study, we study classification problems defined on collections of time series
sampled from naturally occuring phenomena that come with discrete labels. When a
number of time series are given labels, we may want to build a reliable system that

classifies them. For instance,

* Music genre classification from audio samples,

Physical activity (jogging, cycling etc.) recognition from accelerometer signals,

Classification of home electric appliances from their electric consumption,

Stress detection from wrist temperature

are all time series classification tasks.

Most machine learning classification algorithms work with finite collections of points

embedded in an affine space of a small dimension. As such time series data sets,



possibly with varying lengths, with or without a collection of assigned labels do not
seem to be suitable for such algorithms. However, there are methods that can convert
a given time series into a finite collection of points embedded in an affine space of a

fixed small dimension.

2.1 Sliding Windows

Let x = (x;: i =0,...,N) be a univariate time series in R. The sequence of sliding
windows on x with a window shift of & is a sequence of equally sized multivariate time

series (Figure 2.1):

((Xkn> Xkns15Xkn125 - s Xknta—1) :n=0,1,..., [(N—d+1)/k]). (2.1)

Using the sliding windows method, one embedds a collection of time series, with
possibly different lengths, into an affine space of a fixed small dimension as a cloud
of points. Embedding a large time series into an affine space of a fixed dimension
can be very useful for time series classification tasks in several ways. For example, it
might not be practical to make classification on very long time series. A smartphone
app that listens to and tells us the genre of a song would only be feasible if it could
detect the genre in 5-10 seconds, not longer. Another scenario is that if each class
contain only a few number of instances, one can augment the data using windowing.
Note, however, that when the window shift is smaller than the window size, the sliding
windows overlap. In such cases, to prevent data leakage between train and test sets,

we should do the train-test split before windowing.

2.2 Delay Embeddings

The topology of a time series data embedded as a cloud of points may not very
interesting. In such cases, using the method of (time) delay embeddings allows us
to convert any time series as a dataset in a higher dimensional euclidean space similar

to sliding windowing method we outlined above.

The d-dimensional delay embedding (also known as a state space reconstruction) of x

with a shift of k is the subset of R is given by (Figure 2.2)

{ ks Xent 15 Xknt25 -+ > Xkngd—1) 0 =0,1,... . [(N—d+1)/k]}. (2.2)
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Input: x: univariate time series.

¢: window length.

s: window shift.
Output: y: the sequence of sliding windows
Function getWindows

Let L be the length of x.
a0

b+ 1—-1

i< 0

while b < L do
Vi (Xay- -5 Xp)
a<—a-+s
b+ b—+s
i+—i+1

end

return y

end

Figure 2.1 : Windowing algorithm.

The number d is referred as the dimension of the delay embedding. Observe that the
delay embedding is the sequence of sliding windows realized as a dataset where each

sliding window becomes a point in the space.

Under certain conditions, Taken’s embedding theorem [11] guarantees that delay
embeddings captures contains essential information about the topology of the time
series. For an arbitrary time series, one need not have an interesting topology. But,
for example, if the time series is sampled from a periodic function, the time delay
embedding will follow a closed path on R¢. For instance, the time delay embeddings
of time series sampled from cosx on a set of equally spaced points on R, lies on a circle
if the embedding dimension resonates with the frequency of cosx [24]. We refer the
reader to Perea (2019) [25] for theoretical justifications and several examples on the

subject.

Example. The two time series of length 250 in Figure 2.3 are sampled from five

periods of y = sinx and y = sin’

x with additional noise, respectively. The time delay
embeddings with d = 50 for both time series are both circles with different radii.
However, when the embedding dimension is small (d = 15), the former is an ellipse
whereas the latter is the boundary of an eyeglasses-shaped object. This idea shows us

that we can distinguish the two time series for different embedding dimensions using

persistent homology.



Input: x: subwindow.

d: embedding dimension.
Output: The delay embedding of x into R¥.
Function delayEmbedding

Let L be the length of x.
fori=0toL—ddo
| i< (% Xipa—1)
end
return y
end

Figure 2.2 : Delay embedding of a subwindow.

1{ m ey o e, P 11 A A A 49 Al
U / \ A A J
S AVAVAVAVI \ off N ol g o Nl \‘\f
. N/ v/ -\v / \/ \ \/’ o \/ \/ \/ \/ f
1] 50 100 150 200 0 50 100 150 200
(2) Noisy time series from y = sinx. (b) Noisy time series from y = sin’ x.
24 24
=] "»./'\.;‘ N
® 50 35 00 25 so ® 30 35 00 25 so ® 30 35 oo 25 so ® 50 35 00 25 so
(©pd=15 (d)d =50 (e)d=15 ) d =50

Figure 2.3 : Two noisy time series data along with their time delay embeddings for
d =15 and d = 50 under PCA visualization.

2.3 The Subwindowing Method

The windowing and the delay embedding methods we outlined above are standard
and well-known methods in classification tasks on time series literature. The
subwindowing method, which is essential to our analyses, is a new method we
developed within the context of this thesis. It significantly reduces noise and the

required computational power required to analyse any given data set.

Assume that we would like to compute features on a set of sliding windows with a fixed
window size and fixed window shift. Instead of directly computing features on each
window, we can create sliding subwindows on each window (Figure 2.4), then compute
the features at the subwindows. Looking at the average and the standard deviation of
the subwindow features, one can understand how the window behaves locally, and how

this local behavior varies over time.



Full Signal

subwindow 5 | — features 5
subwindow 6 3—> features 6 =------- ;1——5 Window 3 features

Window 1
Window 2
} 3 | Window 3 ‘ ‘ |
| subwir‘ldow 1 | 3 3 3 — features 1 --___
subwindow 2 | | — features 2 <z---- *::}E/i Window 1 features
subwindow 3 | | | — features 3 2- i
subwindow 4 3 3 3—> features 4 EE} % Window 2 features

subwindow 7 — features 7 -

Figure 2.4 : The subwindowing method for feature construction.

This approach is especially useful if we want to compute topological features on
each sliding window. In chapter 3, we will introduce several feature engineering
methods on time series using Topological Data Analysis (TDA). Such methods are
robust to stochastic noise, that is, small changes in the data cause small changes in
the feature set. On the other hand, the plain TDA methods produce very unstable
features if there are random perturbations in the time series, even for brief periods of
time. Subwindowing performs well in situations we want to eliminate such random
perturbations of short durations, and want to distinguish topologically stable windows
from topologically unstable windows. With subwindowing, the noise is trapped into a
few subwindows, and its effects on the feature vector of a window diminish largely by

computing the mean and standard deviation of feature vectors of subwindows.

The second major advantage of employing the subwindowing method is a certain
guaranteed reduction in computational complexity. Assume that the window features
are obtained by finding the mean and standard deviation of the features from
subwindows. Assume also that the subwindow shift is the same as the window shift
as in Figure 2.4. Now, let Window N and Window N + 1 be two consecutive windows
with subwindows swy,...,swys and swa, ..., swp1, respectively. Let f; be the feature

coming from sw;. Then, the mean feature for Window N is

1 M
MZM;ﬁ (2.3)

and the standard deviation of features for Window N is

(2.4)




Observe that

1 M+-1 1 M f f f f
HN+1 = _Zfl_<1\_4i;fi> M+11/[ L=y + MJ;/I Ml (2.5)

Also,

Yt fo — 11
Ot = # — U1 = On+ M+11V[ L Uy — - (2.6)

So, upy+1 can be written in terms of Wy, f1, fir+1 and M. Similarly, ox4| can be written

as a function of oy, Uy, Un+1, f1, fi+1 and M (Algorithm 2.5).

Input: x: for a particular feature where x; is the feature value for i-th
subwindow.
M: the number of subwindows in a window
Output: Rolling mean and standard deviation of subwindow features.
Function windowFeatures
Let N be the length of x

[.L() — MZ 1Xi
Of = —H5 + 37 ity X
for i=1 to N-M do

I~l1<—!lz 1+ 1(X1+M71_xi71)
2, 1.2 _ A
OF O |+ U7 — I + 3 (i — X )
end
return (i, o)

end

Figure 2.5 : Rolling mean and standard deviation of features.

This means once the mean and standard deviation for a window is computed, these
features for the next sliding windows can be computed continuously regardless of the
window size. If the window size is large, then computing features directly from the
windows can be difficult. Subwindowing allows us to compute the features at the same

time regardless of the window size.
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3. TOPOLOGICAL DATA ANALYSIS AND PERSISTENT HOMOLOGY

Throughout this dissertation, a dataset will refer to a finite set of points in the euclidean
space, possibly with duplicates. The aim of Topological Data Analysis (TDA) is
to understand the shape of the underlying object that the dataset is sampled from.
Sometimes we will refer to the topology of that object by saying "the topology of the
dataset" although the actual topology of a dataset, obviously, is a totally disconnected

set composed of disjoint collection of points.

Figure 3.1 : A point cloud data lying on a circle.

3.1 Seeing Data at Different Scales

In the first chapter, we have already discussed the importance of understanding the
shape of the data. While this is quite easy for a 2-dimensional dataset (as in Figure
3.1), it becomes harder when the dataset is sampled from a high dimensional space. If
the dataset is sampled uniformly and densely (with a reasonable amount of noise), we

can assume that the €—offset of X given by
B(X,e) = B(x.¢) (3.1
xex
contains important topological information about the underlying object where € > 0
and B(x,€) is the euclidean open ball with radius € centered at x. In the Stability
Theorem (Theorem 3.32) in Section 3.5, we will see that the topological descriptors of

B(X, €) and the underlying object are similar whenever X is a “nice” sample.
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Unfortunately, there is no easy way to determine which € value best describes the
topology of the dataset. For instance, in Figure 3.2 we draw B(X, €) for two different

values of € where X is the dataset given in Figure 3.1.

O

oSO ©

@ (b)
Figure 3.2 : B(X,¢) drawn for different values of € where X is the data in Figure 3.1.

Observe that Figure 3.2a contains multiple connected components and a number of
small holes. On the other hand, Figure 3.2b consists of a single connected component

and a large hole. Clearly, the latter captures the topology of the dataset very well.

Homology, put simply, is an algebraic invariant that captures information about the
“holes” inside a topological space in different dimensions. For dimension zero,
homology classes describe the connected components. In dimensions 1 and 2, it shows
cirle-like holes and spherical voids in the object, respectively. When a such a hole
exists in B(X,¢€) for a wide range of € values (e.g. the large hole in Figure 3.2(b)),
it represents a topological feature of the underlying object. If, otherwise, a homology

class exists only for a short range of €, we say that it is a topological noise.

Throughout this chapter, we will first introduce simplicial complexes, which are
combinatorial objects that will help us compute the homology of B(X, €) easily with
linear algebra. Then we will define homology of a simplicial complex to actually
describe the topology of a simplicial complex. Finally, we will define persistent
homology to find the € ranges of the homology classes in a sequence of simplicial

complexes indexed by the parameter €.

3.2 Simplices and Simplicial Complexes

Consider our dataset X as the vertices of a graph, and make any two vertices adjacent
whenever they are closer than a fixed threshold €. Although we could compute the
homology classes (e.g. holes) of this graph, unfortunately, it wouldn’t approximate

to the homology of B(X,¢€). This is because, for example, whenever three vertices
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are very close to each other, there still might be a hole in the formed triangle of
disks, but not in B(X,e). To avoid this, we must fill in such small holes inside
such triangles, and their higher dimensional analogues. This will give us the notion
of a simplicial complex. Below we present simplicial complexes along with some

preliminary definitions.

Definition 3.1. A set of vectors X = {xo,...x,} is said to be in general position if the
set {x; —xo,x2 — X0, . ..,X;, —Xo} is linearly independent. Such X is also called affinely

independent.

Definition 3.2. An n—dimensional simplex (or simply an n—simplex) is the convex

hull of a set of n+ 1 vectors (called the vertices) in general position. In other words,

the n—simplex [xo, .. .,x,| generated by an affinely independent set {xo,...,x,} is
n
[X0, - -y Xn] = < coxp 4 -+ CpXp : Zci =landc; >0 Vi,. (3.2)
i=0

- — A M

Figure 3.3 : Simplices of dimension O through 3.

Note that the ordering of vectors does not affect the resulting simplex. In other words,
if xg,...,x, are the vertices of a simplex and yy,...,y, is any permutation of those

vertices, then [xg, ..., x,] = [yo,...,Vn)-

Definition 3.3. Let Ay be a simplex generated by a set of affinely independent vectors
X. The simplex Ay generated by a subset Y C X is called a face of Ax and we denote
the relation by Ay C Ay. If Y is a proper subset of X, then Ay is called a proper face
of Ay.

When |Y| =2, Ay is called an edge of Ax. When |Y| = 3, Ay is called a triangle of Ayx.

Definition 3.4. A simplicial complex is a set of simplices K satisfying

(i) Every face of a simplex of K is in K,

(i) The intersection of any two simplices of K is a face of both of them.
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Figure 3.4 : A simplicial complex of dimension 3.

Definition 3.5. The dimension dimK of a simplicial complex K is the maximum

dimension of the simplices in it.
Example. Consider the four vectors xo = (0,0), x; = (0,1), x, = (1,0) and x3 = (2,0)
in R?. The following set K (Figure 3.5) is a simplicial complex:

K = {x0,x1,%2,%3, [x0,x1], [x0,x2], [x1,%2], [x0,%1,%2], [x2, 3] }. (3.3)

If we were to remove any element in K except the last two ones, K would fail to satisfy
being a simplicial complex.

X1

X0 X2 X3

Figure 3.5 : A simplicial complex of dimension 2.
Definition 3.6. A subcomplex is a subset of a simplicial complex which itself is also a
simplicial complex.

Definition 3.7. Let n € N and K be a simplicial complex. The n—simplices in K will

be denoted by K,,. The n—skeleton of K denoted by K<, is defined as

n
Kep:=J K. (3.4)
i=0
In other words, K<, 1s the simplicial complex obtained by removing all simplices with

dimension greater than n from K.

Observe that the O—skeleton of a simplicial complex is its vertex set X, and the
1—skeleton is a graph. Also, there is a natural ordering between n—skeletons of a

simplicial complex. That is
X =K<0CK<1 €+ C Ke(gimk) = K- (3.5)
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3.3 Different Types of Simplicial Complexes

Definition 3.8. A clique in a graph G = (V,E) is a collection of vertices C C V such
that the subgraph of G on C is the complete graph on C. The clique complex CI(K) of
a simplicial complex K is the largest simplicial complex having the same vertex and
edge set as K, but for each clique C = {cy,...,c/} in the 1-skeleton, we take a simplex

[c1,...,c7 in CI(K).

Our simplicial complex definition has a geometric and combinatorial part. A simplex is
a geometric object, and a simplicial complex is a collection of the simplices. Naturally,
we may want to express it in an purely geometrical or purely combinatorial way. A
geometric realization of a simplex would allow us to embed the simplicial complex in
a euclidean space, and a combinatorial realization will let us use arbitrary objects as

the vertices. This raises the following definitions.

Definition 3.9. A geometric simplicial complex obtained from a simplicial complex K

is the union (rather than set) of simplices in K.

Definition 3.10. An abstract simplicial complex K with vertex set X is a subset of

P(X) satistying

(i) Forany Y € K, any subset Y/ C Y is also in K.
y y

(ii) For any pair of elements Y, Y’ € K, Y NY' is also in K.

Throughout this dissertation, we will sometimes refer to a geometric or an abstract

simplicial complex as a simplicial complex, whenever it is clear from the context.

Now, our aim is to approximate the topology of the e—offset B(X, €) with a simplicial
complex. Below we define the nerve of a cover, and the Nerve Theorem, which is

fundamental finding in Algebraic Topology.

Definition 3.11. Let X be a topological space and % = {U; : i € I} be a cover for X.

The nerve C(% ) of % is the simplicial complex having % as its vertex set, and

k
Uiy - Uyl €C(%) iff (\ Uy, #0. (3.6)
Jj=0
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Figure 3.6 shows the nerve of an open cover. Three sets, U,U, and Uz constitute a
cover for the given data. For its nerve, there should be three vertices corresponding
to those vertices. Also, since the sets intersect pairwise, edges appear between them.

However, since the three sets does not intersect, the there is no triangle in its nerve.

N

v 0 U,

Figure 3.6 : The nerve of a cover of a set of sampled points in the plane [1].

Us

Theorem 3.12 (Nerve Theorem). [I] Let X be a topological space with an open cover
U ={U; : i€ I}. Assume that the intersection of elements of any subset of % is empty

or contractible. Then, | J;c; U; and the nerve C(% ) are homotopy equivalent.

There are several formulations of the Nerve Theorem. In a weaker yet relevant form of
the theorem, we replace the open cover with a finite cover consisting of closed convex
subsets of a euclidean space. When the closed sets are chosen to be the closed € —balls
around each x in the finite set X, the union of the cover is simply the e—offset B(X, €)

and the nerve of the cover becomes the Cech Complex which will be defined below.

Definition 3.13. Let X be a finite dataset in a metric space and € > 0. The Cech

Complex Cech(X, €) is defined as the set of simplices [xo, . .., x| such that
k
() B (xi,€) #0. (3.7)
i=0

Unfortunately, finding the Cech complex is computationally very expensive. Pairwise
intersection of closed balls give the edges, triple intersections give the triangles and
so on. If € is large, and there are a lot of edges, we need to check the existence of
many n—simplices. To make the computations a lot faster, we might want to stop the

algorithm after finding the edges. To this purpose, we introduce the Rips complex.

Definition 3.14. Let X be a finite dataset embedded in a metric space (X,d) and € > 0.
The Vietoris Rips complex (or shortly the Rips complex) Rips(X,€) is defined as the
set of simplices [xo, ...,xk] such that d(x;,x;) < e forall i, j € {0,...,k}.
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Remark. The dimensions Cech and Rips complexes can be bigger than the space they
are embedded in. For example, if 4 points in R? are very close together, we will get a

3-simplex, a tetrahedron.

(a) Without noise (b) Perturbated (c) Extra random points

Figure 3.7 : Rips complexes for different noise types.

Remark. Rips complexes are robust to small perturbations in the data. In other words,
if each data point is moved in the space by a small amount, the resulting complex will
have similar “holes.” (Figure 3.7 a&b). On the other hand, when a few extra random
points are appended to the dataset, the resulting complex may have a very different

shape and different number of holes (Figure 3.7 a&c).

In R”, Rips(X,2¢) is the clique complex of Cech(X,¢€), yielding a natural relation
Cech(X,€) C Rips(X,2¢). Moreover, we have Rips(X,€) C Cech(X,g). This is
because if m points are within € distance from each other, all of their €-balls intersect.

The two relations generate the following formula:
Rips(X,€) C Cech(X, &) C Rips(X,2¢). (3.8)

This subset relation is not tight. A more precise form by de Silva and Ghrist [26] is

given in Theorem 3.15.

Theorem 3.15. [26] The following holds in R":

Cech (X, £) C Rips(X,2¢) C Cech (X, e\/2n/(n+ 1)) . (3.9)
Corollary 3.16. In R" we have

Cech (X, ) C Rips(X,2¢) C Cech (X ﬁe) . (3.10)
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There are also other ways to build a simplicial complex on top of a dataset. Delaunay
complex and Alpha complex are two such examples. Furthermore, when the dataset
is very large, one can create a Witness complex on top of a subsample from the
dataset (called the landmarks) and determine which simplices to include by looking
at the distance from non-landmark (called witness) points to landmarks. Since these
complexes are out of the scope of this dissertation, we refer the curious reader to [27]

for further details.

3.4 Simplicial Homology

In this section, we will introduce the theory of simplicial homology. Simplicial
homology is defined on an arbitrary field, but in this work, we will only define it for
F, = {0, 1}, the field with two elements. The reader may refer to [28] for a detailed

theory of the subject, and to [29] for a fast introduction.

Definition 3.17. Let K be a simplicial complex. An n—chain C of K is defined as the

formal sum

C=) c(o)oc (3.11)

ok,
where ¢(o) € F; and ¢(o) = 0 for all but finitely many o € K,,. The vector space of

n—chains of K is denoted by C,,(K).

Definition 3.18. Let o be an n—simplex and 7y, ..., T, be the (n — 1)—dimensional

faces of 6. The boundary d,(c) of o is defined as the formal sum
n
dh(0) =) 7. (3.12)
i=0
The boundary of an n—chain C =Y ¢(0)- o is
9,(C) =Y c(0)d,(0). (3.13)
The boundary of a O—simplex is defined to be zero.

Definition 3.19. Let C be an n—chain. C is called an n—cycle if d,(C) = 0. Also, C is

called an n—boundary if there exists C* with d,,1(C*) =C.

Example. Consider the simplicial complex K in Figure 3.8. Assume that we want to

compute the boundary of the 2—chain C = T} + T + T3. Since o (T}) = e] + e + €3,
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0 (Th) = e3+eq+es and dr(T3) = e + e7 + eg and since we are working in F,, we

have
h(C)=(e1+exr+e3)+(ex+estes)+ (eg+e7+e3)
=e|+ter+e3+ezteqs+es+eq+ e +es. (3.14)
——
=0
Furthermore,

81 (82(C)) = (V] —l—Vz) + (V] +V3) + (V2+V4) + (V3 +V4)
+ (va+vs) + (va +ve) + (vs +vg)

=0 (3.15)

V14 e ) Vs

Figure 3.8 : A simplicial complex with 3 triangles.

Theorem 3.20. Foranyn €N,

0p 0011 =0. (3.16)

Theorem 3.20 states that the result of the above example is no coincidence. This
fundamental property of the boundary map implies that the image of d,; is in the
kernel of d,. Then, we are allowed take the quotient of the kernel by the image, raising

to the definition of the homology groups.

Definition 3.21. The nth homology group H,(K) of a simplicial complex K is the

quotient vector space defined as

H,(K):= Ker(&n)/lm(8n+1). (3.17)

Definition 3.22. The dimension of H,(K) is called the nth Betti number B,(K) of K
and it is given by
B.(K) := dimH,(K) = dimKer(d,) — dimIm(d,+1). (3.18)
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Intuitively, Oth, 1st and 2nd Betti numbers (S, B1, 32) count the number of connected
components, holes and voids of the topological object, respectively. In Table 3.1, we

present a few topological objects and their Betti numbers.

Table 3.1 : Betti numbers of some topological objects.
Object Bo B B2 Bt
O Circle 1 1 0 0

QQ Doublecircle 1 2 0 0
D..D Four squares 4 2 0 O

Surface of sphere
@ Surface oftorus 1 2 1 0

—_
(e)
—
)

3.5 Persistent Homology

So far, we were able to build a simplicial complex on top of a dataset for a fixed &,
and compute its homology. However, as we have discussed earlier, the choice of a
best € is difficult to find, or perhaps it does not even exist. So, instead, we create the
simplicial complexes over a range of € values, and track how the homologies change as
the scale parameter € changes. Homologies that “persist” for a long interval of € will
be regarded as significant topological features, while those persist for a short range of

€ values will be considered as topological noise.

Definition 3.23. A filtration F = {K; : i € [} is a growing sequence of simplicial

complexes. Thatis, if i < j € I, then K; C K.

The ultimate aim of persistent homology is to understand how the topologies of
K; change throughout the filtration. We can create a filtration of Rips complexes
Rips(X, €) by considering € in the range (0,00). If X is finite, then the Rips complex

changes only at a finite number of € values.

Example. Let us provide a simple example in R? with the ordinary Euclidean metric.
Assume that X is a noisy sample from the unit circle S' = {(x,y) : x> +y*> = 1} (Figure

3.9a). As € grows, some components of Rips(X, &) merge together, some holes are
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“born” and “die”. For example, in the example depicted in Figure 3.9 at € = .34, the

Rips complex has one component and one hole, inducing the same topology as X.

o 2

—+

X 4%

@e=.0 (b)e=.14 ) e=.18 ) &= 34

Figure 3.9 : The Rips complex Rips(X,2¢) (black and red) of a sample data set X
(grey) drawn at different scales. At € = .18, there are 10 components and
one hole. At € = .34 there is one component and one hole.

Proposition 3.24. Let F = {K; : i € I} be a filtration of simplicial complexes and let
i < jel Foreveryn €N, we have a F,-linear map (piK_U : Hy(K;) = H.(K;) induced

by the inclusion K; — K. Furthermore, if i < j < m € I, then (pl.[;j o (p]K_m = (p{im.

Definition 3.25. The persistence module induced by a filtration F = {K; : i € I} of
simplicial complexes is a sequence of F,—linear maps H.(K;) — H.(K;) such that
H.(K;) — H.(K;) is the identity map for all 7, and the composition of H.(Kj;,) —
H,(K;,) and H.(K;,) — H.(K;,) is the map H.(K;,) — H.(K;,) for iy <ij <ip. If

the index set I = N, the persistence module becomes the sequence of maps
H,(Ko) — H.(K1) = H.(K2) — ... (3.19)
Definition 3.26. An interval module is the sequence of maps
0= —0-F% . Yp, 50-...50 (3.20)

where the number of leading/trailing zeros can be zero. If the first and last indices
that [, appears in the interval module are b and d — 1, respectively, then we denote
the interval module by I, 4. If there are no trailing zeroes in the interval module, we

denote it by I .

To track the homologies on the persistence module, one must decompose the
persistence module into interval modules. If a persistence module induced by a
filtration has a direct summand of I, 4, then a homology class is born at time b and dies
at time d in the filtration. Below we present the decomposition theorem which states
the conditions under which the persistence module can be decomposed into interval

modules.
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Theorem 3.27 (Decomposition Theorem [30]). Let M be a persistence module over
I C R. Then, M can be written as a direct sum of interval modules if I is finite or each

M; is finite-dimensional.

Furthermore, whenever we can decompose M into interval modules, the decomposition

is unique up to isomorphism and reordering of the interval modules.

3.6 Barcodes and Persistence Diagrams

Definition 3.28. A persistence diagram is a multiset (which is a set with possibly
duplicated elements) of points in the extended plane @2 which encodes the birth-death
pairs of elements in the decomposition. The persistence diagram is assumed to contain

the x = y line: the points with zero lifetime.

A barcode is another visualization for decomposition of persistence module. In a
barcode, a set of intervals are drawn on top of each other where each interval contains

the birth-death information of the corresponding interval module.

Theorem 3.27 provides the assumptions under which we can expect the existence of a
persistence diagram. Whenever there is a finite filtration or the dataset is finite (both of
them are true in real-world scenarios), we can expect that a unique persistence diagram

exists.

Now that we have defined persistence diagrams, we need a statistical measurement of
the distance on the space of persistence diagrams. Below we present two widely used

metrics.

Definition 3.29. Let D and D, be two persistence diagrams along with their diagonals
and let y: D; — D; be a bijection. The Bottleneck distance W, between Dy and D, [31]

18 defined as follows:

(3.21)

Hoo'

Weo(D1, Dy) = inf sup |lx —y(x)
Y xeD;

Definition 3.30. Given D{,D; two persistence diagrams (with their diagonals), the

p—Wasserstein distance [32] W), is defined similar to the Bottleneck distance:

1

W, (D1,D2) = ir;f(Z ||x—y<x>r|£,> . (3.22)

x€D

22



Definition 3.31. Let (X,d) be a metric space and A,B Ccjosed X. The Hausdorff

distance d1; between A and B is defined as
dy(A,B) :=inf{A C B(B,€) and BC B(A,¢)}. (3.23)
£

Theorem 3.32 (Stability [33]). Let (X,d) be a metric space and A,B Ccompact X. Let
Dy and Dp be the persistence diagrams obtained from A and B, respectively. Then we

have

W.r(Da,Dp) < dyy(A,B). (3.24)

The Stability Theorem provides theoretical guarantees that if a dataset is sampled
densely and uniformly from a topological object (so that the Hausdorff distance
between the object and the dataset is small), then the bottleneck distance between their

persistence diagrams is small.

3.7 Feature Engineering on Persistence Diagrams

There are several ways to construct features from a persistence diagram. For instance,
one can compute the average of birth times of the points in the diagram which do
not lie on the diagonal. However, such feature engineering methods are rarely used
because of their high sensitivity to noise. This is because, a noise in the dataset can
create or remove arbitrarily many extra points with very small yet positive lifetime,

hence largely affecting the mean birth time.

In this chapter, we outline several feature engineering methods most of which are
robust to noise and largely already exists in the literature. See for example [18] for

a survey of such methods.

3.7.1 Via Bottleneck and Wasserstein distances

Both the Bottleneck and p—Wasserstein distances rely on finding a best matching
between the points from both diagrams including the diagonals (Figure 3.10). This
is a computationally expensive process (of the order of (’)(nz)), and makes distance

based machine learning models (such as knn classification) inconvenient.

On the other hand, computing the Bottleneck or p—Wasserstein distance between an

arbitrary persistence diagram D and the empty diagram Dy (called the amplitude of
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death

birth

Figure 3.10 : Bottleneck distance between two persistence diagrams.

the diagram D) is considerably cheaper because the best matching between the two

diagrams is obvious (Figure 3.11). We compute the distances explicitly:

1
Weo(D,Dg) = —=sup I

3.25
2 xeD ( )
1 P
W,(D,Do) = —= (Z (W) (3.26)
xeD

where [, is the lifetime of a point x € D.

death

birth
Figure 3.11 : The best matching between a persistence diagram and the empty

diagram.

Our features for these metrics are the Wasserstein (for p = 1) and bottleneck amplitudes
of the diagram.
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3.7.2 Via persistent entropy

Perhaps the most widely used feature constructed from a persistence diagram is the
Persistent Entropy [34]. 1t is a scale invariant feature, so if you multiply the lifetimes

of the points in the diagram by a positive factor, the persistent entropy will not change.

Definition 3.33. The persistent entropy PE (D) of a persistence diagram D is given by

L L
PE(D) := ——1In (—) (3.27)
xeD;po Lp Lp

where Lp =) ,¢ply 1s the sum of lifetimes.

For our analyses, the persistent entropy of the empty diagram was assumed to be zero.

3.7.3 Via Betti curves and Persistence landscapes

The Betti curve is a function of time returning how many points in the persistence

diagram are living at that time.

Definition 3.34. Let D be a persistence diagram and a = (b, dy) be a point in the

diagram. Consider the following function:

1, bg<x<d
fale)=4 » Te =t =dae (3.28)
0, otherwise

The Betti Curve (Figure ??) obtained from D and fy, as the sum

Bettip(x) ==Y fa(x). (3.29)

aeD
Persistence landscape [35] is another statistical summary function and it is somewhat
similar to the Betti curve. However, this time (contrary to f above), each point in the
diagram creates a “/\” shaped function between its birth and death. The peak appears
at the middle of the birth and death, and its height is proportional to the lifetime of the
point. Furthermore, instead of adding them up, we create a sequence of persistence
landscapes, ordered by the kth maximum value for any time (Figure ??). The formal

definition is given below.

Definition 3.35. Let D be a persistence diagram. Given @ = (by,dy) € D, let

.x_ba, lfba ng(ba+da>/2
ga(.x) = d(x — X, if (ba +da>/2 <X S d(x (3.30)

0, otherwise.

25



death

=N WA U

#cycles
o = w
#cycles

123456 birth birth
birth ) )
(a) Persi ' (b) Betti Curve (c) Persistence Landscape
a) Persistence
Diagram

Figure 3.12 : A persistence diagram (a), its Betti Curve (b) and Persistence
Landscape (c).

Then, the kth layer persistence landscape of D is defined as

Landscape’(x) = kmall)x ga(x) (3.31)
ac

where kmax is the kth maximum value among a finite set.

In this study, we use the first layer persistence landscapes, and we will drop the
superscript k = 1. The four features engineered from the Betti curve and the (first

layer) persistence landscape will be their L! and L? norms.

3.7.4 Alternative approaches

There are several other ways to compute features from a persistence diagram.
Persistence images and persistence silhouettes were also occasionally used in previous

studies.
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4. THE DATA AND THE EXPERIMENTS

4.1 Dataset Description

In this study, we demonstrate the use of persistent homology for affect and stress
recognition. For this purpose, we used one synthetic and two publicly available real
datasets. In the synthetic dataset, we aimed to simulate physiological signals from
stress and non-stress conditions. The real datasets, WESAD [2] and DriveDB [3]
(Available at Physionet [36]) contain physiological signals from participants who were
subjected to some stress and non-stress conditions in different environments. The

datasets are shortly described below.

4.1.1 Synthetic dataset

The methodology that we used to generate our synthetic datasets is adapted from the
methodologies used by Umeda (2017) [16]. In this dataset, we simulated physiological
signals using Python’s NeuroKit2 library [37] consisting of respiration (RESP) and
electrocardiogram (ECG) signals. We generated samples with 120s of non-stress and
120s of stress condition for 20 simulated participants. The signals were generated at
50 Hz. We use the hypothesis that a sustained elevated respiration rate, a sustained
elevated heart rate, or an increased heart rate variability are indicators for stress

condition.

In the first experiment, we simulated RESP signals with different respiratory rates for
the baseline (non-stress) and stress conditions. The respiratory rate for the baseline was
set to 15 respirations per minute (rpm), and we used different integer values from 16
rpm to 20 rpm for the stress condition. In the second experiment, the baseline condition
contained ECG signals with different heart rates. The baseline heart rate was set to be
70 bpm, and the stress heart rate (HR) was tested for different integer values from 71
bpm to 75 bpm. The standard deviation of the HR parameter was fixed to be 1 for both

conditions. The last experiment was similar to the second one except that this time
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we manipulated the standard deviation of the HR while keeping the HR constant. The
baseline again had an HR of 70 bpm with a standard deviation set to 1, but this time
while the stress condition also had an HR of 70 bpm, we used an increasing sequence
of standard deviations of 2,3,4, and 5 in our experiments. In order to explore how
the results are affected by noise, we repeated our experiments with two different noise

parameters 0.1 and 0.3 defined by the NeuroKit2 library.

4.1.2 The WESAD dataset

Physiological recordings from a wrist (Empatica E4) and a chest (RespiBAN) worn
device were collected from 15 participants during three different conditions: baseline,
stress and amusement (Figure 4.1a). All participants started the experiment with the
baseline condition in which they did normal activities such as reading a magazine or
sitting at a table approximately for 20 minutes. In the stress condition, participants
went under the Trier Social Stress Test (TSST), which included doing a 5-minute
presentation to an audience and counting backwards from 2023 with steps of 17.
The stress condition lasted about 10 minutes. The amusement condition consisted
of watching a sequence of funny video clips, which lasted about 7 minutes. Each of
the three conditions was followed by a meditation phase aiming to bring subjects to
a neutral state. The order of stress and amusement conditions was counterbalanced

across participants.

Acceleration (ACC), RESP, ECG, electrodermal activity (EDA), electromyography
(EMG), and temperature (TEMP) signals were collected from the chest-worn device
at 700 Hz. The signals from the wrist-worn device were ACC, blood volume pulse
(BVP), EDA, and TEMP, with sampling frequencies 32 Hz, 64 Hz, 4 Hz, and 4 Hz,

respectively.

4.1.3 The DriveDB dataset

In this study, a total of 17 participants were recorded under three stress levels. The low
and high stress conditions correspond to driving on the highway and in the city (Figure
4.1b). The experiment started with resting in the car, then driving on the highway
and in the city several times, and finally ending the experiment with the rest condition

again. The experiment lasted about 60-90 minutes, depending on participants’ driving
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speeds. The physiological signals that were recorded during the experiments ECG,
EMG, galvanic skin response (GSR) from foot and hand, HR, and RESP. The sampling
frequency for all signals was 15.5 Hz. Recordings of only 9 participants were analyzed
since the markers that show the transition between different stress conditions were not

available or legible for others.

Baseline s | Rest [Meditation | | Amusement | Meditation Il
Baseline | Amusement [ Meditation | s | Rest [Meditation Il
(@)

Rest I Highway 1 I Highwayzm Rest
(b)

Figure 4.1 : The study protocols for WESAD (a) and DriveDB (b) datasets.

4.2 Experiment

All signals from all datasets were split by stress condition and by participant. To
reduce computational time, all signals with a sampling rate higher than 100 Hz (i.e.
chest signals from WESAD) were downsampled to 100 Hz. Moreover, signals from
DriveDB dataset were upsampled from 15.5 Hz to 16 Hz to ensure consistency in
our method. Resampling from 700 Hz to 100 Hz was done by selecting every 7th
element in the discrete time series. Resampling from 15.5 Hz to 16 Hz was done
by upsampling to 496 Hz using linear interpolation, then downsampling by selecting
every 31st element. The ACC data in WESAD contained three time series for the

accelerations in x,y, and z axes; we averaged them to get a single time series.

4.2.1 Sliding windows and subwindows

Our goal is to create topological features from the windows and use them for affect
and stress recognition. Sliding windows with duration of 60 seconds and a shift of 2
seconds were created for all datasets. For our initial analyses, we specifically selected a
window size of 60 seconds to make our findings comparable with the original WESAD
study. We also varied the window size to test how accuracy is affected. Longer
windows produce higher accuracies (Table 4.1). However, in real applications, one

might want to keep the time durations short for stress detection.
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Table 4.1 : Classification accuracies across different subwindow and window sizes
for WESAD.

Window size
10 20 30 60 120

Subwindow 3 7438 7792 79.08 80.67 85.18
“Zvize V' 4 7517 76.63 7836 8135 85.01
5 7539 77.95 80.07 81.25 8429

In each window, subwindows with 4s duration and 2s shift were created. This choice
of subwindow size was the same regardless of the physiological signal in order to
keep the algorithm as simple as possible. To obtain consistent and reliable persistence
diagrams, the subwindow size should be large enough to exhibit the periodicity in the
delay embedding (Figure 4.4). Our empirical tests showed that the subwindow size of 4
seconds is long enough to capture the local information about the physiological signal
including periodicity, yet it is also short enough to make the computation of persistent
homology coming from the delay embeddings feasible. In Table 4.1, we show the
changes in accuracies across different window and subwindow sizes using an SVM
classifier. We give the feature engineering and cross-validation methods that we used
to obtain the accuracies in Table 4.1 later in this section. The choice of subwindow
shift is more of a computational issue: if the shift drops from 2s to 1s, the number
of subwindows, hence the time required for persistent homology computations are

doubled.

The subwindowing method was useful in our study for several reasons. First, stressful
events usually induce irregular physiological responses. For example, a typical
response to stress is high heart rate variability. So, looking at how the subwindows
behave across a window is informative for the current task. That is, subwindowing
helps us understand the local topology of the window. Secondly, even in non-stress
conditions, brief yet powerful noises are common due to participants’ coughing,
sudden movements, etc. (e.g. Figure 4.2). Third, the delay embedding of a window
is a very large dataset (especially if the sampling frequency is high such as 100 Hz),

making the computation of persistent homology impractical.
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Figure 4.2 : A sample 60-second BVP signal from the baseline condition of WESAD
dataset.

4.2.2 Delay embeddings and persistent homology of subwindows

As we noted earlier in Section 2, different embedding dimensions detect different
topological information about the time series (Figure 2.3). We used 4 levels of delay
embedding dimensions (see Figure 4.4): .5fs, fs, 1.5fs, 2fs where fs is the sampling
frequency of the particular signal. For example, for a signal with fs = 100Hz, the set

of embedding dimensions were {50, 100, 150,200}.

After converting each subwindow to 4 different point clouds, the persistence diagrams
of the induced Rips filtrations were computed for a maximum homology dimension of
1 (Algorithm 4.3). Higher dimensional persistence diagrams were not computed since
they require much more computational power, and we wanted to restrict our attention
to connected components and one dimensional holes of the delay embeddings, but not

to higher dimensional topological features.

Input: A subwindow sw with sampling frequency fs.
Output: The sequence of persistence diagrams as in Figure 4.4.
Function getDiagrams
D1 < upper level set persistence of sw.
D, < lower level set persistence of sw.
fori=1t4do
dataset «— delayEmbedding(sw, i - f5/2)
D»;1 < Hp-barcode of dataset.
D»;» < Hj-barcode of dataset.
end
return (D1,...,Dj)
end

Figure 4.3 : Computation of persistent homology from subwindows.

In addition to the diagrams formed by the delay embeddings, two more persistence
diagrams were computed: the 0 dimensional persistence diagrams created by the upper
and lower level sets of the subwindows. Note that higher dimensional persistent

homology cannot be computed from the subwindows because the subwindows are
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univariate. Persistent homology of delay embeddings and level sets were computed

using the Ripser [38] and Dionysus-2 libraries [39] of the Python programming

language [40], respectively.
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Figure 4.4 : The pipeline for the computation of persistence diagrams from a
subwindow.

4.2.3 Feature engineering

Our methods have so far provided 6 persistence diagrams, 4 from delay embeddings
and 2 for upper and lower level sets, for each subwindow. Then using the methods we
outlined in Section 3.7, a total of 7 features were created from one homology class in
a single persistence diagram. Since each subwindow yielded a total of 6 persistence
diagrams and 4 diagrams coming from delay embeddings contained two homology

classes, the total number of features created using persistent homology was 70.

In order to compute features for the 60s windows, the mean and standard deviation
of the features obtained from (4s) subwindows were calculated. This allowed us to
know how the signal behaves locally, and how this local behavior varies over a longer

period. We also did the same for different window sizes (10, 20, 30, 60, 120, 180, 240,
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and 300 seconds), and specifically looked at how the recognition accuracies change

accordingly.

The learning algorithms were tested on several subsets of features. For each of the four
delay embedding sizes (.5fs, 1fs, 1.5fs, 2fs), features from homology dimension zero
(HO) and one (H1) were trained individually and together. Similarly, features coming
from upper and lower level sets were trained one by one and together. Then features
from all delay embeddings and level sets were combined and used as a full feature
set. Before training the algorithms, constant features (e.g. full zeros) and features
with a correlation higher than .9 were removed. This step was specifically essential
since some machine learning algorithms such as Linear Discriminant Analysis are
very sensitive to multicollinearity. The correlation heatmaps show that features were
moderately correlated within sensors, and weakly correlated or not correlated between
sensors (Figure 4.5). Then, features were normalized to the range [0, 1] on both the

training and the test set.
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Figure 4.5 : Correlation heatmaps for WESAD and DriveDB.

4.2.4 Learning algorithms

The original WESAD study used five classifiers: Decision tree, Random forest (RF),
AdaBoost Decision Tree (AB), Linear discriminant analysis (LDA), and k-nearest
neighbor. Three of them (RF, AB, LDA) attained the highest accuracies for some

signals. In addition to these three, we used a support vector classifier (SVC).

The tree-based models (RF and AB) were trained on 100 trees with a maximum
depth of 5, and the SVC model was trained with a linear kernel and regularization

parameter set to 0.1. We used the scikit-learn library [41] implementations of the
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learning algorithms. For the reproducibility of our findings, we set the parameter

random_state to 0 in our stochastic models.

4.2.5 Cross-validation

For all datasets, we used binary (stress vs. non-stress) classification models, but for
WESAD and DriveDB datasets, we also used ternary classification models. Leave
One Subject Out Cross-Validation (LOSOCV) method was used for all datasets. This
method is similar to the k-fold cross validation if we let k be the number of participants,
and each fold to be a participant’s data. That is, the learning algorithm is trained on
all subjects but one, tested on the remaining subject, and then the results are averaged
(Figure 4.6). The biggest conceptual advantage of this method is that it helps us know
how the model performs on a previously unseen participant. Furthermore, no data
leakage between the train and test sets happens even when the sliding windows overlap

highly.

|Subject 1|Subject 2|Subject 3| --- [Subject N
|Subject 1|Subject 2|Subject 3| -+ [Subject N
|Subject 1|Subject 2[Subject3| -~ [Subject N——  Averaged
|Subject 1|Subject 2|Subject 3| -+ [Subject N

O Train @ Test
Figure 4.6 : Leave One Subject Out Cross Validation (LOSOCYV).

‘ Subject 1‘ Subject 2 ‘ Subject 3 ‘Subjcct /V‘\) Average

’ Subj‘ect 1‘ Subject 2 ‘ Subject 3 ‘Subjcct N‘/

‘ Subject 1 ‘ Subject 2‘ Subject 3 ‘Subjcct N ‘\) Average Averaged
‘ Subject 1 ‘ Subj‘ect 2‘ Subject 3 - ‘Subject N‘/

‘ Subject 1 ‘ Subject 2 ‘ Subject 3 ‘ - ‘Subj#ct N‘\ Average

\ Subject 1 \ Subject 2 \ Subject 3 \Subﬁcm\/7

[0 Train [@ Test [J Not used

Figure 4.7 : Intra-subject cross-validation.

In order to assess how much of the performance is due to individual differences, we
also used an intra-subject cross-validation. For this, we consider only data from a

single participant, split each condition in half, then use the first halves to predict the
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second, and vice versa (Figure 4.7). The mean accuracy gives the accuracy for that

subject, and averaging over all subjects gives the overall accuracy.
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S. RESULTS

5.1 Synthetic Dataset

For the synthetic dataset, we used an SVM classifier on all topological features for
every signal. We used 60s windows and LOSOCV method to make our results

comparable across datasets.

For the RESP signal, our baseline respiratory rate was 15 respirations per minute (rpm).
To simulate stress conditions, we increased the respiratory rates from 16 rpm to 20 rpm
with increments of 1 rpm. The success rate of our models in distinguishing baseline
from the stress increased as we increased the stress levels measured by an increase in
the respiratory rate. Our models were highly successful for 16 rpm. Furthermore, our
models worked almost perfectly for 17 rpm and higher even in the presence of high

noise (Figure 5.1).
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Figure 5.1 : Recognition accuracies as a function of respiratory rate with baseline 15
rpm.

For the ECG signals, the baseline heart rate was 70 bpm. To simulate the stress
conditions, we gradually increased the heart rate from 71 bpm to 75 bpm with
increments of 1 bpm. Our models distinguished the baseline from all stress levels

nearly perfectly, even in the presence of high noise (Figure 5.2).

In our last analyses, we changed the underlying stress indicator. For this part of the
study, the variability in the heart rate is assumed to be the main indicator of a stress

condition. For this synthetic dataset, the mean heart rate for the baseline was 70
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Figure 5.2 : Recognition accuracies as a function of heart rate with baseline 70 bpm.

bpm with a standard deviation of 1. To simulate the stress condition, we increased
the standard deviation from 2 to 5 with increments of 1 as we kept the mean heart
rate at 70 bpm. While our model was very successful in distinguishing the low
stress condition (standard deviation 2), they performed nearly perfectly in high stress

conditions (standard deviations 3 to 5) even in the presence of high noise (Figure 5.3).
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Figure 5.3 : Recognition accuracies as a function of standard deviation of the heart
rate with baseline 1.

5.2 WESAD Dataset

Our findings from LOSOCV showed that our automatically created topological
features were as effective as the signal-specific features in distinguishing different

affect state conditions. We show our results in Table 5.1 and Table 5.2.

For the ternary classification problem (Table 5.1), a support vector classifier on all
topological features yielded 81.35% accuracy and with an Fj-score of 73.44%. For
almost all signals in WESAD, our automatically created features identified the affective
states better than the original study. The most dramatic difference was in the ACC
signals. For the chest ACC, our model performed 17% better, while for the wrist ACC,
our model performed 11% better. This was followed by ECG, EMG, and wrist EDA

where our model performed 10%, 6%, and 10% better than the original study. In almost
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all cases, our model performed the best when all topological features were combined

as a full feature vector using an SVM classifier.

Table 5.1 : Ternary classification problem accuracies for WESAD.

Delay Level
Embeddings Sets

All  Original

CIf Acc Dgm Acc  Dgm Dgms  Findings

Chest
ACC SVC 7234 2fs 69.77 Upper 7447  56.56
ECG SVC 76.27 Ifs 66.11 Upper 72.72  66.29
EMG SVC 59.00 1fs 54.64 Both  59.67 53.99

EDA LDA 6631 .5fs,HO 66.56 Upper 70.03 67.07
TEMP LDA 5475 1fs,H1 53.02 Upper 4892  55.68

RESP SVC 68.46 2fs 70.73 Both 75.57 72.37
Wrist

ACC RF 68.02 .5fs 67.28 Upper 68.65 57.20

BVP SVC 71.64 1fs 60.67 Lower 73.41 70.17

EDA RF 69.23  2fs 70.50 Both 72.07 62.32

TEMP LDA 55.87 .5fs 5479 Upper 5493  58.96

All chest SVC 7885 1fs,HO 7534 Upper 77.96 76.50
All wrist RF  73.93 2fs 71.94 Upper 7472 75.21
All SVC 80.63 Ifs 80.56 Lower 81.35  79.57

We have got a clear separation in the confusion matrix (Figure 5.4). The model
performed better in distinguishing stress from non-stress. Most classification errors

were between the baseline and amusement conditions.

Baseline 6959 253 1127
Stress 251 4184 109

Actual

Amusement 841 247 1264
@ S o
‘6’&52\\‘\ %\‘25 \see‘“e
Predicted

Figure 5.4 : Three-class problem confusion matrix for WESAD.

For the binary classification task (Table 5.2), the highest accuracy and the
corresponding F1-score were 94.46% and 93.26%. For nearly all physiological signals,
we obtained higher accuracies with topological features. Again, the ACC signals

captured the stress state very well: the accuracy for the chest ACC increased by 14%
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and for the wrist ACC by 12% compared to the original study. The improvements for
the ECG, EMG, and wrist EDA signals were 3%, 6%, and 5% for the binary task.

Table 5.2 : Binary classification problem accuracies for WESAD.

Delay Level
Embeddings Sets

All  Original

Clf Acc Dgm Acc  Dgm Dgms  Findings

Chest
ACC RF 87.69 .5fs,HO 84.82 Both 84.18 73.87
ECG LDA 88.70 1fs,HO 81.62 Both 85.23 85.44
EMG LDA 73.07 Ifs 68.03 Lower 69.75 67.10
EDA LDA 76.57 1fs,H1 8155 Lower 8149 81.70
TEMP SVC 70.19 .5/ 70.19 Both  68.07 69.49
RESP LDA 81.72 .5fs 87.75 Both  90.10 88.09

Wrist
ACC RF 82.95 .5fs 82.81 Both 83.52 71.69
BVP LDA 85.21 Ifs 72.51 Lower 84.03 85.83
EDA RF 81.19 2fs 84.01 Upper 85.11 79.71

TEMP RF 7144 .5fs 70.00 Both  70.02  69.24

Allchest SVC 8932 1fs,HO 9197 Lower 9179 92.83
All wrist SVC 88.77 2fs 87.04 Lower 88.55  87.12
All SVC 9291 2fs,H1 9295 Both 9446 92.28

We obtained the highest accuracies when features from all persistence diagrams used
together in both ternary and binary classification tasks. However, not every persistence
diagram contributed equally to the accuracy. For instance, if we used only the upper
level set persistence of all physiological signals, we would end up with 61 features
(a much smaller set of features than the one used in the original study) yet having

reasonably high accuracies (79.61% and 92.47%) for the ternary and binary tasks.

We expected higher accuracies when the window size gets larger. The subwindowing
method allowed us to run the same learning algorithms for different sliding window
sizes without extra computational cost. For this purpose, we rerun the learning
algorithms using several window lengths ranging from 10 to 300 seconds. Our intuition
turned out to be true: longer window sizes implied higher accuracy for most signals
(Figure 5.5). In particular, the accuracies for 300 second windows were as high as

89.86% and 96.42%, respectively for the ternary and binary tasks.

All of the analyses above were done using LOSOCV. A curious question at this point

is to ask how much of these errors stem from individual differences. To answer this
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Figure 5.5 : WESAD accuracies for different window sizes.
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Figure 5.6 : LOSO and intra-subject cross-validation accuracies for WESAD.

question, we used an intra-subject cross-validation. We split the data for each subject
in each condition into two subsets. Then we used one half to train and the other half
to test the model, and vice versa. The sliding window size was again chosen to be 60

seconds. In Figure 5.6, we compare these methods.

The difference was most pronounced in the ternary task. For instance, our intra-subject
model performed 45% better than our LOSO model for subject 0 (SO). To test this
effect, we ran two repeated measures f-tests. For the ternary classification problem,
our intra-subject model performed significantly better than our LOSO model. Our
intra-subject model had an average accuracy of 96%, while our LOSO model had 81%
with significance p < .05. Unfortunately, the accuracies for the binary classification
task did not reach a statistical significance of p < .05 even though the mean accuracy
was higher for the intra-subject rather than the LOSO model. This null finding is
probably due to the ceiling effect. These findings indicate that when training and test
sets contain data from the same subject, the learning algorithms perform significantly

better.

5.3 DriveDB Dataset

The cross-validation scheme of the original DriveDB study is different than ours.
They used 300-second non-overlapping windows with a leave-one-out cross-validation

scheme where the model is trained on all windows but one, and tested on the
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remaining. So, they mix windows from all subjects. Since we wanted to keep our
method consistent across datasets, we again followed the same LOSO and intra-subject

cross-validation methods we used for WESAD.

The accuracy for our ternary LOSO model was 85.81% with an Fj-score of 79.68%
when we used 60s windows (Table 5.3). Our binary LOSO model performed
significantly better: 98.07% accuracy with an Fj-score of 97.97% (Table 5.4). A
noteworthy observation is that the highest accuracies were obtained from the RESP
signal. This indicates that the stress levels of drivers can be accurately measured

using only one signal. This greatly reduces the number of features for the learning

algorithms.

Table 5.3 : Ternary classification problem accuracies for DriveDB.

Delay Level
Embeddings Sets
All

CIf Acc Dgm Acc  Dgm ns
ECG RF 5332 2fs,H1 58.49 Upper 56.68
EMG RF  66.87 .5fs 69.14 Upper 66.49
Foot GSR RF 7930 .5fs 79.60 Both  80.08
Hand GSR RF  67.26 2fs,HO 65.42 Upper 65.80
HR SVC 5930 Ifs,H1 59.80 Both 60.61
RESP SVC 81.28 .5fs 85.71 Both  85.81
All SVC 82.50 .5fs,H1 85.15 Both  80.59

Table 5.4 : Binary classification problem accuracies for DriveDB.

Delay Level
Embeddings Sets
All

CIf Acc Dgm Acc  Dgm Dgms
ECG RF  65.74 2fs 71.11 Upper 67.61
EMG RF 7954 1fs,HO 82.04 Both 7991
Foot GSR RF  90.83 .5fs 92.26 Upper 91.88
Hand GSR RF 8247 1fs,HO 78.75 Upper 81.44
HR SVC 73.83 Ifs 71.06 Both  74.67
RESP RF 9327 1fs,HO 98.07 Both 95.54
All RF 9496 .5fs,H1 96.24 Upper 95.39
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Similar to the WESAD findings, we again found a separation between stress and
non-stress conditions (Figure 5.7). The learning algorithms could easily distinguish

relax from city and highway conditions.
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Figure 5.7 : Three-class problem confusion matrix for DriveDB.

Also in this dataset, a greater window size had a positive effect on classification
accuracies (Figure 5.8). When the window size is 300 seconds, our models had 91.19%

and 96.96% accuracies for the 3- and 2-class tasks, respectively.
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Figure 5.8 : DriveDB accuracies for different window sizes.
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Figure 5.9 : LOSO and intra-subject cross-validation accuracies for DriveDB dataset.

Lastly, we tested if there are any differences in the accuracies of our intra-subject
and LOSO models for 60s windows (Figure 5.9). To accomplish this task, we
ran two repeated measures r—tests for the ternary and binary classification tasks

separately. Although the mean accuracies were higher for intra-subject rather than
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LOSO cross-validation, the r—tests did not reach statistical significance of p < .05.
We believe that the null findings are a consequence of small sample size and ceiling

effect.
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6. CONCLUSION

The primary goal of this dissertation was to show the power of persistent homology in
time series classification tasks. We tested our topological feature engineering pipeline
on a synthetic and two real-world stress detection datasets (WESAD and DriveDB). As
common in previous studies, we created sliding windows which constituted the labeled
training instances. The subwindowing method we developed (which was previously
used in [42] for a non-topological setting) allowed us to inspect how a (sliding) window
behaves locally, and how this local behavior varies over time. Also, subwindowing
helped us reduce noise and use long windows without incurring extra computational
cost. The automatically created topological features did not require domain expertise
for stress recognition, and yielded higher accuracies than the accuracies reported in the

original studies.

Our feature engineering pipeline was briefly as follows. For each window of duration
60 seconds, we created 4-second subwindows within it. Each subwindow describes the
local behavior of the window it belongs to. Then, persistence diagrams were computed
from subwindows using upper and lower level sets and time delay embeddings of
different embedding dimensions. A number of features were calculated from each
persistence diagram such as the bottleneck amplitude or persistent entropy. These
features were robust to noise (at least under some loose assumptions) and they were
merged together to get a single topological feature vector for each subwindow. To get
a single feature vector for a 60-second window, the mean and standard deviation of
the subwindow feature vectors was calculated, and merged into a single vector. The
subwindowing method helped us realize each 60-second window as the average and
standard deviation of the local topological snapshots in it. These feature vectors were
then fed into classical machine learning algorithms. Different window sizes were also

tested.

In the existing literature, feature engineering methods usually rely on signal-specific

features, such as heart rate derived from an ECG signal. The biggest contribution
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of this work was to create an automatic topological feature engineering pipeline
that is robust to noise and that yields higher accuracies with relatively fewer
features. Furthermore, subwindowing allowed us to make continuous stress
detection/measurement with little extra computational cost. For any two successive
60-second windows that differ by a subwindow, the feature engineering pipeline only
required to compute features from that subwindow. Consequently, feature engineering
becomes multiple times faster. In fact, once a feature vector for a window was
computed, computing features for the next one did not depend on the window size.
For both real datasets, we tested for different window sizes (from 10s to 300s) and
observed that longer windows implied better stress detection. Given this result, the

advantage of subwindowing method is immediate.

The computational complexity of the standard persistent homology algorithm is O(n?)
(see [29] for slightly lower upper bounds). Thus, whenever we double the size
of the dataset, it will take approximately eight times more time to compute the
persistence diagram. Since subwindowing creates tiny subwindows from a window,

this disadvantage of feature engineering via persistent homology vanishes remarkably.

We used two cross-validation methods, and compared the results.
Leave-one-subject-out cross validation scheme is done by training the model on
all participants but one, and testing on the other. This method allows us to assess
how much a model can generalize to a previously unseen participant. When every
participant appears on the test set once and only once, the results are averaged. We
also used an intra-subject cross validation. Each participant’s data is split into two.
We train the model on one half and test on the other, and vice versa. This way, we
know how much a participant’s own data contains information about their affect and
stress state. Once a cross validation score is obtained for every participant, the results
are averaged on all participants. The results indicated that using oneself’s own labeled

data as training notably improved stress recognition performance.
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6.1 Limitations and Future Work

We aimed to build an automatic topological feature engineering pipeline that works
nicely on time series classification tasks. However, not every time series exhibit
a different topological structure for different classes. For instance, vertical and
horizontal shifts, or flipping around the y axis create topologically invariant time
series. Therefore, effects such as “increased skin temperature” cannot be captured
by topological features. Also, even some classes differ topologically, the generated
features can be dominated by others if the class difference looks like a topological
noise. For example, the topological features of an ECG signal is dominated by “QRS
interval” where the largest peak occurs. A difference appearing at “ST interval” can be
difficult to classify using topological features. Hence, one has to append signal-specific

features to the topological features to obtain state-of-the-art stress detection accuracies.

The two real-world datasets used in this work contained physiological signals
measured under stress and non stress conditions. The data were collected using
different devices whose sensors were placed on different places of the body. Also, the
datasets had different sampling frequencies, and had different levels of preprocessing
in their raw form. Thus, it was conceptually problematic to apply features obtained
using either dataset on the other. A future study can address this issue by applying
the topological features coming from the WESAD study on another dataset again
collected via Empatica E4 (the wrist-worn device used in WESAD) to see whether

we can transfer the stress-detecting features from one dataset on the other.

The two cross validation methods in our study indicated that using one’s own data as
training is more effective in distinguishing stress than using other people’s labeled data.
In practice, a person does not spend time labeling their affect/stress state. So, a future
study can create a semi-supervised setting where we have the participant’s unlabeled
data, and a fitted machine learning model trained on other participants’ labeled stress

data. Such as study will likely perform better than the results of LOSOCV.

Lastly, we created only a few features from a persistence diagram and used a small

number of learning algorithms. A later study can include other vector representations
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of a persistence diagram, and use it with more complex machine learning algorithms

such as xgboost for improved accuracy.
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