ISTANBUL TECHNICAL UNIVERSITY * GRADUATE SCHOOL

BIHARMONIC AND BICONSERVATIVE SUBMANIFOLDS
OF LORENTZIAN SPACE FORMS

Ph.D. THESIS

Aykut KAYHAN
(509172205)

Department of Mathematical Engineering

Mathematical Engineering Programme

Thesis Advisor: Assoc. Prof. Nurettin Cenk TURGAY

DECEMBER 2022






ISTANBUL TEKNIK UNIiVERSITESI % LISANSUSTU EGIiTiM ENSTITUSU

LORENTZ UZAY FORMLARININ
BIHARMONIK VE BiKONSERVATIF ALTMANIFOLDLARI

DOKTORA TEZi

Aykut KAYHAN
(509172205)

Matematik Miihendisligi Anabilim Dah

Matematik Miihendisligi Program

Tez Damsmani: Do¢. Dr. Nurettin Cenk TURGAY

ARALIK 2022






Aykut KAYHAN, a Ph.D. student of ITU Graduate School of Science Engineering
and Technology 509172205 successfully defended the thesis entitled “BIHARMONIC
AND BICONSERVATIVE SUBMANIFOLDS OF LORENTZIAN SPACE FORMS”,
which he/she prepared after fulfilling the requirements specified in the associated leg-
islations, before the jury whose signatures are below.

Thesis Advisor : Assoc. Prof. Nurettin Cenk TURGAY  ...ooooiiiiiiiiieen.
Istanbul Technical University

Jury Members : Prof. Dr. Elif CANFES
Istanbul Technical University

Prof. Dr. Fiisun ZENGIN L.
Istanbul Technical University

Prof. Dr. Ugur DURSUN
Isik University

Asst. Prof. Emel KARACA
Ankara Haci1 Bayram Veli University

Date of Submission : 11 November 2022
Date of Defense : 16 December 2022






vii

To me in the future,






FOREWORD

I would like to the biggest thanks my advisor Assoc. Prof. N. Cenk TURGAY for
sharing all his knowledge with me and for encouraging me during the thesis. To be
honestly, i am grateful to my dear advisor.

I would like to thank Prof. Dr. Ugur DURSUN and Prof. Dr. Elif CANFES for taking
the time to listen and contribute to me during thesis work.

I would like to thank my family and new members of family for their support.

Finally, I would like to thank my friends who always ask when my thesis will be
finished.

December 2022 Aykut KAYHAN
(Mathematician)

iX






TABLE OF CONTENTS

Page
FOREWORD . IX
TABLE OF CONTENTS . XI
ABBREVIATIONS ... Xiii
SYMBOLS v XV
SUMMARY . . . . oo XXI
OZET .......... S .xxiii
1. INTRODUCTION ..... wo 1
2. PRELIMINARIES..... . w 5
2.1 Lorentzian inner product SPACE ........ccecueerruieeriuieenieeniieeenteeeieeesieeeireeseee e 5
2.2 Semi-Riemannian Manifold ...........cccccooiiiiiiiiiniiniiiececeeeeeeee 6
2.3 Submanifolds of Lorentzian Space Forms..........ccccoocviiiiiiniiiiniiiiiiineee 12
2.4 Biconservative Submanifolds .........cc..cooceiiiiiiiniiniiiie 17
3. CMC SURFACE IN LORENTZIAN SPACE FORMS. . 21
3.1 The Form of Shape OPEerators ............ccccueecueeruienienieeiienienie et eseesee e 21
3.2 Examples of Biconservative Surfaces in E ..........cooovvuriierneinsinrenieenns 23
3.3 Local Classification Theorem.........cccccevieriiiiiinieniiiieieecceeeeee e 28
3.4 CMC Surfaces in ST and H ..o 33
4. HYPERSURFACE IN MINKOWSKI 4-SPACE. . 37
4.1 Biconservative Hypersurfaces in E‘It ............................................................... 37
4.2 Uniqueness of Biconservative Hypersurfaces .........c..cccoeveevviienieiinieeneennne 40
4.3 Local Classification of Biconservative Hypersurfaces..........ccccoccveevveennennnee. 43
5. HYPERSURFACES IN MINKOWSKI 5-SPACE . 55
5.1 The Form of Shape Operators ............ccceeeriieriiieeniieniieeniee e 55
5.2 grad H 1S ENLIKE .....oveeeniiiieeieeeee e 56
5.3 grad H 1S SPACEIIKE .....ovvieiiiiiiiiicciececee e 58
6. SUBMANIFOLDS IN MINKOWSKI SPACE IN ARBITRARY DIMEN-
SION. . . . . . . .. 63
6.1 Biconservative Hypersurfaces with Mean Curvature Function Whose
Gradient is Light-like in E71 Lo 63
7. CONCLUSIONS . . w 79
REFERENCES.... . 81
CURRICULUM VITAE . . . .. 86

xi






ABBREVIATIONS

CMC : Constant mean curvature
MCGL : Mean curvature whose gradient is light-like
PNMCV : Parallel normalized mean curvature vector

xiil






SYMBOLS

M : Submanifold

Ni, No,N : Normal vector field of submanifold

S"=1(c) : m — 1 dimensional pseudo-sphere with index s, curvature ¢, centered at the origin
H"™ '(—c) :m— 1 dimensional pseudo-hyperbolic sphere with index s, curvature —c,

centered at the origin

: Metric tensor of the ambient space and the submanifold, respectively.
: Levi-Civita connection of the ambient space
: Levi-Civita connection of the submanifold

: Van Der Waerden-Bortolotti Connection

: Normal connection

: Shape operator

: Second fundamental form

: Mean curvature vector

: Curvature tensor of the ambient space

: Curvature tensor of the submanifold

: Normal curvature tensor

: Scalar curvature

: Laplace operator

<4 << <%
oQ

|7

e

XV






BIHARMONIC AND BICONSERVATIVE SUBMANIFOLDS
OF LORENTZIAN SPACE FORMS

SUMMARY

In 1964, Eells and Sampson gave the definition of biharmonic maps as a generalization
of harmonic maps during they were studying on the energy functional E between
Riemannian manifolds which has geometrical and physical interest. Later, many
geometers interested in biharmonic maps.

By the definition, a biharmonic map ¢ : M — N between two Semi-Riemannian
manifolds is a critical point of the bienergy functional

E2(9) = 5 [ 156 P

where
7(¢) = trace Vd ¢

is the tension field of ¢ that vanishes for harmonic maps. If ¢ is a biharmonic isometric
immersion into N then M is said to be biharmonic submanifold of N.

In the middle of 1980’s, Chen studied biharmonic submanifolds in Euclidean spaces as
a part of his program of understanding finite type submanifolds in Euclidean spaces.
He gave an alternative definition of biharmonic submanifolds in Euclidean spaces.
That definition is also same for pseudo-Euclidean spaces: If the position vector field
x: M — E" satisfies
A’x=0

then M is called biharmonic submanifold, where A denote the Laplacian of M. By the
well known Laplace-Beltrami identity this equation is equivalent to

AH =0,

where H is the mean curvature vector of M. In the mean time, independently, Jiang
showed that a smooth map ¢ is biharmonic if and only if its bitension field 7,(¢)
(which corresponds the Euler-Lagrange equation of bienergy functional) vanishes
identically, i.e.,

Tz((l)) =0.

Jiang also showed that 7,(¢) = 0 if and only if AH = 0 for an isometric immersion
¢ : M — E". As aresult, definitions given by Chen and Jiang coincide for the class of
Euclidean and pseudo-Euclidean submanifolds.

Biconservative submanifolds arose from the theory of biharmonic submanifolds.
Stress-energy tensor for the energy function described by Hilbert was expanded for
the bienergy function as follows

$1(X,7) = S [(0)P(X.Y) + (do,V(9)) (X, ¥)
(o (X),VyT(9)) — (0 (), VxT(9))
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satisfying divS; = —(12(9),d¢) . In general, a submanifold is called biconservative
if divS, = 0. It means (7(¢))” = 0. Indeed, this is equivalent to (AH)? = 0 when
the ambient space is pseudo-Euclidean. Because, for the isometric immersion into E",
7(¢) = —mH and 1o(¢) = mAH.

In this thesis we study on the biconservative submanifolds and biconservative
hypersurfaces of the Lorentzian space forms and we also obtained some results related
biharmonic ones. This work consists of seven sections and these sections were planned
as follows:

In the first section, we give a brief history and philosophy of biharmonic and
biconservative submanifolds and studies has been done so far.

In the second section, we give some basic notions of the submanifold theory on
Lorentzian inner product space and biharmonic submanifolds.

In the third section, biconservative surfaces with constant mean curvature (CMC) in
Minkowski 4-space E‘lt is studied. Firstly, we determine the canonical forms of the
shape operator and then we give some examples of such submanifolds in E?- Later,
we classify biconservative CMC submanifolds in IE‘I‘. Then, we generalize all results
to the CMC surfaces of ST and H.

In the fourth section, we examine the biconservative hypersurfaces in Minkowski
4-space E‘l‘. In particular, we study hypersurfaces with non-diagonalizable shape

operator A satisfying

H
A(VH) = —%VH,

where n and H are the dimension and the mean curvature of the hypersurface,
respectively. We determine the canonical forms of the shape operator, the mean
curvature, sectional curvature and Levi-Civita connection of this hypersurface.
Afterwards we give the necessary and sufficient condition for this hypersurface to be
biconservative. Later we classify the biconservative hypersurface in IE‘.‘It and show the
uniquniess of them.

In fifth section, we examine the biconservative hypersurfaces with certain shape
operator in Minkowski 5 space E? We give some non-existence theorems.

In the sixth section, we examine the biconservative submanifolds with mean curvature
whose gradient is light-like in E]. We give some non-existence results.

In the last section, the obtained conclusions are shared and recommendations are made
about the future of the problems.
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LORENTZ UZAY FORMLARININ
BIHARMONIK VE BIKONSERVATIF ALTMANIFOLDLARI

OZET

1964°te Eels ve Sampson enerji fonksiyonelinin geometrik ve fiziksel ozellikleri
tizerine calisirken harmonik tasvirlerin bir genellestirilmesi olarak k-harmonik tasvir
tanimun1 literatiire sundular. Sonrasinda bir ¢ok geometrici biharmonik tasvirler
tizerine ¢aligmalara bagladi.

ki yari-Riemann manifold arasindaki bir ¢ : M — N tasvirine,
7(¢) = trace Vd ¢

ile ¢ tasvirinin gerilme alanmi gosterilmek iizere, eger

1
Ex=3 [ 1%@)IPv,

seklinde tanimlanan bienerji fonksiyonelinin kritik noktasi ise biharmoniktir denir.
Ozel olarak ¢ bir izometrik daldirma ise 7(¢) = mH denklemi saglanir ki burada m ve
H, M manifoldunun, sirasiyla, boyutunu ve ortalama egrilik vektoriinii gostermektedir.

1980°li yillarin ortalarinda, Chen, Oklid uzaylarm sonlu tipten altmanifoldlarmin
yapisinin anlagilmasi iizerine ¢alisirken bu ¢alismanin bir pargasi olarak biharmonik
altmalifoldlar1 calismustir. Oklid uzaylarin biharmonik altmanifoldlarinin alternatif
tanimini vermistir. Bu tamimin, sonradan yar1-Oklid uzaylar icin de dogru oldugu
anlagilmistir. Bir E? yari-Oklid uzayinin bir M altmanifolduna, eger x yer vektorii,
A%x = 0 denklemini sagliyorsa biharmoniktir denir ki burada A ile Laplace operatérii
gosterilmigtir. Laplace-Beltrami formiiliinden dolay1 bu kosul, M altmanifoldunun H
ortalama egrilik vektoriiniin
AH =0

denklemini saglamasidir.

Hemen hemen aymi zamanlarda Jiang bienerji fonksiyonelinin Euler-Lagrange
fonksiyonu tizerine calisirken bu fonksiyonun ¢ tasvirine karsilik gelen bigerilim alam
oldugunu gostermis ve bunu 7, (¢ ) ile ifade etmistir. Bu kavram asagidaki sekilde ifade
edilir:

7(9) = —At(9) — trace R" (¢, 7(9))d¢.

Burada RV izometrik olarak daldirilan uzaym Riemann egrilik tensoriidiir. Ayrica bir
¢ tasvirinin biharmonik olabilmesi i¢in gerek ve yeter kosulun 7,(¢) = 0 esitliginin
saglanmas1 oldugunu gostermistir. Bundan yaklasik kirk yil sonra Caddeo v.d.
yaptiklari calismada izometrik daldirma ¢ : M — [E7 i¢in



esitligi saglanmasinin gerek ve yeter kosulunun
AH =0

oldugu gostermislerdir. Sonug olarak, Chen ve Jiang tarafindan verilen biharmoniklik
tamimlar1 Oklid ve yar1-Oklid uzaylarin altmanifoldlari igin birbirlerine denktirler.

Bikonservatif altmanifoldlar, biharmonik altmanifoldlardan ortaya ¢ikmistir. Hilbert
tarafindan 1924’te tanimlanan stress-enerji tensoriiniin, divS; = —(72(¢),d¢) olmak
izere, bienerji fonksiyonlarina genigletilmesi

$2(X,7) = S [(0) P(X.Y) + (d9, V2(9)) (X, ¥)
{0 (X),VyT(9)) — (do (1), VxT(9))

seklinde verilmistir. Eger divS, = 0 ise ¢ tasvirine bikonservatif tasvir denir. Ozel
olarak, ¢ tasviri bir izometrik daldirma ise bu kosul (Azx)T = 0 denkleminin veya,
Laplace-Beltrami formiiliinden dolay1, (AH)” = 0 denkleminin saglanmasina denktir.

Bu tez calismasinda Lorentz uzay formlarmin bikonservatif altmanifoldlar
calisilmistir. Ayrica yine Lorentz uzay formlarinin biharmonik altmanifoldlar ile ilgili
baz1 sonuclar elde edilmistir. Bu ¢alisma yedi boliimden olugsmaktadir ve asagidaki
gibi planlanmugtir:

Ik boliimde biharmonik ve bikonservatif alt manifold fikrinin tarihsel gelisimi
verilmigtir. Giiniimiize kadar olan ¢caligmalar 6zetlenmistir.

Ikinci boliimde bu tezde faydalamlacak temel tanim ve teoremlere yer verilmistir.
Biharmoniklik ve bikonservatiflik denklemleri verilmistir.

Uciincii  béliimde, 4-boyutlu IE‘{' Minkowski uzayinda, karsit boyutu 2 olan
sabit ortalama egrilikli (CMC) bikonservatif altmanifoldlar iizerine caligilmistir.
Sekil operatorleri, bikonservatiflik denklemi i¢in 6nemli oldugundan oOncelikle
altmanifoldun sekil operatoriiniin kanonik formlar1 elde edilmistir. 4-boyutlu E‘l‘
Minkowski uzayinda , bikonservatif altmanifoldlar ile ilgili ornekler verilmistir.
Daha sonra IEI‘Il uzayinin bu tiirden bikonservatif altmanifoldlarinin siniflandirilmasi
yapilmis ve bu durum de Sitter S‘l1 ve anti-de Sitter H—]I‘l1 uzaylar i¢in de incelenmistir.
Buna Ilave olarak, de Sitter uzayindaki S?’ bir bikonservatif yiizeyin biharmonik
olabilmesinin gerek ve yeter kosulu gosterilirken anti de Sitter IHI‘I1 uzayindaki
biharmonik manifoldlarin varligi incelenmistir. Var olan biharmonik yiizeyler ile ilgili
ornekler verilmigtir. Yine bu boliimde yari-minimal alt manifoldlarin bikonservatiflik
durumu incelenmis ve bu 6zellige sahip bir yiizey parametrizasyonu verilmistir.

Dordiincii boliimde, 4-boyutlu IE‘]1 Minkowski uzayinda, kosegenlestirilemeyen sekil
operatoriine sahip bikonservatif hiperyiizeyler incelenmistir.  Hiperyiizeyler ic¢in
bikonservatiflik denklemi H
A(VH) = —%VH,

seklindedir. Burada H ve n, sirasiyla, altmanifoldun ortalama egriligi ve boyutudur. Bu
boliimde oncelikle bir hiperyiizeyin sekil operatoriiniin kanonik formlar1 belirlenmis
ve hemen ardindan ortalama egriligi, kesitsel egriligi ve Levi-Civita konneksiyonlari
bulunmustur. Daha sonra Frobenius Teoremi’nden faydalanilarak hiperyiizey iizerinde
0zel bir koordinat sistemi inga edilmis ve bir hiperyiizeyin bikonservatif olabilmesi
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icin gerek ve yeter kosullar verilmistir. Ayrica bu tiir hiperylizeylerin teklik durumu
incelenmis ve lizerine bir teorem verilmis ve daha sonra bikonservatif hiperyiizeylerin
tam bir siniflandirilmasi yapilmistir.

Besinci boliimde, 5-boyutlu IE? Minkowski uzayinda iki asli egrilikli, kosegenlestirile-
meyen sekil operatoriiniin belirli bir kanonik formuna sahip hiperyiizeyler tizerinde
calistimistir.  Bu boliimde bu tiirden bikonservatif hiperylizeylerin varlik durumu
incelenmistir. Verilen teoremler ile bu duruma kesin bir sonug getirilmistir.

Son boliimde, keyfi boyutlu ]E’fJrl Minkowski uzayinda ortalama egriligin gradyenti
1s1ksal olan (MCGL) bikonservatif hiperyiizeyler iizerinde calistlmistir. Oncelikle bu
hiperylizeye ait sekil operatorii ve ikinci temel form katsayilar1 belirlenip ardindan
konneksiyon formlar1 bulunmustur. Bu tiir bir hiperyiizeyin varlik durumu incelenmis
ve verilen bir teorem ile bu duruma kesin bir sonug getirilmistir.

Son boliimde elde edilen sonuglar paylasilmis ve problemlerin gelecegi hakkinda
Onerilerde bulunulmustur.
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1. INTRODUCTION

The study of biharmonic submanifolds began with the independent works of B.-Y.
Chen and G.-Y. Jiang in the middle of 1980’s after Eells and Lemaire introduced the
notion of k-harmonic map to classify maps between two Riemannian manifolds [1].
For k = 2, a biharmonic map ¢ : M — N is defined as a critical point of the bienergy
functional E>(¢) = % [3,[|7(9)[|>ve, where 7(¢) is the tension field associated to ¢.
By computing the first variational formula, a btharmonic map ¢ is characterized by the

vanishing of the associated bitension field:4
() = —At(¢) — traceR" (d¢, 7(¢))d¢p = 0. (1.1)

A biharmonic isometric immersion ¢ : M — N or (¢(M)) is called as biharmonic
submanifold. The study of biharmonic submanifolds has attracted great attentions of

geometers.

In Chen’s program of studing the finite type submanifolds of Euclidean space, Chen
gave an alternative definition of biharmonic submanifold of a Euclidean space to be a
submanifold with harmonic mean curvature vector field, [2]. Let M be a submanifold
of the Euclidean space E" with the mean curvature vector H and position vector x. H
is said to be harmonic if the equation AH = 0 is satisfied. Note that this condition
is equivalent to the equation A%x = 0 because of the well-known Laplace-Beltrami
Formula Ax = mH . Caddeo, Montaldo and Oniciuc seems to be the first persons to use

the term of biharmonic submanifolds of Riemannian manifolds in [3].

In the mean time, G.-Y. Jiang, began to study biharmonic submanifolds of Riemannian
manifolds as biharmonic isometric immersions: In [4], the first and second variational
formulas of E, are defined. In particular, it is proved that the definition of Chen is

equivalent to the definition of Eells and Lemaire.

One of the fundamental problems in the study of biharmonic submanifolds is to classify

such submanifolds in a model space. So far, most of the work done has been focused



on classification of biharmonic submanifolds of Riemannian (also semi Riemanninan)

space forms.

It is easy to prove that a minimal isometric immersion is biharmonic. However, in [2]
B.-Y. Chen claimed that the converse of this holds if the ambient space is Euclidean

and the following conjecture proposed:

Chen’s Biharmonic Conjecture: A biharmonic submanifold of Euclidean space is

minimal.

Although many geometers has obtained affirmative partial solutions on this conjecture,

the problem is still open, [5].

On the other hand; R Caddeo ef al. showed that Chen’s conjecture is not true on

Euclidean sphere. One of the basic example is the canonical inclusion

pesm(L ) cm () cgmim,

V2 V2

which is a non-minimal biharmonic immersion, [3].

A submanifold is said to have parallel normalized mean curvature vector field
(PNMCV) if the unit vector field in the direction of the mean curvature vector field
is parallel in the normal bundle. Before proceed, we would like to add that a weaker

version of Chen’s biharmonic conjecture has been recently proposed in [6] as follows.

Chen’s weaker Biharmonic Conjecture: There do not exist biharmonic submanifolds

in Euclidean spaces with a parallel normalized mean curvature vector.

On the other hand, biconservative submanifolds arise as the vanishing of the
stress-energy tensor of the bienergy. Biconservative hypersurfaces in E3 and E*
were studied for the first time in 1995 by Hasanis and Vlachos, [7]. In that paper,

biconservative hypersurfaces was called as H-hypersurfaces.

Caddeo et al. introduced the concept of biconservative immersions from the principle
of a stress-energy tensor of the bienergy. An isometric immersion ¢ : M — N is said to
be biconservative if its associated divergence of the stress-bienergy tensor is zero [8].

In [9], this tensor was expressed as

$2(X,Y) = %I\T((P)H2<X>Y> +(d¢,V1(9))(X,Y)
—(d9(X),Vy1(9)) —(d9(Y),Vx1(9)) (1.2)
2



which yields divS; = —(12(¢),d¢). Note that for an isometric immersion ¢, divS, =

(t(¢))T. In general, a submanifold is called biconservative if divS, = 0.

In the last decade the theory of biconservative submanifolds proved to be a very
interesting research topic. Although a biharmonic submanifold is biconservative,
the converse of this does not hold in general. This theory arose from the theory of
biharmonic submanifolds, but the class of biconservative submanifolds is richer than

the later one.

Results in [8] and [7] showed that biconservative hypersurfaces in Riemannian 3-space
forms and Euclidean 4-space must be either a surface with constant mean curvature

(CMQ) or rotational surfaces.

In pseudo-Riemannian setting, Chens’s biharmonic conjecture doesn’t hold for
submanifolds in a E}'. For example in [10] and [11] Chen and Ishikawa gave some
examples of non-minimal biharmonic surfaces in the semi-Euclidean space E¥ for

s = 1,2. In particular in [10] an isometric immersion x into I[:?flt defined by

for a smooth function ¢ satisfying A@ # 0 and A>¢ = 0. This isometric immersion is
biharmonic and its mean curvature vector is given by H = —%(A(p, A@,0,0). However,
biharmonicity for hypersurfaces in pseudo-Euclidean space implies minimality in
some special cases. For example, it was shown in [11] that any biharmonic surface
in Minkowski 3-space is minimal, and in [12] that every biharmonic Lorentzian
hypersurface in E‘l‘ is minimal. So, many geometers has been attrachted to study
the biconservative hypersurfaces in pseudo-Riemannian space. However, in [13]
the author showed that any non-CMC biconservative surface in Minkowski 3-space
is locally either a revolution of surface or a null scroll. It is interesting that null
scrolls, claimed to be biconservative, appear in the classification results, which have no
counterparts in Euclidean case. However, by a direct computation it can be observed
that a biconservative immersion is not biconservative. Moreover, it was shown that

biconservative surfaces in S? and H? are either CMC or rotational surfaces [13].

In Riemannian space forms, when then codimension is greater than or equal to 2,
parallel mean curvature vector (PMCV) surfaces in space forms are automatically

biconservative, while surfaces with constant mean curvature (CMC) are not. Montaldo

3



et al. in [14] gave a complete classification of CMC biconservative surfaces. They
proved that a CMC biconservative surface in 4-dimensional space form of non-zero
constant sectional curvature with codimension 2 is PMC. In [15], Dorel et al. classified
nonminimal biconservative surfaces with parallel mean curvature vector field in S"” x R

and H" x R.

In [16] and [17] Sen and Turgay showed that PNMCV biconservative surface is
congruent to certain rotational surface in E*. Moreover, in [16], it was shown that
there is no biharmonic PNMCYV surface in E*. In [18], PNMCV biconservative m

dimensional submanifolds were studied in E”2 and its canonical forms were obtained.

In this thesis biconservative and biharmonic submanifolds in Lorentzian space forms

are studied. This thesis consists of seven sections and these are planned as follows.
In section 2, basic definitions and facts are summarized.

In section 3, the classifications of biconservative CMC surface in Lorentzian space

forms, Ef, S and H{ are obtained.

In section 4, the biconservative hypersurfaces with non-diagonalizable shape operator

in I[:ii‘lt are completely classifed.

In section 5, nonexistence of the biconservative hypersurface with certain

non-diagonalizable shape operator in E? are proved.
In section 6, biconservative hypersurfaces in arbitrary dimension are studied.

The last section is devoted to the conclusions and recommendations about the problems

discussed in this thesis.



2. PRELIMINARIES

In this chapter some useful definitions, theorems and lemmas for thesis are given by

using [19] and [20].

2.1 Lorentzian inner product space

Definition 2.1.1. A symmetric bilinear form on a finite-dimensional real vector space

V is an R-bilinear function B : V x V — R such that B(u,v) = B(v,u) for all u,v € V.

A symmetric bilinear form B, for v € V and v # 0, is called
e positive definite if B(v,v) > 0,

e positive semi-definite if B(v,v) > 0,

e negative definite if B(v,v) < 0,

e negative semi-definite if B(v,v) <0,

e nondegenerate if B(u,v) = 0 for all u € V implies v = 0.

Definition 2.1.2. The index of a symmetric bilinear form B on V is the dimension of a

largest subspace W C V on which By is negative definite.

Definition 2.1.3. An inner product g on a finite-dimensional real vector space V is
a nondegenerate symmetric bilinear form. If a vector space V equipped with g then

(V,g) means an inner product space.
Definition 2.1.4. Let (V, g) be an inner product space and 0 # v € V. Then, v is said to
be

* space-like if (v,v) > 0,

o time-like if (v,v) <0,

* null or light-like if (v,v) = 0.

Definition 2.1.5. For an orthonormal basis {e},ez, - ,e,} of an inner product space
V, we have
gleiej) = &6,  &=glei,e;) ==l, (2.1)
5



where 6;; is the Kronecker delta,

1, ifi=j
5, = e 2.2)
0, ifi#j.

Every vector v € V can be expressed in a unique way as

n
v=Y e&g(veie (2.3)
i=1
for an orthonormal basis {ej,e,---,e,} of an inner product space V, the number of
negative sings in the singature (€1, &, ,&,) is the index of V.

Lemma 2.1.6. Let (V, g) be an inner product space with the index k. Then the count of

time-like vector in an orthagonal (or orthonormal) base of V is equal to k.

An inner product space (V,(,)) is said to be Lorentzian if its index is 1. In this case, a

pseudo-orthonormal basis can be considered:

Definition 2.1.7. If V is a vector space with a Lorentzian inner product (),

{e1,er;e3,e4- ey} is called pseudo-orthonormal if
(e1,e1) =0 = (e2,e2) = (e1,€;) = (e2,€;),(e1,e2) = —1,{ej,ej) = &;; (2.4)

are satisfied for 3 <i,j <n.

2.2 Semi-Riemannian Manifold

Definition 2.2.1. A differentiable manifold of dimension # is a set M and family & =
{(Uq,xq) : o € I} of injective mappings xq : Uy C R" — M of open sets Uy of R” into
M such that:

(D) Uxa(Ua) =M.

[0
(2) For any pair a, B € I with xq(Ug) Nxg(Ug) =W # 0, the sets x,' (W) and x[;] (W)
are open sets in R” and the mapping x[;l o xq 1s differentiable,

(3) The family & is maximal relative to the conditions (1) and (2).

Definition 2.2.2. Let M be a manifold and p € M. A tangent vector at p is areal-valued

function, i.e.;



(DX (af +bg) = aX(f) +bX(g),

2)X(fg) =X(f)g(p)+ f(p)X(s),
where a,b € R and f, g are differentiable functions defined on M.

Let T,M be the set of all tangent vectors to M at p then the usual definitions of
functional addition and scalar multiplications make 7,M a vector space over R. So,

T,M is called the tangent space to M at p.

Definition 2.2.3. A metric tensor g on a differentiable manifold M is a symmetric
non-degenerate (0,2) tensor field on M of constant index, i.e., g assingns to each point

p € M a scalar product g, on the tangent space T,M,

g TMxT,M — R
(X7Y) — g(va)p:<X7Y>P

and the index of g, is the same for all p € M. The pair (M,g) is called a
semi-Riemannian manifold or a pseudo-Riemannian manifold. The index s (0 <s <
dim M) of the metric tensor g is called the index of semi-Riemannian manifold. If s =0
then M is called a Riemanian manifold, and each g, is a positive definite inner product
on T,M. If s = 1 then M is called a Lorentz manifold and corresponding metric is said

to be Lorentzian.

Definition 2.2.4. Let (M, g) be a semi-Riemannian manifold. A vector field X on M is
amap X : M — TM such that

X, =X(p) e T,M

X i1s said to be space-like, time-like or null if for all p € M X, is space-like, timelike or

null.

Definition 2.2.5. Let M be a manifold with the local coordinates x,xp,---,x, and
Ox;, 0, , 0y, be the usual coordinate vector fields on a coordinate neighborhood on

M. Then the tangent space and p of M is
TyM = span{0dy,,0x,, - , 0k, }-

Theorem 2.2.6. If x1,x2,- - ,X, is an coordinate system in M at p, then its coordinate

vector dx,,0x,,- - , O, form a basis for the tangent space T,M and for all X € T,M

X=Y X(x'). (2.5)



Definition 2.2.7. Let X and Y be differentiable vector fields on a differentiable
manifold M. Then Lie bracket of X and Y is defined as

X,Y]=XY -YX. (2.6)
Let f be a dif and only ifrentiable function defined on M. Then

(X, Y](f) =X(¥(f) =Y (X(f))- 2.7

Definition 2.2.8. A k-dimensional distribution D on M is a map which assigns to every

point p € M a vector subspace D), of T,M.

Definition 2.2.9. A k-dimensional distribution D on M is said to be involutive if
X,YeD=[X,Y]€D.

Corollary 2.2.10. A [-dimensional distribution is involutive.

The following theorem is called Local Frobenius Theorem.

Theorem 2.2.11. Let D be an involutive k-dimensional distribution on M. Then for

every p € M, there exists a coordinate patch U,x1,x»,- - , X, such that

D = span(0dy,,0x,, - ,0kx,)- (2.8)

We are going to give the following Lemma which can be prove by Local Frobenius

Theorem.

Lemma 2.2.12. If T’ and T" are two involutive distributions on manifold M which
are complementary at every point of M, then for a point y of M, there exist a
local coordinate system x1,xy,--- ,x, starting from 'y such that (0y,,0y,, - ,0x,) and
(0/0xk i1, ,0/dxy) form local basis for T' and T" respectively. In other words, for
any set of constants (C1,--+ ,Ck,Ckr1,"** ,Cn), the equations x; = ci,1 < i <k (resp.,

xj =cj,k+1< j<n))define an integral manifold of T" (resp., T').

We also need the following direct result of this Lemma.

Corollary 2.2.13. If X, Y are two linearly independent vector fields on a 2-dimensional
manifold and [X,Y| = 0, then there exists a coordinate system (s,t) such that X = d
andY = o,.



Proposition 2.2.14. If XY and Z are differentiable vector fields on manifold M and

a,b are real numbers and f,g are differentiable functions, then
(1) [va] = _[va],

(2) [aX +bY,Z] = a[X,Z] + b]Y,Z],

(3) [[X,Y],Z]+ Y, 2], X]+[[Z,X],Y] = O,

(4) [FX,gY] = f8[X, Y]+ fX(g)Y —gY (f)X.

Moreover, if x1,x2,+++ ,Xn is a local coordinate system, then [0y;,dx;] = 0 for all 1 <

Lj<n
Definition 2.2.15. Let x (M) be the set of all vector fields on M. An affine connection

V on a differentiable manifold M is a mapping
Vix(M)xx(M) = x(M),  VxY¥ =V(X,Y),
and which satisfies the following properties:

(1) VixyovZ = fVxZ+gVyZ,

(2) Vx(Y +2Z) = VxY +VxZ,

() Vx(fY) = fVxY +X(f)Y,

forall X,Y,Z € x(M) and f,g € C*(M).

Definition 2.2.16. Let M be an manifold and V be a connection on M. Let U be an

open setin M and ey, ey, - ,e, is a local frame field on U.
Vxe; = Z (D,'j(X)ej (2.9)
j=1

is called the connection I-forms @;j on U.

Definition 2.2.17. There exists a unige connection V on a pseudo-Riemannian
manifold (M, g), satisfying
VxY — VyX = [X,Y] (torsion free), (2.10)
Z(X,Y) =(VzX,Y)+(X,VzY) (metric compatible). (2.11)
This connection, called the Levi-Civita connection, is characterized by Kozsul formula,
that is,
zg(VXY7Z) = Xg(sz) +Yg(27X) —Zg(X,Y) —g([X,Y],Z) _g([Y7Z]7X)

—g([Z,X],Y). (2.12)



Definition 2.2.18. Let M be a pseudo-Riemannian manifold and V be a connection on
M. Let U be an open neighbourhood in M and x1,x»,- - ,x, are the local coordinates
on M. Then

Vi, 0 = %

£ O (2.13)

the functions Fé‘j are called Christoffel symbols of the connection V.

Definition 2.2.19. For a pseudo-Riemannian manifold (M,g) with Levi-Civita
connection V, the function R : (M) x (M) x x(M) — x (M) defined by

R(X,Y)Z=VxVyZ—VyVxZ—VxyZ

is a (1,3) tensor field which is called the Riemannian curvature tensor. Moreover, we

have (0,4) tensor defined by R(X,Y,Z,W) = (R(X,Y)Z,W).

Definition 2.2.20. At a point p € M, a 2-dimensional linear subspace 7 of the tangent
space T,M is called a plane section. For a given basis {u,v} of the plane section 7, we

define a real number by

O(u,v) = (u,u)(v,v) — (u,v)>. (2.14)
The plane section 7 is called nondegenerate if and only if Q(u,v) # 0.

Definition 2.2.21. For a nondegenerate plane section 7 at p, the number

(R(u,v)v,u)
O(u,v)

is independent of the choice of the basis {u,v} for m, which is called the sectional

Ky (u,v) = (2.15)

curvature K (7) of 7.

A pseudo-Riemannian manifold M is said to have constant curvature if its sectional

curvature is constant. In this case its curvature tensor R satisfies
R(X,Y,Y,X)=cQ(X,Y), (2.16)
where c is the sectional curvature of M.

Definition 2.2.22. The Ricci tensor of pseudo-Riemannian n manifold M, denoted by
Ric, is a symmetric (0,2) tensor defined by
Ric(X,Y) =trace{Z — R(Z,X)Y }, (2.17)
10



or equivalently

Ric(X,Y) =) &(R(e;,X)Y,e), (2.18)
i=1

where {e1,e,---,e,} is an orthonormal frame. Ric (X,Y) is independent of the choice

of orthonormal frame. Ricci curvature Ric (u) is defined by Ric (1) = Ric (u, u).

Definition 2.2.23. The scalar curvature S of M is defined by

S=1Y K(eiej), (2.19)
i<j
where e1,e3,- - - , ey, is an orthonormal frame of M. The scalar curvature S is indepenent

of the choice of the orthonormal frame.

11



2.3 Submanifolds of Lorentzian Space Forms

Let E} denote the semi-Euclidean n-space with index s whose metric tensor is given

by

N n
g=(,)=—Ydgody+ Y dyj®dx;, (2.20)
i=1 Jj=s+1
where x1,x2,...,x, is a Cartesian coordinate system in R".

Let ¢ be a nonzero real number and xo € E}. We put

1 a0,¢) = {v € B (r—x0,v—10) = ., CE)

1
Hg’_l(xo,—c) ={xeE]: (x—xp,x—x0) = _E}’ (2.22)

where (,) is the associated scalar product. (2.21) and (2.22) are known as a pseudo
sphere and pseudo-hyperbolic sphere, respectively. The point xq is called the center
of §"!(xg,c) and H"!(xg, —c). If xg is the origin of the pseudo-Euclidean spaces
then, we denote S"~1(0,¢) and H"~!(x,—c) by S*~!(c) and H"~!(—c), respectively.
Throughout this thesis, we denote the m-dimensional Lorentzian space form with
constant sectional curvature § € {—1,0,1} by L”*(6) by taking 6 instead of c¢. In

fact, we have

Smoif§ =1,
L"(8)={ E™ if&=0, (2.23)
H? if § = —1,

where EY', ST" and HY' stand for the m-dimensional Minkowski, de Sitter and anti-de

Sitter spaces, respectively.

12



Definition 2.3.1. Let M,N be two differentiable manifolds of dimensions m,n,
respectively. A differentiable mapping x : M — N is said to be an immersion if

dxp : T,M — TN is injective for all p € M.
Definition 2.3.2. A manifold M is a submanifold of a manifold N provided that

1) M is a topological subspace of M.

2) The inclusion map i : M — N is smooth and its differential is one-to-one.

The dif and only iference dim/N — dimM is called the codimension of M in N. If
N is a semi-Riemannian manifold and nondegenerate metric of submanifold M has a
constant index at each point p € M, then M is called a semi-Riemannian submanifold

of semi-Riemannian N.

Let M be an m-dimensional semi-Riemannian submanifold of I."(8). We denote by
V and V Levi-Civita connections of M and IL"(8), respectively. Then, Gauss and

Weingarten formulas are given by

VxY = VxY+h(X,Y) (2.24)
and

Vx& = —Ag(X)+VyE, (2.25)

respectively, for any vector fields X,Y tangent to M and & normal to M, where h is the
second fundamental form, A is the shape operator and V- is the normal connection.
Denote the curvature tensor of M and L"(8) with R and R, respectively, and let
R* stand for the normal curvature tensor of M (in L”(§)). Then, the integrability

conditions, called Gauss, Ricci and Codazzi equations,
RX,Y)Z = S((Y,2)X —(X,Z2)Y) + Ay 2X —Anx 2)Y, (2.26)
RN (X,Y)E = h(X,AgY)—h(A:X,Y), (2.27)
(Vyh)(X,Z) = (Vxh)(Y,2) (2.28)
are satisfied, where the covariant derivative VA of h is defined by
(Vxh)(Y,Z) = Vyh(Y,Z) —h(VxY,Z) — h(Y,VxZ). (2.29)
Moreover, the second fundamental form and the shape operators are related by

(h(X,Y),8) = (AeX.Y). (2.30)
13



On the other hand, the mean curvature vector H of M is defined by

1
H = —traceh 2.31)
m

and its norm ||H|| = |(H,H)| 1/2 is called the mean curvature of M.

Definition 2.3.3. A pseudo-Riemannian submanifold M is called CMC if its mean

curvature is constant i.e., ||[H|| is constant.

Definition 2.3.4. A pseudo-Riemannian submanifold M is called minimal if the mean
curvature vector H vanishes identically, i.e., H = 0. If ||H|| = 0 and H # 0 at each

point of M, then M is said to be quasi-minimal.

Definition 2.3.5. The metric connection V+ defined by (2.24) is called the normal
connection. A normal vector field & on M is said to be parallel if V-& = 0 holds
identically. In particular, M is said to have parallel mean curvature vector if V-H = 0

holds identically.

Definition 2.3.6. Let M be a pseudo-Riemannian n-manifold and f € C*(M). The
gradient of f, denoted by V f, or by grad f, is a vector field dual to the differential d f.

(Vf,X)=df(X)=X(f), XexM). (2.32)
In terms of a coordinate system {x1,x,,...,x,} of M, we have
df = ; a—xjdxj (2.33)
]_
f
Vf= V_—9,. .
f ng 2,0 (2.34)

Definition 2.3.7. If X € (M) and {ej,ep,...,e,} is an orthonormal frame, the

divergence of X, denoted by divX, is defined by
n
divX =) €i(VeX,e) (2.35)

i=1

which is independent of the chosen frame.

Definition 2.3.8. The Laplacian of f € C*(M), denoted by Af, is defined by Af =

—div(Vf). In terms of an orthonormal frame field {ey,e3,...,e,}, we have

n

Af =Y (—gei(eif) + (Vee) f), (2.36)

i=1
14



where & = (e;, ;). In terms of coordinate system {xj,xp,...,x,}, we have

v i, 0%f v Of
Af=Y <_g1(ax,-axj_r’78_xk) (2.37)

ij=1

where g/ is an inverse of metric g defined on M.

Definition 2.3.9. An immersion x : M — N between two manifolds M and N of
dimension of m and n, respectively, is said to be hypersurface if codimension of the

immersion is 1. If N is Lorentzian then M is said to be Lorentzian hypersurface.

Theorem 2.3.10. [21] Let f: (M,g) — (M,§) and p : (M,g) — (M,§) be connected
hypersurfaces, where (M, §) is a Riemannian space form and let ® : TM J% — TMpL be

a vector bundle isomorphism such that
hp(X,Y) =®hp(X,Y) or hp(X,Y) = —Phs(X,Y), (2.38)

where hp,hy denote, respectively, the second fundamental forms of f and p. Then

there exists an isometry T: (M, g) — (M, §) such that p = T o f.

Definition 2.3.11. The trace of a bilinear mapping ¥ : V xV — V is

n
trace = ) &Y(e;,e), (2.39)
i=1
where € = (e;,¢;) and {ey,e3,...,e,} is an orthonormal basis of V.
In terms of a pseudo-orthonormal basis {ej,ez,...,e,} of V, we have
trace y = —y(er,e2) — Y(ez,e1) + ) &y(eiser) (2.40)

i=3

On the other hand, a linear endhomorphism A : V — V is said to be symmetric (or
self-adjoint) if
(AX,Y) = (X ,AY) (2.41)

whenever X,Y € V. Now, we will give the well-known following lemma.

Lemma 2.3.12. [22] A symmetric endomorphism A of an inner product space (V,{,))

with a Lorentzian inner product can be put into one of four forms:

15



1) When A is represented with respect to an orthonormal basis;

2) When A is represented with respect to an pseudo-orthonormal basis;

Casel. A ~

Casell. A ~

Caselll. A ~

CaselVA ~

ai

ao
—by

_ao 1
0 ap
K
[ ap 0
0 ap
-1 0

0

ap
bo
aop
ag

an-2

0
al ;
an—2 |
0
1
ao
ay
an—3 |

(2.42)

(2.43)

(2.44)

(2.45)

Here by is assumed to be nonzero. In cases (2.42), (2.43) and (2.44) the eigenvalues

are real, while ag £ ibg are eigenvalues in case (2.45).

Remark 2.3.13. Assume that a symmetric endomorphism A has the matrix

representation ) )
a b
ao
A= ai (2.46)
- aniz—
with respect to a pseudo-orthonormal base {€},é5;e3,...,e,}. Then, by defining e;

and e; by e = cé; and e; = %éz, one can get (2.44), where c is a suitable non-zero

constant.
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2.4 Biconservative Submanifolds

In this subsection, we give a summary of well-known facts about energy functionals

and relations between biconservative submanifolds and semi-Riemannian space-forms.

Definition 2.4.1. Let ¢ : (M,g) — (N,h) be a smooth map. Then the energy of ¢ is
defined by

1
E6) = [ lldg]v. 247

where v, is the volume element of g.

In terms of local coordinates {x'} on M and {u*} on N then d¢ = ¢*dx;0uy, where
0% = 2-¢% and

1d9|1% = g 9% 0P hep. (2.48)
We shall derive the equation (2.48). First, for the unit tangent vector field X, we have

ldg|> = h(do(X),do(X)), X =A%,
4 h<¢,~adx,~8ua(li8xi),d)fdxj(?uﬁ(?tjaxj))
= 09! Wtjh(auwauﬁ). (2.49)

Note that g(X,X) = 1 gives A'A/ = g since g(X,X) = A'A/g(dy;,0x;) = 1. So the

above equation implies (2.48).

Definition 2.4.2. Let ¢ : M — N be a smooth map, ¢; be a variation of ¢ such that

oo = ¢ and 87?[!::0 =V and let V be a vector field on N. Then, 7(¢) = tr,Vd¢ is
: IE (1

called tension field of ¢, where VyE(¢;) = %h:o =—[(V,79).

In terms of local coordinates, we have
t(9) = (—A9% +T% 07 9757, (2.50)

Definition 2.4.3. A smooth map ¢ : (M, g) — (N, h) is harmonic if it is a critical point

of energy functional. This condition equivalent to 7(¢) = 0.

We want to notice that if ¢ = x is an isometric immersion, then 7(x) = mH. So x is

minimal if and only if it is harmonic.
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Definition 2.4.4. A smooth map ¢ : (M,g) — (N,h) is biharmonic if it is a critical

point of the bienergy functional
1 2
Ex0)=3 [ 5(0)]ve @51)
M

Moreover, the Euler-Lagrange equation associated with E>(¢) is given by the

vanishing of the bitension field as
7(¢) = —A?7(¢) — traceR" (d¢, 7(¢))dp = 0. (2.52)
Definition 2.4.5. A map ¢ satisfying the condition

(12(9),d¢) =0 (2.53)

is said to be biconservative. Note that an isometric immersion ¢ = x is biconservative

if and only if the tangential part of 7, (x) vanishes identically, that is,

(m(x)" =0. (2.54)

Letx: (Q,g) — (N,£) be an isometric immersion between semi-Riemannian manifolds
and let us put M = x(Q). By splitting 7, (x) into its tangential and normal components

and considering (2.52), one can obtain the following proposition. (See, for example,

[14]).
Proposition 2.4.6. [14] x is biharmonic if and only if the equations
mgrad |H|)* + dtrace Ay (+) +4trace (R(-,H))" =0 (2.55)

and

—AYH 4 trace h(Ag(+),-) + trace (R(-,H)-)* =0 (2.56)

are satisfied, where m is the dimension of M and A" is the Laplacian associated with

%

Note that (2.54) implies

Proposition 2.4.7. [14] x is biconservative if and only if the equation (2.55) is

satisfied.

18



If N is a semi-Riemannian space form, we have
trace (R(.,H).)T =0. (2.57)
Therefore, we have the following result:

Proposition 2.4.8. Let M be a hypersurface of the Minkowski space E?“, s=0,1
with the shape operator A and mean curvature H. M is said to be biconservative if the
Jfollowing equation

H
A(gradH) + 8%gradH =0 (2.58)
holds where € = (N,N), i.e.,

. {_1, if M is Riemannian (2.59)

1L if M is Lorentzian

is satisfied.

Now, we consider the case (N,g) = L"(0) and assume that M is a CMC surface. In

this case, we have ||H || = const. and
R(X,H)Y = —8(X,Y)H (2.60)

whenever X,Y are tangent to M. Therefore, one can conclude that M is biconservative
if and only if
traceAy. () = 0. (2.61)

Moreover, the equation (2.56) turns into
—ALH +traceh(Ag(+), ) — 8mH = 0. (2.62)

Remark 2.4.9. If M is a submanifold of L."(0) with parallel mean curvature vector,
then the equation (2.55) is trivially satisfied. Therefore, we are going to call a
biconservative submanifold as ‘proper’ if it has no open part with parallel mean
curvature vector. We would like to note that surfaces in I.”(5) with parallel mean

curvature vector are classified in [23] (See also [24]).
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3. CMC SURFACE IN LORENTZIAN SPACE FORMS

In this section, we study biconservative CMC surfaces in ]E‘l‘. Note that the article [25]

contains all results appearing in this section.

3.1 The Form of Shape Operators

When M is a Lorentzian surface there exists a semi-geodesic local frame field.

Proposition 3.1.1. [26] Let M be a Lorentzian surface with the metric tensor g. Then,

there exists a local coordinate system (s,t) such that
g=—(dt®@ds+ds®dt)+2fds®ds. 3.1

Furthermore, the Levi-Civita connection of M satisfies

V8 = 0, (32)
Vods = Vyd=—fa, (3.3)
Vasas = ftas+(2fft_fS)at- (3.4)

Remark 3.1.2. If M is a Lorentzian surface, then at each point p, there exist two
linearly independent vectors v and w. Furthermore, any null vector is proportional to
either v or w. The coordinate system (s,#) in the proceeding Lemma can be chosen so

that o; is proportional to either one of them.

Lemma 3.1.3. Let M be a Lorentzian surface, p € M and A be a symmetric
endomorphism of T,M. Then, by choosing an appropriated base for T,M, by Lemma

2.3.12, A can put into one of the following three canonical forms:
ai
0

ai
0

ai
—b

Case (i). A= { 6?} with respect to an orthonormal base {ey,e,},
2

1
Case (ii)). A= { 4 ] with respect to pseudo-orthonormal base {e},e;},
1

Case (iii). A= { f] with respect to orthonormal base {e},e,},

where b is a non-zero constant.
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On the other hand, if M is a surface in L4(8), & = 41, we are going to put V for
the Levi-Civita connection of E%, where 8 = %. Consider an isometric immersion
x:(Q,g) — L*(8) with x(Q) C M. Leti:L*(8) C R? be the inclusion and put £ = iox.
Then, we have

h(X,Y) = i.(h(X,Y)) — 8g(X,Y)%, (3.5)
where /i denotes the second fundamental form of M in IEZ%

Lemma 3.1.4. Let M be a proper biconservative surface in I1L*(8) with non-zero CMC

and consider the orthonormal frame field {Ny,N,} of its normal bundle such that
H =cNj. (3.6)

Then, we have two cases:

Case 1: The shape operator Ay, has the matrix representation

0 1
[0 O} 3.7

with respect to an approriately chosen pseudo-orthonormal frame field {e;,e>} of the

tangent bundle of M.

Case 2: Ay, satisfies An,X = 0 whenever X is tangent to M.

Proof. Let M be a proper biconservative surface with CMC. Define the 1-form @34 by
@34(X) = (VxNy,Ny). (3.8)

Then, (2.61) takes the form
trace ((V2N1,N2)An, (+)) = 0. 3.9

Since Ay, is symmetric, it can be put into one of three forms given in case (i), (ii) and
(i11) of Lemma 3.1.3. We are going to consider these cases seperately. Note that in
each of these cases we have

traceAy, =0 (3.10)
since H = c¢N; and the equation (2.31).

Case (i). There is an orthonormal frame field {e;,e,} such that

ki O
w0 ]
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for a smooth function k;. Thus, (3.9) turns into

emy(er)kier — maq(ez)kier =0, (3.12)

where we put € = (e1,e;) = £1. Therefore, since M is proper biconservative, we have
w34 # 0. So, the equation above yields that the open subset & = {p € M|k (p) # 0}

must be empty. Consequently, we have Case 2 of the Lemma.
Case (ii). There is a pseudo-orthonormal frame field such that
k1
AN, = [ 0 & } (3.13)
for a smooth function k. By considering trace Ay, = 0, we obtain Case I of the lemma.

Case (iii). There is an orthonormal frame field {e},e>} so that

Yy O

for a smooth non-vanishing function y because trAy, = 0. In this case, (3.9) becomes

An, = { p _7] (3.14)

8(034(61)7614—(034(62)’)/62 =0 (3.15)

which gives @ms4(e;) = m34(ep) = 0 because y # 0. However, this is not possible unless

H is parallel. 0

3.2 Examples of Biconservative Surfaces in I['I‘,‘ll

First, we obtain the following family of biconservative surfaces in IE‘IL which has no

counter part in the Euclidean 4-space.
Proposition 3.2.1. Let o, : [ — ]E‘l‘ be smooth functions satisfying
(B.B)=0, (B'.B")=c* (o,B)=~1. (3.16)
Then, the ruled surface given by
x(s,t) = a(s)+1B(s) (3.17)
has CMC and it is proper biconservative.

Proof. Let M be a surface given by (3.17) and assume that a, 3 satisfy (3.16). We

define functions ay,a»,a3,a4 by

ar = {(d,a'), a, = {d, B, az = (o, B"), as=(B",B"). (3.18)
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Then, e; = d; and ey = dy + fJ; form a pseudo-orthonormal frame field for the tangent

bundle of M because (3.17) implies

(e1,e1) = (9, 0) =0, (3.19)
(05,05) = (o +tB' o +1B')

= ay+2tay+12c2, (3.20)
(e2,02) = (3y,0s) +2£(d5,9,) =0, (3.21)
(e1,e2) = (0, 0;)={(a',B)=—1, (3.22)

where """ denotes the ordinary derivative with respect to s and we put
1
f(s, 1) = 3 (c2t2 +2tas(s) +ai(s)) . (3.23)

Also, we consider the orthonormal frame field {N;,N,} of the normal bundle of M

then one can choose N; as

1
N, :—E(B’—f—ftﬁ). (3.24)
Since (B, B) = 0 ,we have (Ny,e;) = 0. Moreover, by a direct computation, we get
1
(Niea) = ——(B'+fiB.o' +1f"+ ), (3.25)
fi = i +ax(s). (3.26)

Replacing (3.26) into (3.25) and using (3.16) gives (N}, e2) = 0. So, N is a unit normal

vector.

We want to notice that

Ve e2 = ¢res+hier,er) (3.27)
and
Vee1 =Xz =0. (3.28)
So
(Vee1,e2) = —(e1, Ve e2) = ¢ = 0. (3.29)

It follows 681 e> = h(ey,e2). So, with a direct computation

Veer = Vy(a +tB +fB) (3.30)
— B+ /B (3.31)
Y (3.32)
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and it follows that

H = —h(el,ez) = CN1. (3.33)
Moreover, (3.28) also gives
h(el,el) =0. (334)
We want to notice that
AN2€1 = —<AN2€1,62>61 — <AN261,61>62. (3.35)
By (2.30), (3.35) becomes
ANzel = —(h(el,ez),N2>€1 — <h(€],€1),N2>€2. (3.36)

Therefore, (3.34) and (3.33) implies
An,(e1) =0. (3.37)
By a direct computation we get
Ve, Ni = o). (3.38)

Note that the equation (3.33) yields that M has CMC. On the other hand, (3.37) and
(3.38) imply

traceAy.1y () = _AVeﬁH(ez)_AVézH(el) =0 (3.39)
which yields that M is also biconservative because (2.61) is satisfied. Now, we want to

show that H is not parallel. To do this we must calculate Va{H due to V-H =V H =
ViH because (3.38) gives Vth = 0 which means leH =0 So,

VaH =V, H+Tie; + T, (3.40)

where
7 = (VyH,e), (3.41)
7, = (VyH,ei), (3.42)

Note that a direct calculation by using (3.26) gives

VoH=—(B"+dsB + (c*t+ax(s))B). (3.43)
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Moreover, the first and the second equality of (3.16) gives

(B,B") = —c%. (3.44)

So, by using (3.44) we get
7 =c? (3.45)

and after direct calculcations and using (3.23), we have

2a3 — 2a3 — 24 1
T = ( “ “”’2 224 (20— 1)1 -5 (1-20) zz). (3.46)
Replacing (3.46) and (3.45) into (3.40) we get

- 205 — 2a3 — 2d’ 1
VoH = —< % a1—|—2a3 az+a2(202—1)t—§cz(1—2c2)t2)61—0262

LViH. (3.47)

Now, we want to notice that ViH = EN, and it gives E2 = <V$;H, ViH). So, we can

say, by using (3.40)

&= \/||633,H||2+2712+2T22 —27T17,. (3.48)

After straightforward computations, (3.48) becomes

E=1/d3(c2—2)+a1—2az+as+2ay (2 — 12+ (3= )2 (3.49)

Replacing (3.49) into (3.47) we get

- 2_ W
VoH = —(M—kaz(%z—l)t—%cz(l—Zcz)ﬂ)el—0262

(3.50)
+EN,.

Note that H is parallel if and only if & vanishes identical. Assume that H is parallel. If

we take a derivative & with respect to t we get

2ar(c* — 1) +2t(c* —¢)? = 0. (3.51)
Rearranging the above equation we get

2(c* = 1)* (az(s) +c*) =0, (3.52)

where ¢ doesn’t have to be 1 since we chose it arbitrary and nonzero. So, we have
a, = —c’t. But it gives a contradiction because a, depends only on s. This yields that

H is not parallel. O]
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Before we continue, we want to present an explicit example.

Example 3.2.2. The vector valued functions

1 ) .

B(s) = %(cosh(bs),smh(bs),cos(as),sm(as)) (3.53)
1 /1. 1 I . 1

als) = 7 (E sinh(bs), 5 cosh(bs), - sin(as), " cos(as)> (3.54)

satisfy the conditions given in (3.16) for ¢ = \/(a®+b2)/2. Therefore, the CMC

surface given by

x(s,t) = % (tcosh(bs) + % sinh(bs),t sinh(bs) + %cosh(bs)7
1

a

(3.55)

tcos(as) — Lsin(as),sin(as) + L cos(as))

is biconservative because of Proposition 3.2.1.
In the next two propositions, we obtain two families of biconservative cylinders in E‘l‘.

Note that there exists a similar family of CMC biconservative surface in the Euclidean

4-space (See [14, Proposition 5.2]).

Proposition 3.2.3. Let M be the cylinder in IEQ‘It given by

x(s,1) = (a1 (s), 0a(s), 03(s),1)

for an arc-length parametrized curve o = (04,0, 03) in E% with a non-null normal
vector field. Then M is proper biconservative and CMC if the curvature of & is constant

and its torsion is non-vanishing.

Proof. By the hypothesis, the vector fields Ny = (ny(s),n2(s),n3(s),0) and N, =
(b1(s),b2(s),b3(s),0) form a local orthonormal frame field for the normal bundle of M,
where n = (ny,ny,n3) and b = (b, by, b3) denote the unit normal and binormal vector

fields of & in E%, respectively. Then one can find easily that
Vaods=kNi(s), V30,=0,  V309,=0 (3.56)
which imply

h(ds,d5) = kNi(s),  h(dy,0) =0,  h(d,d)=0. (3.57)

By a direct computation using (3.57), we obtain

K
H=gaz-N, Ay =0, V3 Ni = &N, (3.58)
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Then, for some €1, &, € {—1,1} depending on the causality of n and b, respectively, K
and 7 are the curvature and torsion of «, respectively. Now, if K is constant, then M is

CMC. In this case, Ay, = 0 implies (2.61). L]

By a similar way, we have

Proposition 3.2.4. Let M be the cylinder in IE‘I1 given by

x(s,t) = (t,04(5), (s), 3(s)) (3.59)

for an arc-length parametrized curve o = (ay,0,03) in B*. Then, M is proper
biconservative and CMC if the curvature of Q is constant and its torsion is

non-vanishing.

We also want to give the following example of quasi-minimal biconservative surface

in E‘f.
Example 3.2.5. [10] Consider the surface in IE‘Il given by

for a smooth function y. A direct computation yields that its mean curvature vector is

H— Wuu+va(
2

~1,0,0,1) (3.61)

and it satisfies Ay = 0 since linearity property of the shape operator

. Y + lI’vvv

Ay = 5

(—=1,0,0,1) = 0. (3.62)

A further computation shows that (2.61) is satisfied and H is not parallel if v, + v,

1S not a constant.

3.3 Local Classification Theorem

In this subsection, we consider two cases given in Lemma 3.1.4 seperately in order
to obtain the complete classification biconservative CMC surfaces in the Minkowski

4-space.

Proposition 3.3.1. Let M be a proper biconservative surface in E? satisfying the Case

1 of Lemma 3.1.4. Then, it is locally congruent to the surface described in Proposition

3.2.1.
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Proof. Assume that M satisfies the condition given in the Case 1 of Lemma 3.1.4 for
a pseudo-orthanormal frame field {e;,e,,Ni, N>} and let @34 be as defined in (3.8).
We consider a local coordinate system (s,¢) defined on the open set & C M satisfying
the conditions given in Proposition 3.1.1 such that e; is propotional to d, (See Remark

3.1.2). Let x(s,¢) be a local parametrization of & C M. Then, we have
AN2 (51) =0and AN2 (52) = ’}/51 (363)

for a non-vanishing smooth function 7y, where we define &1, é, by

é1 = o, é) = ds+ ;. (3.64)
Note that (2.61) implies
(034(61) =0 (3.653)
and (2.30) gives
h(éy,é)) = h3 Ny, (3.65b)
h(él,éz) = CN1, (3.650)
h(é3,8) = h3,N; — YN, (3.65d)

for some functions h?l and h%z. We combine (3.65) with the Codazzi equation (2.28)

for X =ep,Y =Z =e; to get

ex(h}) = —2(Veer,ex)h,, (3.66)

b3 @z4(e2) = O. (3.67)

Since H is not parallel, (3.65a) and (3.67) imply h?l = 0. Consequently, (3.65b) and
(3.2) give
V30, =0 (3.68)

which yields x;; = 0. Therefore, we have (3.17) for some «, 3. By considering (3.1),
we get the first and the third equations in (3.16). On the other hand, V. e; =0
means V, e, = 0 and so @elez = h(ey,e2) = —H. So, by using (3.64), and a direct
computation, we obtain

H=—(B"+fiB) (3.69)

which yields the second equation of (3.16) because H has CMC. Hence, & is congruent

to the ruled surface given in Proposition 3.2.1. [
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Proposition 3.3.2. Let M be a proper biconservative surface in IEZ‘I1 satisfying the Case
2 of Lemma 3.1.4. Then, it is locally congruent to one of two cylinders described in

Proposition 3.2.3 and Proposition 3.2.4.

Proof. Assume that M satisfies the condition given in the Case 2 of Lemma 3.1.4 for
the frame field {N;,N,} of the normal bundle of M, p € M, and let @34 be the 1-form
by defined (3.8). Since M is proper biconservative, we have w34 # 0 outside of a subset
of M with empty interior. Note that H = 2¢N; implies trace Ay, = 2c. We are going to

consider three canonical forms of Ay, given in Lemma 3.1.3 seperately.

Case (i). There is an orthonormal frame field {e;,e,} such that

[k 0
Ay, = { i } (3.70)

for a smooth function k. We assume (e, e2) = 1 and put € = (ej,e;) € {—1,1}. In this
case, by a direct computation using the Codazzi equation (2.28) for X =e;,Y =Z =e;

and X = e,Y = Z = e, we obtain

(2¢ — ki) w3s(er) =0, (3.71a)
ekjma(er) =0, (3.71b)
e1(k) = 2c, (3.71¢)

er (ki) = —2c¢y, (3.71d)

where we define ¢; by V,.e; = ¢;e;.

First we assume @34(e;) =0 on M. Then, m34(ez) # 0 and (3.71b) implies k; = 0.
On the other hand, if m34(e;) # 0 on an open subset & of M, then (3.71a) and (3.71b)
imply k; = 2¢ and m34(ez) = 0, seperately. In both cases, (3.71c) and (3.71d) yield
that ¢ = ¢» = 0 on M. Therefore, we have V,e; =0, i, j = 1,2 which implies the
existence of a local coordinate system (s;,s2) such that e; = d;,, €2 = dy, defined in
a neighborhood .4, of p. Let x = x(s,¢) be a local parametrization of .4#,. We put
s1 = 8,50 =1t if @s4(ex) =0 and 51 =1,50 = s if w34(e;) = 0. In both cases, the

Gauss-Weingarten formula turns into
Vs =0,  V30,=0 (3.72)
which gives x;; = x;5 = 0. Therefore, we have

x(s,t) = a(s) +1Po (3.73)
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for an R*-valued function a and constant vector fy € E}. By considering that {d;, d; }
an orthonormal frame field, we obtain that .#), is congruent to one of two cylinders

given in Proposition 3.2.3 and Proposition 3.2.4.

Case (ii). Assume that there is a pseudo-orthonormal frame field {ej,e;} such that
c 1
AN, = [ 0 ¢ } . (3.74)
In this case, by combining Ay, = 0 and (3.74) with (2.30), we get

h(el,el) = 0, h(el,ez) = —ch,h(ez,ez) = —N1. (3.75)

By considering the Codazzi equation (2.28) two times by replacing,

e X =e¢1,Y =7 =e we get

Vﬁlh(eg,ez) —2h(Vee2,e20) = Vﬁzh(el,ez) —h(Ve,er,e1) —h(e1,Ve,e2)  (3.76)

SO,
—34(e1)N2 + 201 N1 = —cw34(e2)No. (3.77)
Hence, we obtain
¢1=0 (3.78)
34(e1) = cwza(er) (3.79)

oX:ez,Y:Z:el
ijh(el,el) — 2h(Veze1,e1) = Vﬁlh(ez,el) — h(velez,el) — h(ez,Ve,el) (3.80)
SO,

0= —cwsu(e))Ns, (3.81)

which gives m34(e;) = 0. Therefore, H is parallel because of (3.79). Thus it remains
to study the following case, since this kind of biconservative CMC surface has already

been classsified , [23].

Case (iii). Assume that there is an orthonormal frame field {e},e,} such that

ey
ANI_{—M]
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and (e;,e;) = —1, where ¥ is a smooth non-vanishing function. Note that we have
h(el,el) = —cNy, h(el,ez) = —YNy, h(ez,ez) = cNy. (3.82)

In this case, we use the Codazzi equation (2.28) to get

cang(er) +ywsa(er) = ywsa(er) —cwza(ez) =0 (3.83)

which implies
Ywsa(e1) = cwza(ez) (3.84)
—cw3y(er) = Y34 (e2) (3.85)

Multiplying (3.84) by v and (3.85) by —c and adding these equtions, we get

(Y + ) wsa(er) = 0. (3.86)

Therefore, we have @s4(e;) = 0. Furthermore, (3.84) gives w34 = 0 which yields a

contradiction. L]

By combining Proposition 3.3.1 and Proposition 3.3.2, we obtain the following

classification theorem.

Theorem 3.3.3. A surface M in E‘f is non-zero CMC and biconservative if and only if

it is locally congruent to one of the following four types of surfaces.

(i). A surface with parallel mean curvature vector,
(ii). A ruled surface described in Proposition 3.2.1,
(iii). A cylinder described in Proposition 3.2.3,
(iv). A cylinder described in Proposition 3.2.4.

Remark 3.3.4. The surfaces given in the case (ii) and case (iv) of Theorem 3.3.3 are
not proper biharmonic. On the other hand, if M is a cylinder given in the case (iii)
of Theorem 3.3.3, then it is biharmonic if and only if its profile curve is appropriately

chosen (See [10, Theorem 5.1] and [11, Theorem 5.1]).

Now, let M be a quasi-minimal surface in I[~3‘1L and consider the pseudo-orthonormal

frame field {N;,N,} of its normal bundle such that

trace Ay, trace Ay, N
2 2
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So, we have traceAy, = 0. Therefore, since M is Riemannian, we can choose

orthonormal tangent vector fields e, e; so that

klo}

An, :{ 0 —ki (3.88)

for some smooth functions k. Because of the definition of the quasi minimal surface,

we can define y1, v, by

VNI = Wi, VN, = —yiNs. (3.89)
Consequently, the biconservativity equation (2.61) implies

0 = traceAy. 4 (-) = Wikier — ykies. (3.90)
Thus we have :

yik =0, Yok =0. (3.91)

If k1 # O then (3.91) implies ¥, = y; = 0 which yields that H is parallel. Thus we
have k; = 0. Then Ay, = 0. Therefore we have Ay = 0. By using the exactly same
method in [10, Sect. 6], we observe that M is locally congruent to the surface given in

Example 3.2.5. Therefore, we have

Proposition 3.3.5. A quasi-minimal surface M in ]E‘l‘ is CMC and proper
biconservative if and only if it is locally congruent to the surface given in Example

3.2.5 for a smooth function Y such that W, + Y, is not a constant.

3.4 CMC Surfaces in S‘l‘ and H‘l‘

In this section, we consider CMC surfaces in non-flat Lorentzian space forms. First,

we obtain the following classification theorem.

Theorem 3.4.1. Let M be a surface in 1L*(8), 8 = £1. Then, M has non-zero CMC
and it is proper biconservative if and only if it is locally congruent to the ruled surface

parametrized by (3.17) for some o, B satisfying

(a,o) =0, (a,B) =0, (B,B) =0, (3.92a)
<,B7ﬁ>:07 <B/7ﬁ/>:1+c27 <(X/,ﬁ>:—1, (3.92b)

where c is the mean curvature of M.
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Proof. In order to prove the necessary condition, we assume that M is a proper

biconservative CMC surface. First, we consider the subset
F ={p € M|Ay,(X) = 0 whenever X € T,M}

of M and assume that its interior & is not empty. In this case, similar to the proof of

Proposition 3.3.2, we obtain that Ay, has the matrix representation

2¢ 0 } (3.93)

Ay, =
M { 0 0
with respect to an orthonormal frame field {¢},e,} on &, where c is the mean curvature

of M and recall that

Vel = dier, V1= —oiey, i=1,2. (3.94)

Let us consider the Codazzi equation (2.28) for X = e5,Y =Z =e; we get ¢» =0 and
for X =e1,Y =Z = e we get ¢ = 0. So, we have V.e; =0, i, j = 1,2 which yields
that & is flat. Then, we consider the Gauss equation (2.26) for X =Z =e¢1, Y = e,
to get e; = 0 on & which is not possible. Therefore, the interior of .% is empty and
Lemma 3.1.4 implies that Ay, has the matrix representation given in (3.7) with respect
to an appropriately chosen pseudo-orthonormal frame field {e;,e;} of the tangent

bundle of M.

We consider a local coordinate system (s,7) defined on the open set & C M
satisfying the conditions given in Proposition 3.1.1 and define é1,¢é> as given in (3.64).

Consequently, by using the Codazzi equation, we get
h(éy,é;) =0. (3.95)
By using this equation, when e; = d;, by (3.2) and (3.5) we obtain

V3,0 =0 (3.96)

which gives x;; = 0, where x = x(s,) is the local parametrization of &. Therefore, &
is congruent to a ruled surface (3.17) for some «, 3. Note that M is a submanifold of

L(9) then (x,x) = &. So, the following calculation

(o, 00) +2t(ct, B) +1*(B,B) = & (3.97)
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implies (3.92a), since e; = d; = B implies (B, ) = 0 and the coefficient of 2¢ equal
zero from being 6 = +-1 and also the metric (3.1) gives the first and the third equations

in (3.92b), since
(05,0r) = —1, (3.98)
(o ,B)+1(B'.B) = —1, (3.99)

where (', B) = 0 since f is a null vector.

A

Note that %&at = @elel = 0 gives @elez =0 and so @elez = fz(él,éz) = —H. By
considering (3.5), (3.17) and (3.64) we obtain

—A=—-H+8x=V;sé =B+ 1B, (3.100)
where H = cNj, then
(~H+6x,~H+6x) = (B'+fB.B'+fiB) (3.101)
+8 = (BB (3.102)
c+1 = (BB (3.103)

from which we get the second equation in (3.92b). Hence, &' is congruent to the ruled

surface given in the theorem.

The proof of the sufficient condition follows from a direct computation similar to the

proof of Proposition 3.2.1. [
Remark 3.4.2. In [14, Theorem 5.1], it was proved that there exists no CMC proper
biconservative surface in the non-flat Riemannian space forms S* and H?.

Next, we consider (2.62) for the surface given in Theorem 3.4.1 to obtain the

classification of biharmonic CMC surfaces.

Let M be the proper biconservative CMC surface in L*(§), § = 41 parametrized by
(3.17) for some vector valued functions «,f satisfying (3.92). We define ¢&;,¢é, as

given in (3.64) to get (3.38), (3.33) and rearranging (3.100), we have

H=38a+(5t—f)p—p. (3.104)

Note that (3.38) gives Ay, e; = cej from which it follows that

AN1 (62) = —h2261 —ceén (3.105)
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for a smooth function /;,. The Ricci equation (2.27) for X = e;,Y = e implies
RY(e1,e2)H = h(e1,Ages) —h(Apey,er). (3.106)

We know that V., e; = 0 and V,, e is proportional to e;. So, by combining all of them

and (3.33) with (3.106), we get
R (ey,e2)H = 0. (3.107)
By considering the left hand side of (3.107), we get

—AtH =0. (3.108)

On the other hand, by using (2.30) and (3.104), we get
trace h(Ag(+),-) = 2¢*H. (3.109)
By considering (3.108) and (3.109), we conclude that (2.62) is equivalent to

2(c*— 8)H = 0. (3.110)

Hence, we have the following results.

Theorem 3.4.3. Let M be a proper biconservative surface in the de Sitter space S‘l1

with the constant mean curvature ¢ # 0. Then, M is biharmonic if and only if ¢ = 1.

Theorem 3.4.4. There exists no proper biharmonic surface in the anti-de Sitter space

]I-]I‘l1 with non-zero constant mean curvature.

Next, we want to present an explicit example:

Example 3.4.5. The vector valued functions

1 . .
B(s) = 7 (cosh(bs),sinh(bs),cos(as),sin(as),0)

I /1. 1 1. 1 1 1
o(s) = 7 (Z sinh(bs), Ecosh(bs), - sin(as), Ecos(as),Z — 3 ﬁ)

satisfy the conditions given in (3.92) for § = 1 and c satisfying a® + b*> = 2(1 +¢?).
Therefore, the ruled surface
x(s,t) = % (% sinh(bs) +t cosh(bs), %COSh(bS) + sinh(bs),
—Lsin(as) + cos(as), 1 cos(as) + sin(as),2 — aiz — b—lz)
i1s a proper biconservative surface in S? with the constant curvature ¢ because of

Proposition 3.2.1. Furthermore, this surface is biharmonic in St if @ + b* = 4.
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4. HYPERSURFACE IN MINKOWSKI 4-SPACE

In this section, we consider biconservative hypersurfaces with non-diagonalizable
shape operator in E‘I‘. Before we proceed, we would like to refer to [27] for the
complete classification of biconservative hypersurfaces with diagonalizable shape

operator.

Remark 4.0.1. Before we proceed we want to notice that H means the mean curvature
for hypersurfaces in Lorentzian space forms while it means the mean curvature vector

for submanifolds of codimension 2.

Note that the results appearing in this section are contained in [28].

4.1 Biconservative Hypersurfaces in E‘l‘

Let M be a proper biconservative Lorentzian hypersurface with a non-diagonalizable

shape operator A in the Minkowski space IE‘I‘. Then, from the equation (2.58) we have

A(gradH) = gradH, “4.1)

where H is the mean curvature. Therefore grad H is a principal direction of M with the

corresponding principle curvature #

Remark 4.1.1. If M has constant mean curvature, i.e., grad H = 0, then the equation
(4.1) is satisfied trivially. Therefore, we are going to call a biconservative hypersurface

as ‘proper’ if grad H does not vanish at any point.

Now, assume that A is non-diagonalizable and we consider the canonical forms of A

given in Lemma 2.3.12. Consider the Case IV of Lemma 2.3.12

kk 0 O
A~ |0 Kk 1 (4.2)
—1 0 kK
from (4.1) we have k; = —37H, and so traceA = —97H but we have traceA = 3H from

(2.31). So it gives H = 0 which is a contradiction. So, Case IV of Lemma 2.3.12 is not
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possible. Moreover, A can not have the form given in the Case II of Lemma 2.3.12 due
to [29, Theorem 1.1]. Hence, we have the following two cases subject to the casuality

of gradH.

Case (i). There exists a pseudo-orthonormal base field {e},es,e3} such that

_3H/2 1 0
A~| 0 —3H/2 0|, 4.3)
0 0 6H

where the null vector e; is proportional to grad H.

Case (ii). There exists a pseudo-orthonormal base field {e},e;,e3} such that

9H/4 1 0
A~| 0 9H/4 0 |, 4.4)
0 0 —3H/2

where the space-like vector e3 is proportional to grad H.

Note that the Levi-Civita connection of M has the form

Veer = ¢ier +013(ei)es, (4.5a)
Veer = —@iex+ anz(ei)es, (4.5b)
Vel.eg = W3 (ei)el + (1)13(6,')62 (4.5¢)

fori=1,2,3. Here we define the connection forms w;; with wj(e;) = (V,e},er) and,
for simplicity, we put ¢; = —@j2(e;). In the following lemma, we prove that the Case

(i) above is not possible.

Lemma 4.1.2. Let M be a proper biconservative hypersurface of EAI' with
non-diagonalizable shape operator. Then, its shape operator A has the matrix

represantation given in (4.4) for a pseudo-orthonormal frame field {e},es,e3} such

_ gradH

that €3 = W

Proof. To obtain a contradiction we assume that A has the matrix represantation given

in (4.3) and e is proportional to grad H. Recall that gradient of H has the form

gradH = —ey(H)e) — e (H)ex +e3(H )es. (4.6)

So, we have

el(H) = €3(H) = 0, ez(H) 75 0. (4.7)



Note that the second fundemantal form of M satisfies

3H

h(el,el) = 0, h(el,ez) = 7, h(62,62) = —1, h(e3,e3) = 6H. (4.8)

First, we use the Codazzi equation (2.28) for X =¢;, Y = ¢; and Z = ¢, for each triple
in (i, j, k).

e The triple (2,3, 1) implies

3(e2) = —m13(e2) (4.9)
e The triple (1,3,2) gives
15H
o3(er) = 7@3(61) (4.10)
e The triple (3,1,1) gives
(1)13(61) =0. “4.11)

By replacing (4.11) into (4.10) we have my3(e;) = 0.

e The triple (1,3,3) gives

w13(e3) = 0. (4.12)
e The triple (3,2,2) gives
0= —m3(e2)h(er,e2) — w13(e2)h(er, e2) — wr3(e2)h(es, e3) (4.13)
by using (4.9) we have
3(e2) =0 4.14)
e The triple (2,3,3) gives
8 €2(H)
S 4.15
3 (e3) 5 g (4.15)
Note that by considering (4.7), from (4.15) we get
8¢ ex(H)
=) 4.16
e1 (w3 (e3)) s (4.16)
By a further computation we get
R(ey,e3,e3,e2) = —ey (3(e3)) — Prans(ez) =0, (4.17)

where we use (4.15) and (4.16) in the last equality. However, by combining (4.17) with
the Gauss equation (2.26) for X = e; and ¥ = Z = e3, we get H = 0 which yields a

contradiction. ]
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4.2 Uniqueness of Biconservative Hypersurfaces

Let (Q,g) be a 3-dimensional Lorentzian manifold which admits a proper
biconservative hypersurface with non-diagonalizable shape operator into IE‘I‘. First,
we prove that H,eq,e; and e3 in Lemma 4.1.2 are intrinsic, i.e., they can be uniquely

determined by considering the metric g of Q.

Lemma 4.2.1. Let (Q,g) be a 3-dimensional Lorentzian manifold. Assume that (Q,g)
admits a proper biconservative isometric immersion x with a non-diagonalizable shape
operator into IE‘It with the mean curvature H. Then, the function H> and the vector

fields Ey,E,, E5 can be determined intrinsically, where E|,E,, E3 are defined by

€l :x*El, (%) :x*Ez, e3 :x*E3.

Proof. By considering (4.4) and the Gauss equation, after direct calculations, we get

K(E|,Ey) = K(e1,e2) = —(R(E1, E2)Ex, Ey) = —k7, (4.18)

and
K(Ei,E3)+K(Ey,E3) = —((R(E\,E3)E3,Ep)+ (R(E2,E3)E3,Er)) (4.19)
— ks, (4.20)

So the scalar curvature S of (Q,g) is

S=K(E|,E)+K(E1,E3) +K(Ey, E3) = —k7 — 2kiks. (4.21)

Since we have k| = 2H and ks = ’73H , the equation above gives

27
S = EH2 (4.22)

which shows that H? is intrinsic. Also (4.22) implies

grad S

== 4.23
3= Tgrads | (*:23)

Therefore, E3 can be determined intrinsically.

Now, we are going to show that E; and E; can be determined by considering the

curvature tensor R of Q. Note that the Gauss equation and (4.4) yields
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R(E|,E3)E; = 0, (4.24)

3H

R(E3,Er)E3 = _TEI’ (4.25)
3H

R(EZ,E3)E2 - 7E3 (426)

Assume that £, E5 are another couple of null vectors satisfying

g(E1,E3) =g(Ey,E3) = 0, (4.27)
R(El,E3)E1 = 0, (4.28)

- 3H .
R(EE)Es = —=E. (4.29)

Then, because of (4.27), we have either £ = UE;, E, = ﬁEz or E| = uE,, Er = ﬁEl

for a non-vanishing function u. Note that if E, = UES, Er = ﬁE 1 then (4.28) implies

R(E»,E3)E> =0 (4.30)

which is a contradiction because of (4.26). Therefore, we have E| = uE;, F, = ;]TEZ

from (4.29) we get
1 3H
R(E3,—E))E; = —— HE
However, this equation and (4.25) yield ,u2 = 1. Therefore, we have E| = +E;, E, =
+F;. [

Now, we are ready to prove the following uniqueness theorem:

Theorem 4.2.2. Let (Q,g) be a 3-dimensional, connected Lorentzian manifold. If
(Q, ) admits two proper biconservative isometric immersions x,% : (Q,g) — E{ with
the shape operator given in Lemma 4.1.2, then there exists an isometry T : IE‘I1 — E‘f

such that ¥ = toux.

Proof. Let the unit normal vectors of x and & be N and N, respectively. Note that

because of Lemma 4.1.2 and Lemma 4.2.1, the shape operators of x and X have the

forms
OH /4 1 0 ) 9¢H /4 1 0
AY = 0 9H /4 0 , AY = 0 9¢eH /4 0 (4.31)
0 0 —3H/2 0 0 —3eH /2
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for a function H : Q — R, where € = +1. Now, we define the vector bundle

isomorphism & : TQ} — TQXL by
d(N) =¢eN (4.32)

which satisfies the condition of Theorem 2.3.10. OJ
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4.3 Local Classification of Biconservative Hypersurfaces

In this subsection, we obtain the local classification of proper biconservative

hypersurfaces with non-diagonalizable shape operator.

Assume that M is a proper biconservative hypersurface with a non-diagonalizable
shape operator in E‘l‘. Then, by Lemma 4.1.2, the shape operator A of M has the

form (4.4), where we have e3 = %. We put k| = QTH and k3 = —3TH.

In the next lemma, we get the connection forms of M.

Lemma 4.3.1. Let M be a proper biconservative hypersurface in IE‘Il with the shape

operator A given in Lemma 4.1.2. Then, the connection forms of M defined in (4.5)

satisfy

¢1 = wi3(ez) = wiz(er) = m3(e3) =0, (4.33)
wi3(e;) = w3(e2), (4.34)
—e3(k1) = o3(ex) (ki —k3), w13(e2) = m3(eg). (4.35)

Proof. Assume that the shape operator A of M has the form given in Lemma 4.1.2.

Note that the equation (4.4) is equivalent to
Ae| =kjey, Aepy = e+ kiep, Aes = kzes (4.36)

from which we have
h(el,el) = h(el,e3) = h(ez,eg) = 0, h(el,ez) = —klN,

(4.37)
h(€2,€2) = —N, h(€3,€3) = k3N.
Since grad H is proportional to e3, we have
e3(ky) #0, e1(ky) =ex(ky) =0, (4.38)
(%] (kg) 75 O, €l (k3) = 62(k3) =0. (4.39)

By taking into account the equations (4.37), (4.38) and (4.39), we consider the Codazzi
equation (2.28) for X =¢;, Y = ¢; and Z = ¢ for some triple (i, j, k). From the triple
(1,2,2), (1,3,3), (2,3,3) and (1,3,1), we get (4.33), and the triple (2,3,1) implies
(4.35). On the other hand, by combining the equation [e1,ez](k;) = 0 with (4.5) and
(4.38), we obtain (4.34). ]
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As a consequence of Lemma 4.3.1, the equations in (4.5) imply

le1,e2] = —@aey, (4.40a)
le1,e3] = —(w(er)+¢3)er, (4.40b)
le2,e3] = @nz(er)er — (w31(e2) — P3)en. (4.40c)

Now, let p € M. Because of (4.40a), the distrubition D = span{ej,e;} is involutive.
Obviously, D' = span{e3} is also involutive. Thus, there exists a local coordinate

system (s,7,u) in a neighborhood of p such that

D = span{d;,d,} and D = span{d,}. (4.41)
Therefore, we have
ey = b118S+b128,, (4.42a)
e = by 8S + bzza,, (4.42b)
ey = b33 8u (4.42C)

for some smooth functions b;;.

Lemma 4.3.2. By redefining (s,t,u) properly, we can assume b1y = 0,b33 = 1 and

(bn)s =0. (4.43)

Proof. Put é) = fe;. Then, the equations (4.40a)-(4.42a) imply [é1,e2] = &€,
[e1,e3] = &81, [ea, €3] = E3&1 + Eqep and &) = by dy + b120; for some smooth functions

& and by j- If we choose f as a solution of

e3(f) = [, (4.44)

then we get [¢],e3] = 0. So, we have
[é1,e3] = (b11(b33)s + D12(D33):) 9 — b33((b11)u0s + (b12)ud;) =0 (4.45)
from which we get

(b11)u =0,(b12)y =0 (4.46)

and
b11(b33)s +b12(b33); = 0. (4.47)
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Further, the equation [ey, e3] = £381 + &4, implies

le2,e3] = (b21(b33)s+ b22(b33)1)0u — b33((D21)u0s + (D22)u) )
= A0 +A0;

from which we obtain
by1(b33)s + bz (b33); = 0.

By combining (4.47) and (4.50), we obtain

2] =0

Therefore, we have
(b33)s = (b33); =0

since €1, e are linearly independent.

Now, consider a coordinate change (s,7,u) — (S,T,U) with the form

S = (p(svt)7
= y/(s,t),
U = 1(u),

where 7, ¢ and y are the solutions of

bios+bne = 1,
buvs+bpy, = 0,
b33fl(u) = 1.

(4.48)
(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
(4.54)
(4.55)

(4.56)
(4.57)
(4.58)

A direct computation yields é; = dg,e3 = dy. Therefore, we proved that we can

redefine (s,7,u) so that (4.42a)-(4.42c) are satisfied for by = ]l(, b1 =0and b33 = 1.

Consequently, (4.40a) implies
(120 b210,-+ b0) = =2
from which we get (4.43).

As a result of Lemma 4.3.2, we have

1

f(s,t,u) %;
ex = by(s,t,u)ds+bn(t,u)d,

ey =

63:&14
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]

(4.60a)
(4.60b)
(4.60c¢)



for some smooth functions f,b;1,by;. Consequently, we have

ki = ki (u), k3 = k3 (u). (4.61)

Since {ey,en,e3} is a pseudo-orthonormal frame field, the metric tensor g has the form

g = go(ds®dt) + gndt* + du, (4.62a)
where we put

_ _=f
g1z = (95,0) =7, (4.62b)

22

2fb
822 = <ataat> - f221 (462C)

by,

Vods = TN,

Vo0 = D30, +T%0,,

: ’ 4.63
Vad = T50,+T0,0,+T"3,, (4.63a)
Vata” = F?u&S +F§ual‘7
V3,0u = 0

for some smooth functions l“fj, i,j,k € {s,t,u} such that
f;
Iy, = 7“‘ (4.63b)
(b21)s
5, = ———, (4.63¢)
g fbxn
= - (glzz)”, (4.63d)
L(fu (b2)
Iy, =T, = ms3(e)= 5 (7 — Tz” , (4.63¢)
b
s, = — (ﬂ) . (4.63f)
bxn ),

Now, in order to get a local parametrization of M in a neighborhood of p, we consider
an isometric immersion x : (Q,g) < E} with x(Q) = M for some Q C R3. Because of

h(ei,e1) = 0 and (4.60a), we have h(ds, dy) = 0. Therefore, (4.63a) and (4.63b) give

Xgs = j%xs. (4.64)
On the other hand, by combining the equations (4.63e) and (4.35), we get
3k, 1 b
3k L (fu bou (4.65)
Sky 2\ f b»
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from which we obtain

Fst,u) = ky ()3 baa(t,u)y(s,1) (4.66)

for a smooth function ¥, where """ denotes the ordinary derivative with respect to u.

Note that (4.66) and (4.64) imply
Xgg = — X 4.67)

which yields

x5 = yei(t,u) (4.68)
for a E‘l‘—valued function c;.
Next, by combining (4.63a) and (4.63¢e) with h(ej,e3) = 0, we get

L fu (b22)u
Xgy = > <f Do >xs. (4.69)

=3
By taking into account (4.68), we consider (4.69) to obtain ci(t,u) = k> c11(¢).
Consequently, (4.68) turns into
=3
Xy = ’)/klj Cll(t). 4.70)
By solving this equation, we obtain

x(s,,u) = ki (u) “Sen (1) + ea(t,u) @.71)

for a smooth R*-valued function c,, where we put ¥ = [ yds. Next, we define new

parameters (s1,s2,s3) with
S]Z’)~/(S7If), §2 =1, 53:C(u>7 4.72)

=3
where we put ¢(u) = k;° . By combining (4.71) with (4.72), we obtain the following

result. Note that (4.72) implies

8s - Yaslv
o = %0y +0s,, (4.73)
o = [0y,
and (4.71) turns into
x(s1,52,83) = s1530(52) + B (s2,53) 4.74)

for some smooth ]E‘l‘-valued functions «, f3.
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On the other hand, (4.62b), (4.66) and (4.72) imply
(ds,0;) = —s37. (4.75)
Moreover, from (4.73) the left hand side of (4.75) takes the form

(05, 0;) = ys3(0t, Bs, ). (4.76)

Consequently, (4.75) implies
<aaBS2> = —53. (4773.)

By a further computation, considering (4.62a), (4.73) and (4.77a), we get

(o, ) = 0, (4.77b)
(o, Bs;) = 0, (4.77¢)
(o, By;) = 1, (4.77d)
(Bsy:Bss) = 0, (4.77¢)
(BiysBss) = b(s3)%, (4.77f)

where we put b(s3) = C,(l—u) which is a non-vanishing smooth function.

By summing up all of the results, we obtain the following theorem:

Theorem 4.3.3. Let M be a proper biconservative hypersurface in ]E‘lt with
non-diagonalizable shape operator. Then, M has the local parametrization given by

(4.74) for some smooth E‘f—valued functions o, B satisfying (4.77).

Now, we want to get necessary and sufficient conditions that o, 3 satisfy in order the

hypersurface constructed in Theorem 4.3.3 to be biconservative.

Let M be a hypersurface parametrized by (4.74) and assume that o, satisfy the
conditions given in (4.77) for a non-vanishing smooth function . Then, by using

(4.77), one can observe that the vector fields e}, e,, e3 given by

1 1
€1 = asl, € = b21831 + s_zaSp €3 = Eas3 (478)
3

form a pseudo-orthonormal base for the tangent bundle of M and the unit normal vector

field of M is

/

1 b
N= W (—Z(S1a+ﬁs3)+ﬁs3s3) , (479)

48



where b, is a smooth function and

a—= <ﬁS3S37ﬁS3S3>' (4.80)

A direct computation yields h(ey,e1) = h(ej,e3) =0 and

» Va2 —p?
Veses = ——5—N. 4.81)

Moreover, the equation /(es,e3) = 0 is satisfied if and only if (570 + f23)* = 0 which
is equivalent to
(Bsssys Bsysy) = 0. (4.82)
By a further computation considering (4.78) and (4.79), we get
- b
Aey = —V,N = mel.

Now, (4.81) and (4.83) yield that under the condition (4.82), M has non-diagolizable

(4.83)

shape operator and its principle directions are e; and e3 with the corresponding

principle curvatures

b/ a2 _ b/Z

:—7 k:—’
bV -2 P

respectively. Hence, M is biconservative if and only if 2k; + 3k3 = 0 and k3 = k3(s3)

ky (4.84)

which is equivalent to
2b'b
<ﬁs353 ; BS3S3> — blz +—=— (485)
3S3

because of (4.80) and (4.84).

By summing up these results, we get the following:

Proposition 4.3.4. M is a proper biconservative with non-diagonalizable shape
operator if and only if it can be locally parametrized by (4.74) for some smooth

Ei‘—valued functions o, B satisfying (4.77), (4.82) and (4.85).

Next, we would like to construct an example of biconservative hypersurfaces with a

non-diagonalizable shape operator.
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Proposition 4.3.5. Let { : I — E‘f be a null curve which admits a pseudo-orthonormal

base field {T,U;ay, o} of vector fields defined on § such that

(U, U)=(T,T) = 0, (T,U)=—1, (4.86a)
¢ =T, (4.86b)
o = AsT, (4.86c)
oy = AU +A4T, (4.86d)

where I is an open interval and Ay,A3,A4 : I — R are some smooth functions. Then,

the hypersurface M in E‘f parametrized by
x(s,u,w) = E(s)+uT(s) +way(s)+ f(w)on(s), wel, (u,s) € Q  (4.87)

has a non-diagonalizable shape operator and it is proper biconservative if and only if

f is a smooth function satisfying
=3f(w)f"(w)+2f (w)*+2 =0, (4.88)
where Q is an open subset in R?.

Proof. By using (4.86), we observe that the equations

U = Aza +Aso—A U, (4.89a)

T = Arop +AT (4.89b)

are satisfied for a smooth function A;. By a direct computation we obtain that the

vector fields ey, ez, e3 defined by

er = 0y, (4.90)
 2uAf2WA S+ 2A4f7 Ut (—Ag) +2f 1
e = TN O+ 4 f&s, (4.91)
/
ey = —— W 5L, (4.92)

PP

form a pseudo-orthonormal base field of the tangent bundle of M, and the unit normal

vector field of M is
u 1
N = (4.93)

1
= T - .
VI +1 +\/f'2+1a1 \/f’2+10£2
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Moreover, the matrix representation of the shape operator A of M with respect to the

base {e,en,e3} is

I  As(s) (W F(w)f (w)) 41 0

SOV 0P A2/ F ()T
0 oW 0 . (4.94)
0 0 . f//(W)

(f'w)2+1)""2

Therefore, M has a non-diagonalizable shape operator with the principle curvatures

1
O VI T o
W
C T TR o

and the vector field ej is a principle direction of M. Because e (k;) = e1(k3) = ea (k) =
e2(k3) = 0, e3 is proportional to grad H. Therefore, M is biconservative if and only if

2ky + 3k3 = 0 which is equivalent to (4.88). ]

Remark 4.3.6. By redefine the parameter w properly, one can assume A| = 1 in (4.89).
Moreover, given so € I, smooth functions A; : I — R, i =1,2,3,4, a point p € R* and
a pseudo-orthonormal base {TO, U oy, Otzo} of IE‘l‘, there exists a unique null curve

{ passing through p at sq satisfying the condition described by (4.86), and
T(s0) =T U(so)=U" ou(so)=au’ on(so) =0’ (4.97)

Remark 4.3.7. A member M of the family of hypersurfaces given by (4.86) and
(4.87) might be considered as a generalization of null-scrolls, Weingarten surfaces
or rotational surfaces in the Minkowski 4-space. Note that if f is a non-zero constant,

then M becomes an isoparametric hypersurface expressed in [22, Example 3.2].

Now, we are ready to prove the main result.

Theorem 4.3.8. M is poper biconservative hypersurface in ]Eflt with a
non-diagonalizable shape operator if and only if it is locally congruent to the

hypersurface described in Proposition 4.3.5.

Proof. The sufficient condition has already proved and we are going to prove the
necessary condition. Assume that M is biconservative and its shape operator is

non-diagonalizable. In this case, Proposition 4.3.4 implies that M can be parametrized
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by (4.74) for some «, B and we have (4.77), (4.82) and (4.85). Moreover, the principle

curvatures of M are given by (4.84).

First, we claim that the vectors B, (s2,53), Bsyss (52,53), Bssssss (52,53) are linearly
dependent for any s7,s3. Note that the vectors o/(s2) and i, (s2,s3) are linearly inde-
pendent by (4.77a) and (4.77b). So, the subspace V;, s, = (span{c(s2), By, (52,53)})*
of E‘l‘ has dimension 2. By considering (4.77), (4.82) and (4.85) we observe that

BS3 (SZa 33)7 BS3S3 (527 S3) ) BS3S3S3 (Sz, 53) S Vsz,S3 .
This proves our first claim. Therefore, we have
Aﬁs:; (S27 S3) + BBS3S3 (S27 S3) + CBS3S3S3 (S27 53) = 0 (498)

for some A,B,C € R. However, getting inner product of both sides of this equation

with o(s3) and using (4.77d) give A = 0. Therefore, from (4.82) and (4.85) we have

ﬁssszsa ~ f(s3)ﬁS3S3 (4.99)
for a smooth function f. By solving this equation, we obtain

B(s2,53) = C(s2) + f(s3) a1 (s2) +s300(s52) (4.100)

for some Ej‘—valued smooth functions {, o, o and a function f. Note that because of

(4.77f), (4.84) and (4.85), a;(s2) and o (s7) are non-zero vectors for any s;.

By combining (4.100) with (4.77), (4.82) and (4.85) we obtain

<Oc,-,ocj> = cij, i,j=1,2, (4.101a)
<alaa>_<a27a> = 0, (4.101b)
(o, 00) = (0y,05) = 0, (4.101c)
(of,a) = 0, (4.101d)
(g, ) = —1, (4.101e)
(fha)=(" 1) =("\m) = 0 (4.1011)
for some constants c; e
Now, we claim that
£'(s2) = &i(s2)ax(s2) + Ea(s2) i (52) + E3(s2) 02 (52) (4.102)
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for some smooth functions &£, &>, &3. Note that because of (4.101a), (4.101c)-(4.101e),

getting inner product of the equation
C106(S2) + 0 (Sz)+C3OC2(Sz) =0 (4.103)

with o and o' yields ¢; = 0 and ¢3 = 0 and with ) yields ¢; = 0, respectively.
Therefore, the vectors o(s2), @ (s2), 0 (s2) are linearly independent for any s,. On

the other hand, by (4.101b),(4.101f) and (4.77b), we have
{a,a1,0,7'} € (span{a})™. (4.104)

Note that (span{a})" has dimension 3, because of (4.77a). Therefore, (4.104) yields

that a, oy, o, T’ are linearly dependent.

Therefore, we prove (4.102). Consequently, {’ is a null-vector by (4.101f) and (4.102),

i.e., { is a null curve and

OC(Sz) = g(S2)C/(S2) (4.105)
for a function & because of (4.101f). By combining (4.100) and (4.105) with (4.74),
we get

x(s1,52,83) = C(s2) +S1S3§(S2)C/(S2) + f(s3) a1 (s2) + s300(s52).-

By defining new coordinates s,u,w by u = s153E(s2), s = s2 and s3 = w and letting
{’ =T, we obtain that M can be parametrized as given in (4.87). On the other hand,
because of (4.101a), one may redefine the coordinate s and the vector fields o; and o
to be orthonormal vector fields in 7 ¢ such that (4.101) is still satisfied. Next, let U

be the null vector field on § defined by

(T,U)=—1,  {a,U) = (o, U) =0. (4.106)

By considering (4.101) again, we obtain that the pseudo-orthonormal base field

{T,U, 04,0} satisfies the conditions given in (4.86). O
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5. HYPERSURFACES IN MINKOWSKI 5-SPACE

In this section, we consider biconservative hypersurfaces with non-diagonalizable
shape operator and at most two distinct priciple curvatures in the Minkowski 5-space.

We want to note that all results obtained in this section are published in [30].

5.1 The Form of Shape operators

Let M be a proper biconservative Lorentzian hypersurface in the Minkowski space E? .

Then, the biconservativity equation turns into
A(gradH) = —2HgradH, (5.1)

where H is the mean curvature function. Therefore, grad H is a principal direction of

M with the corresponding principle curvature —2H.

Now, assume that A is non-diagonalizable and it has at most two distinct principle
curvatures. By considering the canonical forms of A given in Lemma 2.3.12 and (5.1),

we observe that there are two cases subject to the casuality of grad H:

Case (1). grad H is a null vector. In this case, we have two subcases: If A has the form

given in Case (ii) of Lemma 2.3.12, then

—2H

A= , (5.2)

0

—2H O
—2H

0

1
0
0

S
coco
T

0
0
0

where grad H is proportional to e;. On the other hand, if A has the form given in Case

(111) of Lemma 2.3.12, then grad H is proportional to e; and we have

—-2H 0 0 0
0 -2H 1 0
A= -1 0 -2H O (5-3)
0 0 0 I0H
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Case (2). grad H is a space-like vector. In this case, e4 can be chosen to be proportional

to grad H and, similar to the previous case, we have the subcases

2H 0 0 0
0 2H 1 0
A=11 0 2 o0 54

0O 0 0 -2H

and
2H 1 0 0
0 2H 0 0
A~1o 0 28 0 (5-3)
0 0 0 -2H

Note that in all cases above vector fields ey, e>,e3,e4 form a pseudo-orthonormal base

for TM. Consequently, the Levi-Civita connection of M has the form

Veer = @ier +w13(ei)es + wi4(e;)es (5.6a)
Veer = —@ier+ ms(e;)es + analei)es (5.6b)
Vees = ma(e)er +mi3(ei)er + w3alei)es (5.6¢)
Vees = ulei)er + wia(ei)er — wza(e)es (5.6d)

for i =1,2,3,4, where we define the connection forms wj; with @jx(e;) = (Vee;,ex)

and, for simplicity, we put ¢; = —y2(e;).

5.2 gradH is lightlike

In the following theorems, we prove that the Case (1) described above is not possible.

Theorem 5.2.1. There is a no proper biconservative hypersurface in E? with the shape

operator given by (5.3).

Proof. First, towards contradiction we assume that A has the matrix representation

given in (5.3) and e; is proportional to grad H. In this case, we have
er(H) =e3(H) =e4(H) =0, e1(H)#0 (5.7
and note that the second fundamental form of the hypersurface M satisfies
h(ei,e3) = —N, h(ej,ep) =2HN, h(e3,e3) =—2HN, h(es,eq)=10HN (5.8)

and h(e;,e;) = O for the remaining couple of (i, ).
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We use the Codazzi equation (2.28) for X = e;, ¥ = ¢; and Z = ¢; for each triple
(i,j,k). The triple (2,4,4),(3,4,4),(2,1,3),(1,2,2),(4,2,2),(3,4,2) and (1,4,2)
imply

4(es) = W34(ea) = ¢ = W3(e2) = Mpa(e2) = Wra(er) =0 (5.9)

from which we obtain the Levi-Civita connection of M as

Vees = 1a(es)er, (5.10a)
Vees = oa(er)er—wsa(er)es, (5.10b)
Veer = 0, (5.10¢)
Ve o = —@rea+ an3(er)es. (5.10d)

So it follows from the Gauss equation

R(ey,eq,e4,e7) = 20H. (5.11)
But, by replacing (5.10) into (5.11) we get H = 0 which is a contradiction. Therefore
the proof is completed. 0

Theorem 5.2.2. There is a no proper biconservative hypersurface in E? with the shape

operator given by (5.2).

Proof. Assume that A has the matrix representation given in (5.2), where e is

proportional to grad H. In this case, we have
ei(H)=e3(H) =es(H) =0,  ex(H)#0. (5.12)
and note that the second fundamental form of the hypersurface M satisfies
h(ei,ex) =2HN = —h(e3,e3), h(ex,en) =—N, h(es,eq) = 10HN (5.13)

and h(e;,e;) = 0 for the remaining couple of (i, j).

First, we use the Codazzi equation (2.28) for X =¢;, Y = ¢; and Z = ¢; for each triple

in (i, j, k). The triple (1,2,2),(2,4,4),(4,1,1),(1,4,2),(4,1,3) imply

er(H) =—¢ (5.14)
—6
ez(H) = ?Ha)z4(e4) (5.15)
w14(e1) = w4(er) = waa(er) = wi4(es) =0 (5.16)
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where ¢; = —m2(e;). By the (5.12) one can obtain [e,e;](H) = eje2(H). So, we
have

ere2(H) = [e1,e2](H) = (Ve,e2— Ve,e1)(H) = —¢re2(H) (5.17)
because of (5.12), (5.14) and (5.16).
By taking derivative of (5.15) along e and replacing (5.17), we get
e1(wa(es)) = —Prana(es). (5.18)
Note that the Gauss Equation (2.26) for X = e4,Y =e1,Z = e, W = e4 gives
R(es,eq,e,e4) = —20H. (5.19)
Substituting (5.16) and (5.18) into (5.19) gives
0 = 20H>. (5.20)

However, the equation (5.20) yields a contradiction. Hence, the proof is completed.

]

5.3 gradH is spacelike

In this subsection, we consider biconservative hypersurfaces of E? whose shape

operator A has the form given in (5.4). In this case, the shape operator has the form

A(e;) =2He) —e3, A(ex) =2Hey, A(e3) = ex+2Hes, A(eq) = —2Heq.  (5.21)

Moreover, we have
grad H

= 522
“4= gadd | ©:22)

because the vector field e4 is proportional to grad H.

On the other hand, the second fundamental form of M is

h(ei,e1) = h(eaz,ex) = h(er,es) = h(es,es) = h(ey,e3) = h(ea,eqa) =0  (5.23)

h(ei,en) = —2HN = —h(e3,e3), h(e1,e3) = —N, h(eq,eq) = —2HN.  (5.24)

Thus, we obtain that

h(el,ez) = h(e4,e4) = —h(€3,€3).
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First, we apply the Codazzi equation (2.28) for X = e;, Y = e;, Z = ¢ for each triple

(i,],k).
e The triple (4,3,3) implies

64(2H) +2m»3 (64) = (1)24(63) + 2H(1)34(e3). (5.25)

e The triple (2,4,4) gives

4 (e4) = 0. (5.26)
e The triple (3,4,4) implies
(1)34(64) =0. (5.27)
e From the triple (1,4,4), we get
4H(L)14(€4) = (1)34(84). (5.28)
So, (5.27) implies
6014(64) =0. (5.29)
e The triple (1,2,3) gives
¢ =0. (5.30)
e The triple (4,2,3) gives
(1)34(62) =0. (5.31)
e The triple (3,4,2) gives
w34(e3) = 0. (5.32)
e The triple (2,3,4) gives
m34(e2) = ma(e3). (5.33)
So, (5.32) implies
@4(e3) = 0. (5.34)
e The triple (1,2,4) implies
—4H (w14(e2) — ra(e1)) = W3a(ea). (5.35)
So from (5.31) we have
14(e2) = a(er). (5.36)
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e The triple (4,1,2) gives
—64(2H) -+ nh3 (64) = 4H(x)24(61). (5.37)

so by replacing (5.25),(5.32) and (5.34) we have

4H

3 (es) = 7(»24(@). (5.38)

e The triple (2,4,1) gives
—64(2H) + 3 (6’4) = 4H(1)14<€2) — 0)34(6’2). (5.39)

So, by combining (5.31) and (5.38) with (5.39) we obtain

e4(H) = —3 (64). (5.40)

e The triple (4,2,4) with (5.26)

@4(e2) = 0. (5.41)

By summing up all results that we have found so far, we obtain the following lemma:

Lemma 5.3.1. Let M be a proper biconservative hypersurface in IE? whose shape

operator A has the form given in (5.4). Then, the Levi-Civita connection of M satisfies

Vees = uler)er +oia(er)er — mager)es, Vees = woler)en,
Ve,es = wia(e3)er, Veer = @n3(es)es,
Vees = anz(es)er + w13(es)er, Vees = 0.

Next, by considering Lemma 5.3.1, we obtain
R(€3, 64)64 = V63Ve4€4 — V64V63€4 — V[e37e4]€4

= —e4(wia(e3))er — w14(e3)Veer + 3(es) Ve e4

—(—6013(64) —|—6()14(€3))Veze4. (5.42)

On the other hand, the Gauss Equation (2.26) for X = e3,Y =Z = e4,W = e, implies

<R(€3,e4)€4,€2> = —h(€3,€4)h(64,€2) —|—h(€3,€2)h(€4,e4) =0. (5.43)

Therefore, by getting inner product of both sides of (5.42) with e, and by using (5.26)
and (5.41) we have
3 (eq) 4 (ey) = 0. (5.44)
60



Substituting (5.38) into (5.44), we obtain w;3(e4) = 0. Finally, by (5.40) we have H
is a constant. However, this yields a contradiction because we assume that H is not

constant. So, we have the following non-existence result.

Theorem 5.3.2. There is a no proper biconservative hypersurface in E? with the shape

operator given by (5.4).

61






6. SUBMANIFOLDS IN MINKOWSKI SPACE IN ARBITRARY DIMENSION

In this section, we mainly focus on submanifolds with mean curvature whose gradient

. g . . 1
is light-like. In section 6.1, we study hypersurfaces of Eﬁ”’ .

Definition 6.0.1. Let M be a submanifold of the Minkowski space E’{“. M is said to
be MCGL if grad ||H]|| is light-like.

Before we proceed, we would like to refer to [31] for a study of biharmonic MCGL

hypersurfaces.

6.1 Biconservative Hypersurfaces with Mean Curvature Function Whose

Gradient is Light-like in E} !

Let M be a biconservative hypersurface in ]E’fJrl with a non-diagonlaziable
hypersurface. Then, by Lemma 2.3.12, there exists a pseudo-orthonormal frame field
{e1,ea,...,e,} of the tangent bundle of M such that the shape operator A has the matrix

representation of either

kol
0 Kk
k
Case 1: A ~ ' , (6.1)
or _ _
kk 0 0
0 Ky 1
10 Kk
Case 2: A ~ ks . (6.2)
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Note that the Levi-Civita connection of V of M satisfies

n
Veiel = ¢i€1 + Z wlﬁ (ei)eﬁa (63)
B=3
n
Veer=—ier+ Y, rp(ei)ep, (6.4)
B=3
n
Veeoa = qlei)er + Orgle)er+ Y, 0qp(ei)ep, (6.5)
B=3
where ¢; = (V,,e2,€1) = —wi2(e;) and ky,ka, . . ., k, are smooth functions and

o,B=3,4,...,n.

Remark 6.1.1. Note that if the matrix representation of A has the form given (6.1),

then the principal curvatures of M satisfies

2ky +kz+---+k, =nH. (6.6)

In the other case, the equation
3ki+ks+---+k,=nH (6.7)

holds. We are going to study these two cases, seperately.

Now we study hypersurfaces with the shape operator given by (6.1). In this case, the

second fundamental form of M satisfies
h(ei,ez) = —kN, h(ep,e) = —N, h(eq,eq) = kaN (6.8)

and

h(ey,e1) =h(ey,eq) = h(eq,eg) =0 (6.9)

for a # 3. Now, M is biconservative, the biconservativity equation (2.58) gives
H
A(VH) = —%VH. (6.10)

Thus one can choose VH to the propotional to light-like vector e¢; and —2k; = nH
where H denotes the mean curvature of M. Recall that the definition of gradient of H,

i.e., VH, with respect to pseudo-orthonormal base {ey,es,...,e,} such that

VH = —ey(H)e1 —e1(H)er + Y, ea(H)eq. (6.11)
o=3
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So, we have

ez(kl)#o el(kl)zea(kl)zo, 0623,4,...,1’1.

Now, we use the Codazzi equation (2.28).
e The triple (e, eq,eq) implies
e1(ka) = Ya (ki —ka),
where we put Yy = 014 (eq)-
e The triple (e2,eq,eq) gives
e2(ka) = Po(k1 — ka) + Ya,

where we put @y = Wy (eq).

e The triple (eq,e1,e1), (eq,e1,€2) and (eq,ez,e1) imply

Wig(e1) = mgler) = Wig(e2) =0.

e The triple (e1,eq,ep) and (eq,eg,e) imply

Wgp(e1)(ka —kg) = @p(ea) (ki —kg) = @ra(ep) (k1 —ka),

and [eq, eg] (k1) = O from which we have
10(eg) = Wip(eq)
Because k| # kq, we have
Wgpler) = wip(ea) = Wialeg) =0.

e The triple (e, ep,e3) gives
ez(kl) = 2(])1.

Morever; we have
le1,e2](ki) = erea(kr) = e1(91) = =97
Now we use the Gauss Equations

R(e()hel)eZve(X) - h(aa;e(x>h(61762)
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to obtain

(VeaVel €y — Ve] Veaez — V[ea,el]e27 ea> = klka. (6.22)

Next, we compute the left hand side of the equation (6.22) by using the equalities
(6.15) and (6.18). Note that we have

<V€avé’1€27ea> = <Vea(_¢162)aeoc> = —01Pg, (6.23)
(Ve,Veger,eq) = e1(Pa). (6.24)

Furthermore, the equation [eq,e1] = V., e gives
<V[ea7el]ez,ea> - <V(¢ael+waea)62,ea> - Wa@a. (6.25)

By putting (6.23), (6.24), (6.25) into (6.22) we get
e1(Pa) + Po(91 + Va) = kika. (6.26)
Now, the Gauss equation implies

R(eq,e1,e1,eq) =0 (6.27)

due to (6.1). Therefore, we have
<V€avelel — Velveael — V[eavel}el,ew =0. (628)

Direct computations for the left hand side of the equation (6.28) by using equalities
(6.15) and (6.18) gives us

e1(Wa) = Yo (91 — Vo). (6.29)

We are going to use the following lemmas:
Lemma 6.1.2. Assume that ki # ko, for some o =3,4,....n. Then e|(ky) = 0 implies
ko =0.
Proof. Let ej(kq) = 0 then yy = 0 from (6.13). So (6.14) becomes

ez(ka) = Pq (kl - koc) (6.30)
we have V,,e|(kg) = 0. Since ang(e1) = 0,from (6.15) we have

le1,e2] (ko) = Veea(ka)
= —¢rez(ka) (6.31)
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Moreover, by taking the derivative of both side of (6.30) along 1, we get
—@1er(kg) = e1(Pg) (k1 — kq)- (6.32)

Subsituiting (6.30) into the equation above and by simplifying with k; — k¢, because
ki # kg, we get
—01Pq = €1 (Pa). (6.33)

So, by (6.26) we have k ko = 0 which yields ko = 0 since VH = ey (ky)e is light-like

so it cannot be vanish. Thus k; cannot be zero. O

Remark 6.1.3. We want to notice that if every Y, =0 for all @ =3,4,...,n, then (6.6)

gives k1 = 0 which is a contradiction.
Lemma 6.1.4. We have grad (’;—7) £0forall =3,4,...n.
Proof. Assume that k| = Ak for some A € R— {1}. Then, we have
0=%ei(ka). (6.34)

So, e1(kg) = 0 and this means ko = 0 by Lemma 6.1.2. So, we have k; = 0 which is a

contradiction. ]

We want to notice that this lemma says distinct principle curvatures are not

multiple of each other. Consider distinct principal curvatures Ki, K5, ...,K), with the
corresponding multiplicities vy, va, ..., v,, respectively as in [31]. Then (6.6) becomes
Ky +v3K3+--+v,K, = —(2+v1)Ki, (6.35)

where we put K; = k; and p < n. So, we give the following lemmas.

Lemma 6.1.5. By the definition above, we have

v (K — Ky) +v3(K) —K3)+---+VP(K1 —Kp) #0. (6.36)

Proof. Assume that
V2(K1 —K2)+V3(K1—K3)+---+VP(K1 —Kp) =0. (6.37)
Then, we have

(V2—|-V3—|—---—|—vp)K1 ZVZK2+V3K3—|-'-'—|-VPKP. (6.38)
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By replacing (6.35) in the right hand side of (6.38), we get
(n - V])K] = —(2+V1)K1
which is not possible.

Lemma 6.1.6. By the definition above, we have

V3(K1 —K3) —|—V4<K1 —K4> +-- —I—VP(KI —Kp) 7& 0.

Proof. Assume that

V3(K1 —K3) —|—V4<K1 —K4> +--- +VP(K1 —Kp) =0.

Then by using (6.35), we get
(2 +vi4+v3+---+ vp)K1 = —nkK>.
However, this yields a contradiction by Lemma 6.1.4.

Lemma 6.1.7. Let S ={2,3,...,n}, RCS,R*=S—R={j1, )2,

a€erR
Wél Wéz Wér Vil (Kl _Kjl) 0
Vii Vi, o Vi [va(Ki—KGp) 10
w]r'l 1//}2 o lI/]r'r vj, (K1 —Kj,) 0

Proof. From (6.6) we have

ZVaK + Z v Kp = — 2+V1)K .
a€R beRe

Assume that Y v,(K; — K,) = 0. Then,

acR
Z v K| = Z v.K,

acr aceR

By replacing (6.43) we get

Z v.Ki = 2—|—V1 K1 Z v Kp.
acr beR¢

Then, for an available positive constant A, we have

lKl = Z Vbe.

beRC

Jr}-

(6.39)

(6.40)

6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

If we take the derivative of (6.46) along e by r times and use (6.13) and (6.26) we get

matrix equation (6.42) that we want to show.
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Now, we inquiry the case of distinct principal curvatures till at most 5 for the (6.1).

Proposition 6.1.8. Let M be an MCGL hypersurface in E’f“ with the shape operator

given by (6.1). If M has 2 distinct curvatures, then it cannot be proper biconservative.

Proof. Consider (6.35) for p = 2. Then,

viKi +w Ky =nH. (6.47)

So,
Ky, = —(2+V1)K1. (6.48)
It contradicts with Lemma 6.1.4. L]

Proposition 6.1.9. Let M be an MCGL hypersurface in E'f“ with the shape operator

given by (6.1). If M has 3 distinct curvatures, then it cannot be proper biconservative.

Proof. Consider (6.35) for p = 3. Then,
Ky +v3iKzs = —(2+v)K;. (6.49)

Taking the derivative of (6.49) along e; two times by using (6.13) and (6.29), we come

across the matrix in [31, Lemma 3.1] So,

v ] = (o]

For simplicity we put y» = a,y3 = b. Note that if y» =a =0, then y3 =0 and
this gives a contradiction by Remark 6.1.3. So we can apply row echelon process to

coefficents matrix and we get
a b 1% (Kl — Kz) . 0
[o b(b— a)} [V3(K1 - 1@)] = [o a7 651)
So, the case 1s reduced for solving the following equation
b(b—a)vi(K; —K3) =0. (6.52)

Now, we examine the solution of the equation just above under the following cases:

Case 1: Putting b = a into (6.51) gives

a(v2(Ky —K) +v3(K; — K3)) =0. (6.53)
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However, this is impossible by hypothesis a # 0 and by Lemma 6.1.5.
Case 2: If b =0 then K3 =0 and v3 = 0 by Lemma 6.1.2. Then (6.49) becomes
2Ky = —(2+v1)K;. This gives K| = 0 which is a contradiction by Lemma 6.1.4.

]

Therefore there is no biconservative hypersurface with at most 3 distinct principal

curvatures with the shape operator given by (6.1).

Proposition 6.1.10. Let M be MCGL hypersurface in E’l”l with the shape operator

given by (6.1). If M has 4 distinct curvatures, then it cannot be proper biconservative.

Proof. Consider (6.35) for p = 4. By following similar procedures as in the

Proposition 6.1.9 we get the following matrix equation

Vv W3 | | v(Ki—K>) 0
v; v il |w(K—K3)| = |0]. (6.54)
v, vy | [va(Ki —Ka) 0

Note that if Yy, = 0 then (6.54) implies

V(W — y3)va(Ky — Ky) = 0. (6.55)

So, putting Y4 = 0 into (6.54) implies Y3 = 0 since Y, = 0. This contradicts Remark
6.1.3. In other case, if Y4 = y3 and putting this into (6.54) gives

w3 (v3(K1 — K3) +v4(K; — K4)) = 0.

By Lemma 6.1.6 y3 = 0. It follows y» = w3 = y4 = 0 which is a contradiction by
Remark 6.1.3.

So, ¥, # 0 and we can apply the row echelon process to the (6.54). Hence we have

a b c v2 (K1 — K3) 0
0 b(b—a) c(c—a) (K1 —K3)| = [0], a#0,b#—a (6.56)
0 0 c(c—a)(c—b)| |va(K; —Ky) 0

where a = y,,b = y3,c = Yy for simplicity. So, the case is reduced to the solution of

the following equation
c(c—a)(c—b)vs(K; —Ky4) =0. (6.57)

The realization of (6.57) depends on following Cases;

Case 1: ¢ =0 then K4 = 0 and v4 = 0 by Lemma 6.1.2. So, by replacing ¢ = 0 into
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(6.56), we get (6.51) of Proposition 6.1.9 and it has been shown already.

Case 2: ¢ —a = 0 then putting ¢ = a into (6.56) gives
b(b—a)V3(K1 —K3) =0. (6.58)

We shall examine the solution of (6.58) in the following cases:

Case 2.a: b = 0 then K3 = 0 = v3 by Lemma 6.1.2. It means by (6.56)
a(v2(K1 — K3) +v4(K1 — Ky)) =0, (6.59)

but it is not possible by Lemma 6.1.5 and our hypothesis a # 0.
Case 2.b: b = a then b = ¢ = a and by (6.56) gives

a(va(Ki —Ka) +v3(Ki — K3) +v4(Ky — K4)) =0, (6.60)
but it is not possible by Lemma 6.1.5 and our hypothesis a # 0 again.
Therefore we can say ¢ # a.

Case 3: Putting ¢ = b into (6.56) gives
b(b—a)(V3(K1 —K3)+V4(K| —K4)) =0. (6.61)

Firstly, we want to notice that v3(K; — K3) + v4(K; — K4) # 0 by Lemma 6.1.6. Now
we shall examine the solution of (6.61) in following Cases:

Case 3.a: b = 0 then ¢ = 0 and it is equivalent to the Case 1.

Case 3.b: b = a then b = ¢ = a and it is equivalent to the Case 2.b.

So we can say ¢ # b. It follows that (6.57) is possible if and only if ¢ = 0. U

Therefore, there is no biconservative hypersurface with four distinct principal

curvatures with the shape operator given by Case 1.

Proposition 6.1.11. Let M be an MCGL hypersurface in ]E’I’Jrl with the shape operator

given by (6.1). If M has 5 distinct curvatures, then it cannot be proper biconservative.

Proof. Consider (6.35) for p = 5. By following similar process in the Proposition

6.1.10 we have the following matrix equation

a b c d VaAl2 0

0 b(b—a) c(c—a) d(d—a) Azl |0 (6.62)
0 0 c(c—a)(c—b) d(d—a)(d—D) wAig| (0]

0 0 0 dd—a)(d—D)(d—c)| |vsAls 0
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where a # 0,b # —a and A;; = K; — K. So problem is reduced to the solution of the

following equation
d(d—a)(d—Db)(d—c)vs(K; —Ks5) =0. (6.63)

The realization of (6.63) depends on the following cases;

Case 1: d =0 then K5 = 0 and v5 = 0 by Lemma 6.1.2. So, by replacing d = 0 into
(6.62), it is reduced to (6.56) and it has been shown already.

Case 2: Putting d = c into (6.62) gives

c(c—a)(c—b)(v4(K; — K4) +vs(K1 —Ks5)) = 0. (6.64)

We shall examine the solution of (6.64) in the following cases:
Case 2.a: ¢ =0 then d = 0. So, this condition is equivalent to the Case 1.

Case 2.b: ¢ = b then ¢ = b =d. So, putting it into (6.62) gives
b(b—a)(v3(K1 — K3) +va(Ki — K4) +vs5(K; — K5)) = 0. (6.65)

Firstly, we want to notice that v3(K; — K3) +v4(K; — Ka) +vs(K; — Ks) # 0 by Lemma
6.1.6. Now we shall examine the solution of (6.65) such that if » = 0 then d = 0 and

this gives Case 1 else if b = a then d = ¢ = b = a and putting it into (6.62) gives
a(vz(Kl - Kz) +v3 (Kl - K3) + V4(K1 - K4) +vs (K1 - K5)) =0, (6.66)

but (6.66) is impossible by Lemma 6.1.5 and our hypothesis a # 0. Therefore ¢ = b if
and only if ¢ = 0.

Case 2.c: ¢ = a then d = ¢ = a. So, putting it into (6.62) gives
b(b—a)v3(K; —K3) = 0. (6.67)

Now we shall examine the solution of (6.67) such thatif b =a thend = ¢ =b = a and

putting it into (6.62) gives (6.66) else if b = 0 then putting it into (6.62) gives
a(VQ(Kl —K2)+V4(K1 +K4)+v5(K1 —K5)) =0, (6.68)

but (6.68) is impossible by Lemma 6.1.6. Therefore ¢ # a.
Case 2.d: v4(K| — K4) +v5(K; — K5) = 0 then Lemma 6.1.7 gives the matrix (6.51).

So, it is obvious that this Case is equivalent to the Case in 6.1.9.

Therefore we can say d = c if and only if d = 0.
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Case 3: Putting d = b into the matrix (6.62) then
c(c—a)(c—b)va(K; —Kq) =0. (6.69)
We shall examine the solution of (6.69) in the following cases:

Case 3.a: Putting ¢ = 0 into the matrix (6.62) with Case 3 gives
b(b—a)(V3(K1 —K3)—|—V5(K1 —K5)) =0. (6.70)
We shall examine the solution (6.70).

Case 3.a.i: b =0 gives d = 0 by Case 3. So, this case is equivalent to the Case 1.

Case 3.a.ii: b = a gives b = a = d by Case 3. So, by replacing them into the matrix
(6.62) gives
a(v2(K1 — K>) +v3(K; — K3) +vs(K| — Ks), (6.71)

but this gives a contradiction by Lemma 6.1.5.

Case 3.a.iii: v3(K; — K3) +vs5(K; — K5) = 0 then by Lemma 6.1.7 and Case 3.a , we
have av,(K; — K>) = 0 which is impossible by hypothesis a # 0 and from being K; and

K, are distinct.

Case 3.b: ¢ = b then c = b =d. So, it is obvious that this Case is equaivalent to the
Case 2.b.

Case 3.c: Putting ¢ = a into the matrix (6.62) gives
b(b—a)(v3(Ki — K3) +vs(Ki — Ks)) = 0. (6.72)

Now we shall examine the solution of (6.72).

Case 3.c.i: b =0 then d = 0 by Case 3 and it means K5 = 0 by Lemma 6.1.2. So, this
condition is equivalent to the Case 1.

Case 3.c.ii: b = a then d = ¢ = b = a by Case 3 and Case 3.c. So, putting it into the

matrix (6.62) gives the equation (6.66) but it was impossible by Lemma 6.1.5 and our

hypothesis a # 0.
Case 3.c.iii: v3(K| — K4) +v5(K] — K5) = 0 then Lemma 6.1.7 gives
a a V2(K1 —Kz) . 0
[o 0} [M(Kl - K4)] = {o ' ©73)
So, we have
a(va(Ky — K2) +va(K1 — K4)) = 0. (6.74)
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We want to notice that vy(K; — K») + v4(K; — K4) # 0 by Lemma 6.1.5 and a # 0
already. So (6.74) is impossible.

Therefore we can say d = b if and only if d = 0.

Case 4: Putting d = a into the matrix (6.62) gives
c(c—a)(c—b)vs(K; —Ky4) =0. (6.75)

We shall examine the solution of (6.75) in the following cases:

Case 4.a: Putting ¢ = b into the matrix (6.62) gives
b(b—a)(V3(K1 —K3) +V4(K1 —K4)) =0. (6.76)

Now we shall examine the solution of (6.76).

Case 4.a.i: b =0 gives ¢ = 0 by Case 4. By replacing them into the matrix (6.62) gives
a(v2(Ky —K>) +vs(Ky — Ks)) =0, (6.77)

but this gives a contradiction by Lemma 6.1.5 since K3 = K4 = 0.

Case 4.a.ii: b = a gives b = a = ¢ = d by Case 4 and Case 4.a. So, by replacing them

into the matrix (6.62) gives
a(v2 (Kl — Kz) +v3 (Kl — K3) + V4(K1 — K4) +vs (Kl — K5)) =0. (6.78)

This gives a contradiction by Lemma 6.1.5.

Case 4.a.iii: v3(K| — K3) +v4(K] — Ky4) = 0 gives
a(vz(Kl —K2)+V5(K1 —K5)> =0 (6.79)
by Lemma 6.1.7 and from being d = a, but this gives a contradiction by Lemma 6.1.5.

Therefore, when we back to the Case 4.a, one can say ¢ # b.

Case 4.b: Putting ¢ = a into the matrix (6.62) gives
b(b—a)(v3(K; —K3)) =0. (6.80)

Now we shall examine the solution of (6.80).
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Case 4.b.i: b =0 gives K3 = 0 by Lemma 6.1.2 and note that ¢ = a = d by Case 4 and

Case 4.b. So, by replacing all of them into the matrix (6.62), we get

a(v2(K1 — Kz) +va(Ki — Ka) +vs(K1 — Ks)) =0, (6.81)

but this gives a contradiction by Lemma 6.1.5.

Case 4.b.ii: b = a then b = a = ¢ = d by Case 4 and Case 4.b. So by replacing all of

them into the matrix (6.62), we get

a(vz(Kl — Kz) —|-V3(K1 — K3) —|-V4(K1 — K4) —|-V5(K1 — K5)) =0, (6.82)

but this gives a contradiction by Lemma 6.1.5.
Therefore, when we back to the Case 4.a, one can say ¢ # a.

Case 4.c: Putting ¢ = 0 into the matrix (6.62) gives
b(b—a)(v3(Ki —K3)) =0 (6.83)

and note that K4 = v4 = 0. Now we shall examine the solution of (6.83).

Case 4.c.i: b =0 gives K3 = v3 = 0. So, by replacing all of them into the matrix (6.62)
gives

a(VZ(Kl — Kz) +v5(K1 — K5)) =0, (6.84)

but this gives a contradiction by Lemma 6.1.5.

Case 4.c.ii: b = a gives b = d = a by Case 4. So, by replacing them into the matrix
(6.62) gives
a(v2(K1 — K2) +v3(K1 — K3) +vs (K1 — Ks)) =0, (6.85)

but this gives a contradiction by Lemma 6.1.5. So b # a, when we back to the Case
4.c. So, we have ¢ # 0.
Therefore, (6.63) is satisfied if and only if d = 0 and it means that five distinct case is

reduced to four distinct cases and they have been shown already. [

Now, we study on hypersurfaces with the shape operator given by (6.2). In this case,
the second fundamental form of M satisfies

h(ey,e2) = —kiN = —h(es,e3), h(ej,e3) = —N, h(eq,eq) =kaN, (6.86)
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h(ei,e1) = h(e1,eq) = h(ez,e2) =0 = h(ea,e3) = h(ez,eq) = h(eq,ep) =0, (6.87)

for a # B and o, = 3,4,...,n. Now, assume that if the surface is biconservative
hypersurface, then we have (6.10). Thus one can choose VH is proportional to

light-like vector e; and say —2k; = nH. So

ez(kl):ea(kl):O, el(kl)#o, (X:3,4,...,n. (6.88)

Consider distinct principal curvatures Ky, K>, .. ., K}, with its multiplicities vi,v7,...,V,

as in [31]. Then (6.7) becomes

Now we use the Codazzi equation (2.28).

e The triple (e;,eq,eq) implies

e2(ka) = Po (ki — ko). (6.90)

oThe triple (e2,eq,ep) gives
Wop(e2)(ka —kp) = wyp(ea) (ki —kp). (6.91)

e The triple (eg,e2,eq) gives
o (ep) (ki —ka) = @gp(e) (ka —kp). (6.92)

Note that [eq,eg] (k1) = 0. So, it implies

p(ea) = Malep). (6.93)

By combining (6.93), (6.91) and (6.92), we get

a)zﬁ (ea) = (0205(6[3) = waﬁ (82) =0. (6.94)

e The triple (ey,e;,e3) implies

¢ = 0. (6.95)

Moreover, [e2,eq| (k1) = 0 gives

o (e2) =0. (6.96)
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Now we use Gauss equations (2.26) to set R(eq,e2,€2,e4) = 0. Then (6.94), (6.95)
and (6.96) give
er(Py) = — P2 (6.97)

and R(eq,e1,e2,eq) = kikg. So, we have
e1(Py) = —DP2(¢1 — Vo) + kikg. (6.98)

It is obvious that if each @, = 0 then it gives k1 = 0 contradiction as in Remark 6.1.3.

Now, we get the derivative of (6.89) along e, p times by using (6.90) and (6.98), to

obtain
(PZZ (D% (1512, v (K| — K7) 0
P2 D2 .. 2| |k —K; 0
2 ! (1. . e (6.99)
® dF .. | v, (Ki—Kp)| |0

We showed that the hypersurface with the matrix given in (6.99) cannot be
biconservative. We want to notice that we obtain the same of Lemma 6.1.5 and Lemma

6.1.6 by (6.89). So, by using the same techniques, we obtain

Theorem 6.1.12. There exists no MCGL biconservative hypersurface with at most 5
distinct principal curvatures and the shape operator given by (6.1) or (6.2) in the

Minkowski space E']l+].
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7. CONCLUSIONS

In this thesis, biconservative submanifolds and biconservative hypersurfaces in
Lorentzian space forms were studied. In section 3, some facts about biconservative
CMC submanifolds were obtained. In Theorem 3.3.3, four types of surfaces were
obtained to which every biconservative CMC surfaces in E‘l‘ are locally congruent.
Moreover, in S‘l1 it was shown that biconservative CMC surface are ruled surfaces
satisfying some special cases. Also, necessary and sufficient condition for the such
surface to be biharmonic was given. Finally, it was shown that there is no proper

biharmonic surface in H‘I‘.

In section 4, proper biconservative hypersurfaces with a non-diagonalizable shape
operator in ]E‘l1 were studied. In Theorem 4.3.8, it was shown that such hypersurfaces

are locally congruent to a rotational surface satisfying some special cases.

In section 5, we studied on the biconservative hypersurfaces with non-diagonalizable
shaper operator and at most two principle curvatures in Minkowski 5-space E? . It was
shown that there is no proper biconservative hypersurface in E? with the shape operator

given in (5.2), (5.3) and (5.4).

In section 6, biconservative hypersurfaces in Minkowski spaces E'{“ were studied. We
mainly focus on hypersurfaces with mean curvature whose gradient is light-like. We
determined its shape operator to be at most 5 distinct principal curvatures. It was shown
that there is no biconservative MCGL hypersurface with at most 5 distinct principal

curvatures in the Minkowski space E’f“ .

In the future, what has been done in Section 4 in E‘l‘ can be considered in arbitrary
dimension Ef. So, the generalization of the surface given in Section 3 can be obtained

by a generalization of the method used.
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