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MANIFOLDS OF GENERALISED G-STRUCTURES
IN STRING COMPACTIFICATIONS

SUMMARY

A G-structure on a differentiable manifold M of dimension n can be described as a
reduction of the linear frame bundle L(M) of M to a Lie subgroup G of GL(n,R).
Such a reduction is equivalent to the existence of certain geometric structures on M,
depending on what the subgroup G is. For example, an O(n)-structure corresponds
to the existence of a Riemannian metric g. Similarly, by the existence of an almost
complex structure J, the structure group reduces to GL(n/2,C). If a Riemannian metric
and an almost complex structure are compatible that is metric is hermitian then the
structure group reduces to SU (n/2).

In a similar fashion, a generalised G-structure can be described as a reduction of the
structure group of the principal bundle associated to the generalised tangent bundle
TM @ T*M. The natural structure group of TM & T*M is O(n,n). The generalised
G-structures also correspond to existence of certain geometrical objects. For example,
the reduction of the structure group from O(n,n) to O(n) x O(n) corresponds to the
existence of a generalised metric. Similarly, on an even dimensional real manifold M
a generalised almost complex structure is given by a reduction of the structure group
from O(n,n) to U(n/2,n/2). A generalised almost complex structure is defined by the
existence of a pure spinor which is a section of the exterior bundle A\°*T*M.

The main theme of this thesis is the study of manifolds of generalised G-structure
relevant for string compactifications. Superstring theory is a quantum theory of gravity
consistent in 10 dimensions. There are five consistent superstring theories and the
low energy dynamics of massless space-time fields is governed by ten dimensional
supergravity theories. The supergravity field equations are nonlinear partial differential
equations which can be regarded as a generalisation of field equations of Einstein’s
theory of general relativity (GR). In a supersymmetric compactification of Type II
string theory down to 4 dimensions, it is required that the structure group of the
generalised tangent bundle TM & T*M of the six dimensional internal manifold M
is reduced from SO(6,6) to SU(3) x SU(3). This is equivalent to the existence of
two globally defined compatible pure spinors ®; and ®,. Furthermore, these pure
spinors should satisfy certain first order differential equations, namely supersymmetry
equations. We show that these equations are covariant under certain Pin(d,d)
transformations. We also show that Non-Abelian T-duality (NATD) which is generated
by a coordinate dependent Pin(d,d) transformation is a particular solution generating
transformation for these pure spinor equations. Our method is demonstrated by
studying the NATD of a specific class of geometries with SU(2) isometry and
SU(3)-structure. Some of the manifolds belonging to this class are AdSs x T'!,
AdSs x YP4 and AdSs x S°. It is interesting to note that in each case, the internal
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manifold is a Sasaki-Einstein manifold. We show that the transformed pure spinors are
associated with an SU (2)-structure.

The plan of the thesis is as follows: in section 2, we study principal fiber bundles,
vector bundles and linear frame bundles. Then, we study the concept of the reduction
of the structure groups. We also give familiar examples of G-structures in detail.
In section 3, we shortly review the relation between G-holonomy and torsion-free
G-structures. In section 4, we study the basic concepts regarding the geometry on
the generalised tangent bundle 7M @& T*M. This leads us to the definition of a
generalised G-structure. Since our main interest is in SU(3) x SU(3)-structures we
give in a separate subsection the description of SU(3) x SU(3)-structures and the
associated pure spinors in detail. In section 5, we focus on the differential equations
to be satisfied by the pure spinors for preservation of .4~ = 1 supersymmetry. We
study the covariance of these equations under constant and non-constant Pin(d,d)
transformations. Then, we study Non-Abelian T-duality (NATD) transformations in
detail, and we show the invariance of pure spinor equations under NATD. In section 6,
we consider a specific class of geometries. We transform the pure spinors associated
with the SU (3)-structure, and show that the resulting pure spinors determine an SU(2)
structure. We also study the NATD transformation of the metric, the B field and the
Ramond-Ramond fields.
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SICIM KOMPAKTIFIKASYONLARINDA
GENELLESTIRILMIS G-YAPISI OLAN MANIFOLDLAR

OZET

Boyutu n olan tiirevlenebilir bir M manifoldu iizerinde, bir G-yapisi, lineer gerceve
demetinin temel alt demeti olarak tanimlanir. G grubu ise GL(n,R) grubunun bir
Lie alt grubudur. Dogrusal cerceve demeti, TM teget demetiyle iligkili ana cerceve
demetidir. G-yapilan ile M {iizerinde belirli geometrik nesnelerin varligi arasinda
1-1 kargihklhilik vardir. Ornegin, dogrusal gergeve demetinin yapt grubunun O(n)’e
indirgenmesi, bir Riemann metrigi g’nin varligina karsilik gelir. Benzer sekilde, hemen
hemen kompleks bir J yapisinin varligiyla, yapt grubu GL(n/2,C)’ye indirgenir. Eger
Riemann metrigi ve hemen hemen komplex yap:i birbirleriyle uyumluysa yani bir
Hermityen metrigi & varsa, yap1 grubu SU (n/2)’e diiser. Bu ise reel bir 2-form @’nin
varhigina ve belirli kosullar1 saglayan kompleks ayrigtirilabilir bir n/2-form Q’nin
varligina esdegerdir. Benzer sekilde, herhangi bir yedi boyutlu diizgiin manifold M
lizerinde Gj-yapisi, cerceve demetinin yapr grubunun kompakt, istisnai Lie grubu
G>’ye indirgenmesi olarak tanimlanabilir. G», pozitif bir 3-form olan ¢’yi koruyan
GL(7,R)’nin bir alt grubudur.

G-yapilart ve G-holonomi kavramlar1 yakindan iligkilidir. ~ Bir konneksiyonun
holonomi grubu, bir vektor demetinde veya bir temel lif demetinde global bir
degismez olarak tanimlanir. Holonomi gruplart belirli bir teget uzaymin 7,M
endomorfizmalart olarak tanimlanir. Bunlar belirli bir alt grup icinde degerler alan
ve kapali dongiiler etrafinda paralel tasima vasitasiyla olusturulan endomorfizmalardir.
Holonomi kavrami bizim i¢in iki nedenden o6tiirii 6nemlidir. Birincisi, holonomi grubu
kovaryant sabit tensorleri tanimlar. Ornegin, Riemann metrigi g kovaryant olarak
sabit oldugunda, holonomi grubu O(n)’in bir alt grubu olur. J’nin kovaryant olarak
sabit oldugu durumda holonomi grubu GL(n/2,C)’nin bir alt grubudur. Eger kapalt
dejenere olmayan bir 2-form @ ve ayrisabilen kapali bir n/2 form Q’nin varligini
empoze edersek o zaman yap1 grubu SU(n/2)’e diiser ve bu formlarin kovaryant
tiirevleri sifir ise o zaman holonomi grubu SU (n/2)’in bir alt grubu olacaktir. Eger
3-form olan ¢ Levi-Civita konneksiyonuna gore paralelse, bu durumda holonomi
grubu G;’nin bir alt grubu olur. Holonomi grubunun bizim i¢in énemli olmasinin
ikinci nedeni ise burulmasiz olan konneksiyonlar icin, G-holonomisi ile burulmasiz
G-yapilarinin birbirlerine denk olmasidir.

Bu tezde amacimiz TM & T*M iizerinde tanimlanan genellestirilmis G-yapilarini
calismakti. TM & T*M genellestirilmis teget demeti olarak adlandirilir ve 7M’in
kesitlerinde tanimli olan Lie parantezi, TM & T*M’in kesitlerinde tanimli Courant
parantezi ile yer degistirilir.  Genellestirilmis G-yapisin1 genellestirilmis teget
demetiyle iligkili olan genellestirilmis ¢erceve demetinin yap1 grubunun bir indirgen-
mesi olarak tanimlayacagiz. TM & T*M’in dogal yap1 grubu O(n,n)’dir. Yukarida
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tartistigimiz geleneksel G-yapilarinda oldugu gibi, genellestirilmis G-yapilart da belirli
geometrik nesnelerin varhigma karsilhik gelir. Ornegin, yapt grubunun O(n,n)’den
O(n) x O(n)’e indirgenmesi, genellestirilmis bir metrigin varhgma karsilik gelir.
Genellestirilmis metrik, Riemannian metrigi g ve bir 2-form alam1 B’den olusan
TM ® T*M tizerinde tanimli bir metriktir. Benzer sekilde, cift boyutlu bir reel
manifold M iizerinde, genellestirilmis hemen hemen kompleks yapinin varligi, yapi
grubunun O(n,n)’den U(n/2,n/2)’e indirgenmesine karsilik gelir. Ayrica, O(n) X
O(n) ve U(n/2,n/2) nin kesisimi U(n/2) x U(n/2)-yapisina bir indirgenme saglar.
Bu ise iki uyumlu genellestirilmis hemen hemen kompleks yapinin varligina denktir.
Dahast, yapi1 grubu, normu sifirdan farkli saf bir spinériiniin varhigiyla SU (n/2,n/2)’e
indirgenir. Saf spinorler A\®*T*M Kkesitleridir yani homojen olmayan diferansiyel
formlar olarak tanimlanabilir. Saf bir spindriin maksimum izotropik bir sifir uzay1
vardir.  Yapi grubu, iki uyumlu saf spindriin varhgiyla SU(n/2) x SU(n/2)’e
indirgenebilir. Uyumluluk kosulu ise spindrlerin iligkili olduklar1 genellestirilmis
hemen hemen kompleks yapilarin uyumluluguyla ilgilidir. Oncelikli ilgi alanimiz
SU(3) x SU(3)- yapilart ve bu yapiyla iligkili olan homojen olmayan diferansiyel
formlar yani saf spinorlerdir.

Bu tezdeki temel amacimiz, sicim kompaktifikasyonlariyla ilgili olan genellestirilmis
G-yapist olan manifoldlar1 ¢aligmaktir.  Siipersicim teorisi, 10 boyutta tutarh
bir kuantum kiitlecekimi teorisidir. 5 tane tutarli siipersicim teorisi bulunur ve
kiitlesiz uzay-zaman alanlarinin diisiik enerji dinamikleri on boyutlu siiper kiitlecekim
teorileriyle yonetilir. Siiper kiitlecekim alan denklemleri, Einstein’in genel gorelilik
teorisinin (GR) alan denklemlerinin genellestirilmesi olarak diisiiniilebilecek dogrusal
olmayan kismi diferansiyel denklemlerdir. GR’de ana dinamik alan Riemann
metrigidir. Sicim kuraminda, Riemann metrigine ek olarak 2-form olan bir B alani,
dilaton ad1 verilen bir skaler alan ve Ramond-Ramond (RR) alanlar1 ad1 verilen bir
grup p-form alanlar1 da mevcuttur. Siiper kiitlecekimindeki standart formiilasyonda
p farkli degerler alir. Tip (m) I[IA durumunda RR alan siddeti p = 0,2,4 dereceli
formlar iken Tip IIB durumunda p = 1,3,5 dereceli formlardir. Bu formlarin
Hodge diiallerinin de dikkate alinmasiyla elde edilen demokratik formiilasyondaysa
Tip (m) ITA durumunda RR alan siddeti p = 0,2,4,6,8,10 dereceli formlar iken
Tip IIB durumunda p = 1,3,5,7,9 dereceli formlardir. Sicim teorisini 4 boyutlu
fiziksel teorilerle iligkilendirmek i¢in, 4 boyutlu M;3; Minkowski uzay-zamanina
kompaktifikasyona karsilik gelen M3 X Ys bigcimindeki ¢Oziimleri dikkate almak
gerekir. Yy i¢c manifold adi verilen kompakt bir manifolddur. Ortaya ¢ikan 4
boyutlu teorinin gercek¢i olabilmesi i¢in i¢ manifoldun belirli 6zellikleri saglamasi
gerekmektedir. Ornegin 4 boyutlu teoride, siipersimetri ad1 verilen belirli bir simetrinin
olmasi istenir. Ornegin, RR p-form alanmin sifirlandig: tip II sicim teorisinin
kompaktifikasyonunda .#” = 2 siipersimetri i¢in, i¢ manifoldun kompleks boyutu 3
olan bir Calabi-Yau manifoldu olmasi gerekir. Calabi-Yau manifoldu, birinci Chern
simifinin sifirlandig1 kompleks bir Kédhler manifoldudur. Bu durumda holonomisi
SU (3) olan Ricci-flat metrik kabul ettigi gosterilmisgtir.

Sifirlanmayan p-form alanlarmin varliginda 4 boyutta Tip II sicim teorisinin siiper-
simetrik kompaktifikasyonunda, alti boyutlu i¢ manifold M’nin genellestirilmis teget
demeti TM @ T*M’nin yap1 grubunun SO(6,6)’dan SU(3) x SU(3)’a disiirtilmesi
gerekmektedir. Bu, iki uyumlu saf spinoriin ®; ve ®, varligina denktir. Saf spinorler
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tarafindan saglanan denklemler, arka plan geometrisinin siipersimetrik olmasini saglar.
Bu spinorler asagidaki birinci dereceden diferansiyel denklemleri, yani siipersimetri
denklemlerini saglamalidir.

d(@Zqu)eB/\cI)]) — 07 (1)
d(A0ENDy)) = A VdANLEND, + ée“eB AA(xgF). (2)

Burada, A skaler bir fonksiyon, B bir 2-form alani, ¢ skaler bir alan, *¢ alti boyutlu
ic manifoldda Hodge yildiz operatorii, F homojen olmayan bir diferansiyel form ve
®,, P, saf spinorlerdir. Tiim bu terimler béliim 5’°te detaylica incelenecektir. A4 =1
stipersimetrinin korunmast ile iligkili saf spinor denklemlerinin, Pin(d,d) doniisiimleri
altinda kovaryant oldugunu kanitlamay1 amagliyoruz.

Bu tezde, koordinatlara baglh bir O(d,d) doniisiimii olan Abelian Olmayan T-diialitesi
(NATD) ile saf spinorlerin nasil doniistiiriilecegini gosterecegiz. Bu doniisiim Riemann
metrigi, B alam ve dilaton iizerinde etkilidir. Ote yandan spinor alanlar1, Pin(d,d)
ve O(d,d) arasindaki c¢ift kaplama homomorfizmas: dikkate alinarak elde edilen
bir Pin(d,d) doniisimii ile donecektir. Bu tezde NATD’nin saf spinor denklemleri
icin ¢oziim iireten bir doniisiim oldugunu gosterecegiz. Bunu yapmak igin, saf
spinor denklemlerini Pin(d,d) kovaryant olarak yeniden yazmamiz gerekmektedir.
Ancak NATD koordinat bagimh bir Pin(d,d) doniisimii oldugu icin bu analizi
sonuclandirmak yeterli olmayacaktir. Bolim 5.2.2°de tartisilacak olan genisletilmis
bir analize ihtiyactmiz olacak. Bu analiz sayesinde saf spindrlerin NAT diiallerinin
literatiirdeki diferansiyel denklemleri saglamaya devam ettigi ve bu nedenle diial arka
planin en az ./ = 1 siipersimetriyi korudugu gosterilecektir.

Metodumuzu gostermek icin, Tip IIB siiper kiitlecekiminin ¢oziimleri oldugu bilinen
belirli bir geometri tipine odaklanacagiz. Calisacagimiz geometri, topolojik olarak
M3 X M3 ¥ 53 seklinde olacaktir, boylece bir SU(2) izometrisi vardir. Bu tezin 6.
boliimiinde gorecegimiz gibi, metrik ve S5-formlar i¢in asagidaki yapiy1 inceleyecegiz.

3
N2
ds* = eMdxis+ds’(M)+Y, (€))7, (3)
i=1
Fs = Fohe' NP Ne
Fs = (1+>k)ﬁ5:ﬁz/\el/\62/\63—e4A*3§2/\Vol4

Ayrica geometrinin bir SU(3)-yapisim kabul ettiini varsayacagiz. SU(3) yapisi,
SU(3) x SU(3) yapisinin 6zel bir durumudur. SU(3) yapisiyla iligkili saf spinorler
asagidaki gibidir.

. - _
D) = —ée’e‘eAQ , Oy = ge’9+eAe_’J 4)

Burada A bir fonksiyondur, J reel bir 2-form ve Q belirli kosullar1 saglayan bir
3-formdur. SU(3) saf spinorlerini, B-alanini, metrik ve dilatonu NATD doniisiimii
altinda doniistiirecegiz. Doniisiimden sonra elde ettigimiz yeni geometri Tip II siiper
kiitlecekimi denklemlerini otomatik olarak ¢dzecektir. SU(3) saf spindrlerinin NATD
doniigiimiinden sonra elde ettigimiz yeni saf spindrlerin SU (2) saf spinérleri oldugunu
gosterebilecegiz. Yeni saf spinorler (5.1), (5.2)’de verilen siipersimetri denklemlerini
cOzecektir.
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1. INTRODUCTION

A G-structure on a differentiable manifold M of dimension n can be described as a
reduction of the linear frame bundle L(M) of M to a Lie subgroup G of GL(n,R), [1,2].
The linear frame bundle is the principal frame bundle associated to the tangent bundle
TM. Such a reduction is equivalent to the existence of certain geometric structures
on M, depending on what the subgroup G is. For example, the reduction of the
structure group of the linear frame bundle to O(n) corresponds to the existence of a
Riemannian metric g, [2,3]. Similarly, by the existence of an almost complex structure
J, the structure group reduces to GL(n/2,C), [1]-[3]. If a Riemannian metric and an
almost complex structure are compatible that is metric is hermitian then the structure
group reduces to SU (n/2), [1]-[3]. It is equivalent to the existence of a real 2-form
and a complex decomposable n/2 form Q satisfying certain conditions. Likewise,
a Gy-structure can be defined on any seven dimensional smooth manifold M as a
reduction of the structure group of the frame bundle to the compact, exceptional Lie
group G,. It is defined as the subgroup of the general linear group GL(7,R) which

preserves a positive 3-form @, [1]-[3].

G-structures and G-holonomy are closely related. Holonomy group of a connection
is described on a vector or a principal bundle as a global invariant, [1,2,4]. Typically,
holonomy groups are defined to be endomorphisms of a fixed tangent space 7,M to
the underlying manifold that take values within a particular subgroup arising from
parallel transport around closed loops, [1,2,4]. There are two important aspects that
are crucial for us to be aware of: firstly, the holonomy group is responsible for defining
the covariantly constant tensors on M. For example, when Riemannian metric g is
covariantly constant, then the holonomy group become a subgroup of O(n). In the
case when J is covariantly constant, the holonomy group is a subgroup of GL(n/2,C).
If we impose the existence of a closed non-degenerate 2-form  arising from 4, J and a

closed complex decomposable n/2 form Q ; dw = 0, dQ = 0, then the holonomy group



will become a subgroup of SU(n/2). Existence of G, holonomy imposes that ¢ has
to be parallel with respect to the Levi-Civita connection. Secondly, when we restrict
ourselves to torsion-free connections, G-holonomy groups will become equivalent to

torsion-free G-structures, [1,2,4].

In a similar fashion, a generalised G-structure can be described as a reduction of the
structure group of the principal bundle associated to the generalised tangent bundle
TM & T*M, [5,6]. As we will discuss in Section 4 the natural structure group of
TM & T*M is O(n,n). As in the reduction of the conventional G-structures we
discussed above, the generalised G-structures are equivalent to the existence of certain
geometric structures on M. For example, the reduction of the structure group from
O(n,n) to O(n) x O(n) corresponds to the existence of a generalised metric, [5,6]. The
generalised metric is defined on TM & T*M which consists of Riemannian metric g and
a B-field B, [6]—[10]. Similarly, on an even dimensional real manifold M a generalised
almost complex structure is given by a reduction of the structure group from O(n,n) to
U(n/2,n/2), [6]. A generalised almost complex structure is defined by the existence
of a pure spinor which is a section of the exterior bundle A®* 7*M, [6,11]. Annihilator
of pure spinors is maximally isotropic. Moreover, the intersection of O(n) x O(n) and
U(n/2,n/2) gives a reduction to U(n/2) x U(n/2)-structure, [5,6,12]. The structure
group reduces to the SU (n/2,n/2) by the existence of a globally defined pure spinor of
non-vanishing norm, [12]. It can be further reduced to SU(n/2) x SU (n/2)-structure
by the existence of two compatible pure spinors where the compatibility condition is
related to their associated generalised almost complex structures compatibility, [12].
Our primary interest is on SU(3) x SU(3)- structures and the associated pure spinors

as smooth non-homogeneous differential forms.

The main theme of this thesis is manifolds of generalised G-structure relevant for
string compactifications. Superstring theory is a quantum theory of gravity consistent
in 10 dimensions, [12]-[14]. There are five consistent superstring theories and the
low energy dynamics of massless space-time fields is governed by ten dimensional
supergravity theories. The supergravity field equations are nonlinear partial differential
equations which can be regarded as a generalisation of field equations of Einstein’s

theory of general relativity (GR). In GR, the main dynamical field is the Riemannian



metric. In type II string theory, in addition to the Riemannian metric one also has a
2-form field B (called the B-field), a scalar field called the dilaton and p-form fields
of various degrees called the Ramond-Ramond (RR) fields. Type IIA and IIB are
two of the superstring theories which are related with each other with T-duality. The
Ramond-Ramond (RR) field strengths are p = 0,2,4 degree forms for Type (m) IIA
wheras the Ramond-Ramond (RR) field strengths are p = 1,3,5 degree forms for
Type IIB. We will be referring to a formulation called the democratic formulation
where the Hodge duals of these forms are also taking into account so that the RR
fields are p = 0,2,4,6,8, 10 degree forms for Type (m) IIA wheras the RR fields are
p=1,3,5,7,9 degree forms for Type IIB, [13,14]. In order to relate string theory with
4 dimensional physical theories one has to consider solutions of the form M; 3 X ¥
corresponding to compactifications to 4 dimensional Minkowski space-time M 3.
Here, Yg 1s a compact manifold called the internal manifold. Equivalently, we say that
the 10 dimensional theory has been compactified on the 6-dimensional manifold Y. In
order for the resulting 4-dimensional theory to be realistic the internal manifold must
possess certain properties. For example, one usually demands the 4-dimensional theory
to exhibit a certain type of symmetry called supersymmetry. For example, requirement
of .4 = 2 supersymmetry in a compactification of type II string theory in the absence
of RR p-form field requires the internal manifold to be a Calabi-Yau manifold with 3
complex dimensions [12]-[14]. A Calabi-Yau manifold is a complex Kihler manifold
with vanishing first Chern class and it was shown that admits a Ricci-flat metric with

SU(3) holonomy.

In the presence of non-vanishing p-form fields in a supersymmetric compactification
of Type II string theory, preservation of .#” = 1 supersymmetry in four dimensions is
studied by using tools from generalised geometry defined on the generalised tangent
bundle, as was first shown in [15]. Preservation of . 4" = 1 supersymmetry requires that
the structure group of the generalised tangent bundle TM & T*M of the six dimensional
internal manifold M is reduced from SO(6,6) to SU(3) x SU(3). As we discussed
above it was given in [16] that this implies existence of two globally defined compatible
pure spinors ®; and &, of non-vanishing norm. These pure spinors can be constructed

from the internal spinors arising from the 10 dimensonal Killing spinors generating



the supersymmetry transformations in 10 dimensions, [17]. It was shown in [15,18,19]
that these pure spinors should satisfy certain first order differential equations, namely

supersymmetry equations.

d e B nd)) = 0, (1.1)

AP ND)) = VAN ND, + ée“eB NA(x6F). (1.2)

Here A is a scalar function, B is a 2-form field, ¢ is a scalar field, *¢ is the Hodge duality
on the six dimensional internal manifold, F is a non-homogeneous differential form
and ®,®, are pure spinors. All the terms appearing in pure spinor equations will be
discussed in chapter 5. We aim to prove that these equations associated with preserved
A =1 supersymmetry are covariant under Pin(d,d) transformations. In order to do
this, we extend the exterior derivative operator to an O(d,d) covariant differential
operator. We also write the Hodge duality operator in a Pin(d,d) covariant way, by
utilising the generalised metric. We show the covariance of pure spinor equations

(5.1), (5.2) under both constant and non-constant Pin(d,d) transformations.

In this thesis, we also show how to transform pure spinors by Non-Abelian T-duality
(NATD) which can be described as a coordinate-dependent O(d,d) transformation as
was shown in [20]. O(10,10) matrix associated with the NATD transformation is
called TyaTp. This transformation acts on the Riemannian metric, the B-field and the
dilaton. On the other hand, the spinor fields are transformed by applying a Pin(d,d)
transformation, which is generated by Snarp. It is obtained as p(Snatp) = TNATD
by considering the double covering homomorphism p between Pin(d,d) and O(d,d).
It was shown in [20] that NATD is a solution generating transformation for Double
Field Theory (DFT). Likewise, we will be able to show in this thesis that NATD is a
solution generating transformation for pure spinor equations (5.1), (5.2). Since NATD
is a special coordinate dependent Pin(d,d) transformation we will need an extended
analysis which will be discussed in Section 5.2.2. It ensures that the solutions of pure
spinor equations will remain solutions after NATD transformation due to the special
properties of NATD. It is through this analysis that we guarantee in [17] that NAT dual
of pure spinors of .4 = 1 vacua still satisfy the differential equations in literature, and

therefore, the dual background maintains at least .4 = 1 supersymmetry.



In order to demonstrate our method, we will focus on a specific type of geometries
which are known to be solutions of Type IIB supergravity. The geometry we will study
will be topologically of the form M; 3 x .3 x S3 so that there is an SU(2) isometry.

As we will see in Section 6 that we will be studying the following ansatz for the metric

and 5-forms.
30,
ds* = eMdxiz+ds’(M3)+ Y, (€))7, (1.3)
i=1
Fs = Fohel N2 Ne
Fs = (1+*)ﬁ’5:ﬁz/\el/\ez/\g—e4A*3,§52/\Vol4

We will also assume that the geometry admits an SU (3)-structure. SU (3)-structure can
be regarded as a special case of SU(3) x SU(3) structure and pure spinors associated

with SU (3)-structure are as follows.
. . _
®, = —ée’e‘eAQ L By =gl (1.4)

Here A is a function that appears in the Riemannian metric and is called the warp
factor, J is a real 2-form and Q is a 3-form satisfying certain conditions. We transform
these pure spinors under the NATD transformation along with the transformation of
the B-field, metric and the dilaton. The new geometry will automatically solve Type II
supergravity equations. New pure spinors will also solve supersymmetry equations
given in (5.1), (5.2). We will also be able to show that SU(3) pure spinors are

transformed to pure spinors associated with an SU(2) structure, [17].






2. G-STRUCTURES

In this section, we review the construction and properties of G-structures. A
G-structure on a differentiable manifold M of dimension n can be described as a
reduction of the linear frame bundle L(M) of M to a Lie subgroup G of GL(n,R), [1,2].
Such a reduction is equivalent to the existence of certain geometric structures on
M, depending on what the subgroup G is. We will briefly review principal fibre
bundles, vector bundles and associated fibre bundles according to [1,2]. Then, we
will specifically consider linear frame bundles. We will explain how one can associate
vector bundles to principal bundles. Oftentimes, principal bundles and vector bundles

provide two different but equivalent approaches.

2.1 Principal Fibre Bundles

To begin, we consider the following description of a principal fiber bundle:

Definition 2.1 [2] Let M be a manifold and G a Lie group. A (differentiable) principal
fibre bundle over M (the base manifold) with group G (the structure group) consists
of a manifold P (the total manifold) and an action of G on P satisfying the following

conditions:

(1) G acts freely on P on theright. If p=pg=g=e, (p,g) €PXG—pg=RepeP
and is associative in the sense that p(gh) = (pg)h, for all g,h € G.

(2) M is the quotient space of P by the equivalence relation ~ induced by G, M = P/G,

(p' ~ p=3g,p = pg) and the canonical projection 7 : P — M is differentiable;

(3) P is locally trivial, that is, every point x of M has a neighborhood U such that
7~ 1(U) is isomorphic with U x G.

That is, there exists a diffeomorphism

v:n l(U)-UxG



such that y(p) = (7(p), ¢(p)) where @ is a mapping T! (U) — G satisfying ¢(pg) =
(¢(p))gforallpe n~!(U)and g € G.

Principal fibre bundle will be denoted by P(M,G). The inverse image of a point x €
M, 7~ !(x), is a closed submanifold of P, which is called the fibre over x. If p is a point
of 7~ !(x), then £~!(x) is the set of points pg, g € G and is called the fibre through
p. Considering that the action is free and transitive on every fibre, it would follow
that each fibre is diffeomorphic to G. As a result of this, we can consider the fibres as
copies of G, [2].

Definition 2.2 [21] A local cross section over an open set U C M is a differentiable

mapping ¢ : U — P such that (too)(x) =x VxeU.

Remark 2.1 As a way of understanding local cross sections, it is important to
understand the fact that they are defined by the locally trivialization mappings, and

vice versa, [21].

Proof: [21] First, we will show that a local cross section defines a local trivialization.
Let ¢q be a mapping @ : 7! (Uy) — G such that @q(pg) = @u(p)g. Then, @q can
be defined by using Gy, G (x)@g(p) = p, since the action is free then @y (p) = e for
any p € P, where ¢ is the identity element in G. Using p, = pg, the term p[@q (p)] ™ is

independent of the choice of a point p. Since for any p; € P, we have p; [@q (p2)] =
p2[0a(pe)] ™" = pgg ! [Pu(p)] ™! = Ca(x).
Then, yy, is defined by
Va(p) = (7(p), 9a(p)) = (x, 0a(p))
Thus, Yy 0 64 = id is satisfied.

Conversely, we will show that a local trivialization map defines a local cross sections.

The locally trivialization maps Y, define local cross sections G by
Ga(x) = W5 ' (x,€),  oul(x)g ="' (x.2),
where e identity element of G. Let us define the identity map as
id:Uy — Uy X G,

id:x— (x,e),



and then the local cross section is defined by o4 = Y ! oid.

Now, we define trivial principal fibre bundles.

Definition 2.3 [22] Given a Lie group G and a manifold M, G acts freelyon P=M x G
on the right as follows: for each g, € G, R,, maps (x,g1) € M x G into (x,g182) €
M x G. Then the principal fibre bundle P(M,G) is called trivial.

2.1.1 Transition functions
This is the section where we present the transition functions that play an important role
in the construction of a principal fibre bundle.

Definition 2.4 [2] A mapping Y, : Ug NUpg — G can be defined by
Vga(m(p)) = 95(p) (9a(p)) . 2.1)

The family of mappings g, are called transition functions of the bundle P(M,G)

corresponding to the open covering {Uq } of M.

[21] Let us show that the following identity is valid :

Vo' (x,€)9a(p) = p. (2.2)
Proof: [21] First, put ' (x,e) = p where @q (p) = e and 7t(j) = x. Then, pog(p) = p
for every p € P. Now, let us write @ (pg) = @o(p)g = g and since @, ! exists we

conclude that jg = @, ' (g) = p. Next, it follows that

Ca(x)Pa(p) = p = op(x)0p(p) (2.3)
0u(p) [05(p)] " = [0a(x)] " 05(x) (2.4)
where
oa(¥) =o' (x.e) =ploa(p)] " . op(x) =y (x.e)=pep(p)] .

Notice that @q(p) [goﬁ(p)]fl depends only on 7(p) = x € Uy N Ug not on p.
Accordingly, this results in the Definition 2.4.

The importance of the transition functions given in (2.1) arises from the following fact.

Proposition 2.1 [2,21] The transition functions given in (2.1) satisfy the following



cocycle property.
Vya(x) = Wyp(x) - Wpa(x) x € UaNUpNUy (2.5)

Thus, Wyg (x)~1 = gpa(x) and Yoo (x) = id. The proof can be found in [2].

These functions are important because they connect to local parts of the principal fiber
bundle. It is concluded that a principal bundle is trivial if and only if there exists a
differentiable mapping ¢ : P — G such that ¢(pg) = @(p)g Vp € P,Vg € G. Indeed,

if a smooth global cross section exists, Y(p) defines ¢ by the identification y(p) =

(X,g) = (X, (P(p))

2.2 Vector Bundles

The purpose of this section is to provide some definitions and properties regarding
vector bundles.

Definition 2.5 [1] Let M be a manifold. A vector bundle E over M is a fibre bundle
whose fibres are (real or complex) vector spaces. That is, E is a manifold equipped
with a smooth projection 7 : E — M. For each m € M the fibre E,, = 7~ (m) has
the structure of a vector space, and there is an open neighbourhood U, of m such that

Y (Uy,) 2 U, xV , where V is the fibre of E.

Given a vector bundle one can construct various new bundles like the Whitney sum
bundle, tensor product bundle, pull back bundle [3,22]. For our purposes, we give the
definition of the tangent bundle, cotangent bundle and the whitney sum bundle because

we will need them in Section 4 to consider the whitney sum bundle TM & T*M.

Definition 2.6 [2,23] Let {x',x?,...,x"} be the local coordinates in a neighborhood
of x. The tangent space T(M) at the point x is a vector space spanned by the basis
d d d

Jd d : _,i 0 d _
{W’ 3T W} A tangent vector v can be locally written as v = v' 5%, where 55 =

do~'(e), e =(0,...,1,..,0) witho : U CM — V C R".,

A tangent vector at x is the tangent vector at t = 0 of some curve a : (—¢,€) — M with

o(0) = x.
The tangent bundle 7'M is the disjoint union of the tangent spaces Ty(M), for all x € M.

TM ={(x,v);xeM,ve T(M)}

10



Definition 2.7 [2,23] Let {xl X2, ...,X""} be the local coordinates in a neighborhood of

x. The cotangent space T,*(M) at the point x is a vector space of linear maps
o:T;(M)—R v—(a,v)

which is also called as space of covectors at x. An assignment of a covector at each
point x is called a 1-form. {dx' ,dx?,...,dx"} forms a local basis for T*(M). It is the
dual basis of{%,%,...,% ; <%,dxj> = 5ij.

The cotangent bundle T*M is the disjoint union of the cotangent spaces 7, (M), for all
xeM.

T"M = {(x,w);xe M,weT (M)} (2.6)

Let us give the definition of G-structures in vector bundles.
Definition 2.8 Let  : E — M be a vector bundle of rank », and suppose G is a subgroup
of GL(n,R). A G-structure on E is a maximal system of smooth local trivializations

by E |Uoc — Uy X ™ which cover M and have smooth G-valued transition maps:
8Ba - UaﬂUﬁ — G.

The trivializations (Ugy, @) are called G-compatible.

Definition 2.9 (Whitney sum bundles)

[21,24] Let E; and E, be two vector bundles with fibres V| and V, and the structure
groups G1,G, over the same base manifold M. The Whitney sum of E; and E; is
defined to be the vector bundle E| @ E, by taking the direct sum of the fibres V| &V,
and the structure group G x G, at every point of the base manifold M. This is given
by the restriction of E| X Ey — M x M to the diagonal M C M x M. That means the

transition functions of E| & E, become the following form:

vi O
2.7
(% o) @)
In the next section we will explain the links between vector and principal bundle by

showing how to translate from one to the other.

11



2.2.1 Associated bundles

It is a well-known fact that given a vector bundle one can associate a principal bundle
to it. Conversely, given a principal bundle one can associate a vector bundle to it.
This will be crucial for us since in Section 4 given a vector bundle TM & T*M we will
associate a principal bundle and we will call it generalised frame bundle in Section 4.3.
Definition 2.10 [2,21,22] Let P(M,G) be a principal bundle and F is a manifold

together with a smooth action of the Lie group G. Let us define the left action by

g veF—gw (2.8)
Then, a right action can be defined similarly on P x F by
g:(pv) = (p,v)g:=(pg,g V). (2.9)
This action determines an equivalence relation ~ on P X F

(P'V) ~ (pv) & (pv)g = (P'V) (2.10)
Let E be the set of the equivalence classes {p,v}
E:=(PxF)/ ~=PxgF. @2.11)

The well-defined projection 7g : E — M is given as follows ng{p,v} = m(p).

We now define the associated bundle to a principal bundle as follows.

Definition 2.11 [2] The quotient space (P x F)/G is a smooth fiber bundle
E(M,F,G,P) called the bundle associated to the principal fibre bundle P(M,G) with
fiber F', and is often denoted by P X F'.

[21] If the fiber F is R", with group G = GL(n,R) then the associated bundle E =
E(M,R" GL(n,R),P) is called a real vector bundle associated to the principal bundle
P(M,GL(n,R)). Similarly, if the fiber F is C" with group G = GL(n,C), then the

associated vector bundle E is a complex vector bundle.

Now, we shall give a well known example of the principal fibre bundle and the

associated bundle. First, we introduce the followings.

12



Definition 2.12 [2,21] A frame u(p) = (Xi,...,X,) at a point p € M" is a basis of
the tangent space T,M. Let (ej, ez, ...,e,) be a basis for R” with v = rle; € R" where
r' € R". Here X; =Y, X,:’% with non-singular matrices X;'. L(M) denotes the set of

all linear frames at all points of M.

Example 2.1 [21] L(M)(M,GL(n,R")) is a principal bundle over the base manifold
M with the structure group GL(n,R") with the map 7 : L(M) — M and with the fibre
R”. The action of GL(n,R) on L(M) takes a frame into another frame and it is just

given by matrix multiplication from the right,
(u,A) — uA ueL(M), AeGL(n,R). (2.12)

(p,Xk(p)) can be considered as a typical element of L(M). Let GL(n,R") act on R" as
above. Then, L(M) x R" consists of the elements of the form: ((p,Xi(p)),r'). Then,

one can define

((p,.Xk(p)),r") = FXi(p) € Tp(M). (2.13)

Hence, the tangent bundle 7' (M) over M is the vector bundle associated with the

principal bundle L(M) with the fibre R"; T (M) = L(M) X G1(, &) R".

We now define the associated principal bundle to a vector bundle which will be
significant in Section 4.
Remark 2.2 Let G C GL(n,R) be a subgroup, then a G-structure of a vector bundle E

is the corresponding G-structure of the associated principal fibre bundle.

Definition 2.13 [21] Assume E is a vector bundle with standard fibre V and structure
group G. Then, an associated principal bundle P(E) can be constructed over the same

base manifold M with the same transition functions by taking G as fibres.

We now give an example of a principal bundle associated to a vector bundle.
Definition 2.14 [1,4] Let M be a manifold, and E — M a vector bundle with fibre R,
Define a manifold F£ by

FE={(m,ey,...,e;) :meMand (ey,... e) is a basis for E,,}
Define 7 : FX — M by 7 : (m,ey,...,e) — m. For each A = (A;;) in GL(k,IR) and

(m,er,...,ex) in FE, define A- (m,ey,...,ex) = (m,e},...,e}), where e} = lezlAijej.

13



This gives an action of GL(k,R) on F¥, which makes F¥ into a principal bundle over

M, with fibre GL(k,R). We call FZ the frame bundle of E.

2.3 G-structures

In this thesis, we will be working on the generalised G-structures. It will be defined
in terms of a reduction of the structure group of the linear frame bundle. Hence,
throughout this section, we are going to discuss some definitions and properties of
the reduction of the structure groups. Assume that we have a principal bundle P(M,G)
over M, and a principal bundle Q(N,H) on N.

Definition 2.15 [22] A homomorphism of principal bundles consists of a smooth map

f : QO — P together with a Lie group homomorphism 2 : H — G such that for all

u€ Qanda € H, f satisfies
f(ua) = f(u)h(a).

This condition implies that f maps fibers of Q to fibers of P; hence, there is a smooth

map f : N — M such that the following diagram commutes.

ngl l (2.14)

N——M

If in addition £ is an embedding of smooth manifolds and  is a group monomorphism
then we say that f : 0 — P is an embedding of principal bundles. This implies that the
map f: N — M is also an embedding. Moreover, let N = M and f be the identity
map on M, then Q(M,H) is called a subbundle or a reduction of the structure group
from G to the group H. We also say that Q(M,H) is a reduced subbundle of P(M,G).

The following Proposition is crucial in order to understand a reduction of structure
groups.

Proposition 2.2 [2,22] A principal G-bundle P(M, G) can be reduced to a Lie subgroup
H if and only if there is an open cover {Uy } of M with transition functions Vg taking

their values in H.

14



Proof: [22] Suppose that the structure group G of P(M,G) can be reduced to a Lie
subgroup H. Then there is a principal fibre bundle Q(M,H) with the structure group
H, together with a smooth bundle map f : Q — P such that the diagram commutes and

f(ua) = f(u)aforalla e H C G.

On the open set ﬂQ_l (Uy) C Q(M,H) the maps 0% and @k are related by 09 = otof,
since H C G. It follows that for any v € P there exists an a € G and u € Q such that

v = f(ua) = f(u)a and using this it leads to @2 (v) = @% (u)a.
The transition functions l//g o Should be

-1

Vha(r) = 050 (050)) " = pSwa-a” (98w) " = () (98(w)

That means, the transition functions have their values in H.

Conversely, given transition functions 1//[1; o - UaNUg — G which take their values in
the Lie subgroup H, a standard result says that l//g o 18 smooth as a map into H. Thus,
there is a principal fibre bundle Q(M,H) with transition functions wg o+ 1O construct
the bundle map f we define maps f ﬂé] (Ug) — n}?] (Uy) by putting fo = l//;] o Yy.
It can be seen that on Uy NUg, fo = f3. Therefore, there exist f : Q — P globally. O

2.3.1 Reduction of the structure group of a principal fibre bundle

The section of this chapter discusses the relation between G-structures and some
certain geometrical objects that have a significant role to understand the reduction of
the structure groups. Let us first describe G-structures.

Definition 2.16 [22] Let G C GL(n,R) be a subgroup, then a G-structure on M is a

reduction of the structure group of the frame bundle to the subgroup G.

The reduction of the G-structures corresponds to the existence of geometrical objects
on M. In general, G-structures can be thought of as a set of classical structures defined
on manifolds, some of which resemble tensor fields, in some cases. Now we will

examine the most common examples of the G-structures.
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2.3.2 SL(n,R)-Structure

We discuss the relation between SL(n,R)-structures and the volume forms vol
according to [3,25]. An action of GL(n,R) on A"R”" is induced by the natural action
of GL(n,R) on R" as follows:

Av =det(A)-v (2.15)

for A € GL(n,R) and v € A"R". A"R" — {0} = GL(n,R)/SL(n,R) since the
action of the group GL(n,R) is transitive on A"R" — {0} with isotropy subgroup
SL(n,R). It follows that the sections of the bundle L(M)/SL(n,R) are in one-to-one
correspondence with the volume elements of M. This means that an SL(n,R)-structure
can essentially be regarded as a volume element on M. It is clear that M admits an
SL(n,R)-structure if and only if it is orientable. In this regard, it is apparent that M

admits an SL(n,R)-structure if and only if it is orientable.

2.3.3 O(n)-Structure

[2,3,22,25] Let L(M) be the linear frame bundle over an n-dimensional
manifold M. Let (,) be the natural inner product and the basis
{e1 =(1,0,...,0),...,e, = (0,...,0,1)} for R” which are orthonormal and invariant

under the group O(n), and

O(n,R) = {A € GL(n,R)|A"A =1,}

First, we aim to show that any reduction of the structure group from GL(n,R) to O(n)
induces a Riemannian metric g on M. Let Q(M, O(n)) be a reduced subbundle of L(M).
Each u € L(M) can be seen as a linear isomorphism of R” onto 7,,(M) where p = 7(u),

each u € Q defines an inner product g in 7,(M) by

§X,Y)=(u'X,u"'Y) forX,Y €T,(M)

Transition functions can be described as follows. First, by using the existence of a
metric g an orthonormal frame for 7,M can be constructed via the Gram-Schmidt

process. Let (Uj;x1,...,x,) and (Vjy1,...,y,) be two local orthonormal frames on M.

16



If x € U;NVj, then

J
V= Z’ax] ZK

8y]

where the Hij and are Kl] the components of non-singular orthogonal matrices (sz )

and (Klj ) of smooth functions on U, respectively. Since H; J — KJ (axk) X transition
functions can be described as
k an
Yop(x) = ¥ (x) = (5°7)| €0(n) (2.16)
yl X
If A € O(n) we have
gua(X,Y) = {(wA)"'X,wA)'Y) = (A" 'X, A" 'Y)
(2.17)

=(u 'X,u'Y) = g.(X.Y)

by the invariance of (-,-) under O(n). This shows that g, is constant along the fibers
of O(M), and thus, is a section of L(M)/O(n). Since the natural inner product (,) is

invariant under O(n), it follows that g(X,Y) does not depend on u € Q.

Conversely, let M be a manifold equipped with a Riemannian metric g, and Q be the
subset of L(M) consisting of orthonormal linear frames u = (X,...,X,) with respect

to g. Let u € L(M) be a linear isomorphism of R" onto 7},(M), then u € Q if and only
if (§,&') = g(u&,u&’) forall £, &' € R".
It can be checked that Q becomes a reduced subbundle of L(M) over M with structure

group O(n). The bundle Q will be called the bundle of orthonormal frames over M and

will be denoted by O(M). An element of O(M) is an orthonormal frame.

Remark 2.3 Note that, the special orhogonal group SO(n) is defined to be
SO(n)={A€O0(n):det(A) =1} (2.18)
The special orthogonal group can be written as
SO(n) = O(n)NGL" (n,R).

Hence, SO(n)-structure corresponds to the existence of an oriented Riemannian

geometry with a globally defined metric volume form, [22,25].
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2.3.4 GL(n/2,C)-Structure

We now discuss the relationship between GL(n/2,C)-structures and an almost
complex structure J, [3,22,25]. R" is identified with C"/? as follows. Let Z1yeesZn)2
be the coordinate system for C"/2 where z; = x; + iy and then x, ..., x,, /25155 Yn/2
be the coordinate system for R”. Now, the multiplication by i in C"/2 is given by the

following linear transformation J of R".

J: (x17"'7xn/27y17-"7yn/2) — (y17'~-7yn/27_xla-"a_xn/Z) (219)

J is called the canonical complex structure and can be written as a matrix form

0 I
=(50)
In particular GL(n/2,C) can be identified as a subgroup of GL(n,R).
GL(n/2,C) ={A € GL(n,R)|AJ =J A}

This can be seen as follows. Let us take an arbitrary matrix of GL(n,R)

A B
(C D) (2.20)

where A, B,C,D are n/2 x n/2 matrices. Then,

A B 0 L\ _ 0 L2 A B
(o) (2, 0)=(n ) (E5) o

It follows that A = D, B = —C. Therefore its matrix form is given by

: A B
A+B%(_BA) (2.22)

Let M), be an n-dimensional manifold which admits an almost complex structure. It can
be seen as a nowhere vanishing fibre-preserving map J : TM — TM such that J> = —1.
The linear frames u : R" — T,(M) satisfying u J = J, u shows that J, which is the
endomorphism of the 7T, M is a section of the associated subbundle L(M)/GL(n/2,C).

This is the desired reduced subbundle to have a GL(n/2,C)-structure.
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Note that one can complexify the tangent space T,M as follows:
Definition 2.17 The complexified tangent space decomposes to +i and -i eigenspaces

of J as follows:

T (M) =T (M) T (M) (2.23)

where
TioM)={ZcTEM): JZ=iZ}={X—iJX; X € TE(M)} (2.24)
ToaM)={ZecTEM): JZ=—iZ} ={X+iJX; X e TE(M)} (2.25)

Definition 2.18 (holomorphic coordinates)
On a complex manifold M we can introduce holomorphic coordinates as 2.0 =

x/ +iy/, a complex local coordinate system of M. Then,

de o dxj + idyj de = dxj — idyj (2.26)

Definition 2.19 A form o of degree (p,0) is said to be holomorphic if d® = 0.

If we express o in terms of z',...,z"

W= Z ijuj,,dzjl /\.../\dzjn’

1§j1<"'p

then dw = 0 if and only if dfj,...;, = 0.

2.3.5 U(n/2)-Structure

We now discuss that there is a one-to-one correspondence between a U (n/2)-structure
and almost Hermitian structures, [3,22,25]. Let us begin with the description of an
almost Hermitian structure.

Definition 2.20 [22] Let M be a manifold equipped with a Riemannian metric g and

an almost complex structure J with
gUX,JY)=¢g(X,)Y) X, Y €eI(TM). (2.27)

Then, g is called an Hermitian metric and (M,g,J) is called almost Hermitian
manifold.  Furthermore, given a Hermitian metric we define a skew-symmetric

non-degenerate real two form which kept invariant by J as follows.

o(X,Y)=g(X,JY) X,Y e(TM). (2.28)
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The triple (J, g, @) is called an almost Hermitian structure.
Definition 2.21 The unitary group U(n/2) is defined to be

U(n/2)={AeGL(n/2,C)|A" A=1,,}. (2.29)

A manifold with a U(n/2)-structure is equipped with an almost complex structure J

and a Riemannian metric g since

U(n/2) = GL(n/2,C)NO(n).
2.3.6 SU(n/2)-Structure

There exists a further reduction of the structure group from U(n/2) to SU(n/2)
associated to the existence of a globally defined complex n/2-form Q and it implies
the existence of an orientation on M. That is given by

l-n(n+2)

1 n/2 __ N —
@ = G @AQ = vol, (2.30)

Therefore, a manifold with an SU (n/2)-structure is equipped with an almost complex

structure J, an orientation, Hermitian form @ and a Riemannian metric g, [22,25]-[27].

Definition 2.22 [3,22,26] Let g be a Riemannian metric on M, and let (®,Q) be
respectively a real two-form and a complex n/2-form. SU(n/2)-structures can be

described by (w, Q) satisfying the following compatibility condition:

oNQ=0. (2.31)

In chapter 6, the seed background in the specific examples will be assumed to support
the SU(3) structure, and we will see directly how the certain differential forms
associated to the SU(3) structure are transformed to the certain differential forms
associated to an SU (2) structure. Therefore, for the purposes of the examples studied

in chapter 6, we will present these structures in detail.

On a 6-dimensional manifold M, reduction of the structure group of the tangent bundle
TM to SU(3) is equivalent to existence on M of an invariant real 2-form J and a

complex 3-form Q satisfying the following compatibility conditions, [28]—[31].

o |
éQ/\Q = 5/ A I = vol, (2.32)
JAQ = 0.
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Similarly, one can also define an SU (2) structure on 4 dimensional manifold M. As we
will study in chapter 6, we will need an SU (2) structure on 5 dimensional manifold M.
It was first defined in [32] on hypersurfaces of 6 dimensional manifolds endowed with
an SU (3)-structure. This is a generalisation of Sasakian-Einstein metrics in dimension
5. An SU(2) structure on 5 dimensional M is described through a real and a complex
2-forms plus a nowhere vanishing 1-form on M satisfying certain relations, [32].
Particularly, if these differential forms on a 5 dimensional Riemannian manifold M
satisfy certain conditions then M is a Sasaki-Einstein manifold. This is the special
case when the 6 dimensional metric cone M x R is Kéhler and Ricci flat. As we
will discuss in Chapter 6 in Example 6.1, Sasaki-Einstein manifolds will be crucial to
understanding the examples for the ansatz given in (6.1). In this special case, SU(2)

structure on M takes the following form.

SU(2) structure on 5 dimensional manifold M is characterized by the existence of a
complex 1-form z = v+ iw, a real 2-form j and a complex 2-form @ satisfying the

following compatibility conditions [28]—[31]:

oNj = 0, (2.33)
Lj=i0 = 0,
OAND = 2jA].

Here, J = j+vAw and Q = o Az. Let us show that J, Q satisfy (2.32). For the first

identity, we calculate

o 1
éQ/\Q = SiNJAVAW (2.34)
1 L, .

5]/\]/\] = 5]/\]/\V/\W.

For the second identity, by using (2.33) we show

JNQ=jAONz+VAWADNZz=0. (2.35)

2.4 Connections on Principal Bundles

In the following sections, using a manifold M and a tangent bundle TM, we present

connections on the principal fibre bundle and on TM, define torsion as it relates to
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a connection on TM, and then discuss holonomy groups and its relation with the
torsion-free connections on 7M.

Definition 2.23 [1,4] Let M be a manifold, and P a principal bunle over M with fibre
G, a Lie group. A connection on P is a vector subbundle D of TP called the horizontal
subbundle, that is invariant under the G-action on P, and which satisfies 7,P = C, ®D,,

for each p € P.

If #(p) = m, then dm, maps T,P = C, ® D), onto T,,M, and as C, = Kerd ), we see

that d7, induces an isomorphism between D), and 7;,M.

Now, we consider how the connection on the reduced subbundle relates to the
connection on the linear frame bundle.

Theorem 2.1 [1,4] Let M be a manifold, P a principal bundle over M with fibre G, and
D a connection on P. Fix p € P, let H = Hol,,(P,D), and suppose that H is a closed
Lie subgroup of G. Define Q = {qg € P: p ~ q}. Then Q is a principal subbundle of
P with fibre H, and the connection D on P restricts to a connection D’ on Q. In other

words, P reduces to Q, and the connection D on P reduces to D’ on Q.

It is possible to relate the connections between vector bundles and principal bundles
as given in Definition 2.11, [1,4]. We now present how to translate the connections on

principal bundles to vector bundles.

Definition 2.24 [1,4] Suppose M is a manifold, P a principal bundle over M with fibre
G, and D a connection on P. Let p be a representation of G on a vector space V, and
define E to be the vector bundle p(P) over M. If e € C*(E), then 7p ( dz*(e)) is a
G-invariant section of V @ 7* (T*M) over P. Define VEe € C*(E ® T*M) to be the
unique section of E ® T*M with pull-back 7p ( dz*(e)) under the natural projection

V @n* (T*M) — E. This defines a connection V£ on the vector bundle E over M.

It has been determined that every connection D inside a principal bundle P has
been assigned a unique connection VZ on the vector bundle E = p(P). Suppose
G = GL(k,R) and p is the standard representation of G on R¥, so that P is the frame
bundle FZ of E, then this means that there is a one-one correspondence between
connections on FZ and E. Now, we give the notion of connections on 7M compatible

with G-structure.
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Definition 2.25 [1,4] A connection V on TM is called compatible with the G-structure
if the corresponding connection on the linear frame bundle reduces to the connection

on the principal subbundle.

We will therefore focus our attention on torsion-free connections in the sense that
given a G-structure on a manifold M we investigate the uniqueness of torsion-free

connections on TM compatible with G-structure.
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3. G-HOLONOMY

Now, we will describe the notion of holonomy group of a connection on a vector bundle

rather than on the tangent bundle. We will give some crucial properties.

3.1 Parallel Transport

Definition 3.1 [1,4]Let M be a manifold, E — M be a vector bundle over M, and VE
be a connection on E. Let y: [0, 1] — M be a smooth curve in M. Then the pull-back
Y*(E) of E to [0,1] is a vector bundle over [0, 1] with fibre Ey ;) over 7 € [0, 1], where
E, is the fibre of E over x € M.

Definition 3.2 [1,4] Let s be a smooth section of y*(E) over [0, 1], so that s(t) € Ey, for

each [0, 1]. The connection VZ pulls back under 7 to give a connection on y*(E) over

[0, 1]. Then, s is said to be parallel if its derivative under this pulled-back connection
d

vanishes, that is V’;(Z)s(t) =0forallz € [0, 1], where y(¢) is 5 ¥(t), regarded as a vector

in Ty p).

As can be seen from the equation, it is an ordinary differential equation of the first order
in 5(7),and for any initial value e € Ey(p), then there exists a unique smooth solution s
with 5(0) = e. It is with the help of this idea that we will describe the parallel transport

along along 7.

Definition 3.3 [1,4] Let M be a manifold, E be a vector bundle over M, and VE a
connection on E. Suppose ¥ : [0,1] — M is continuous and piecewise-smooth, with
¥(0) = x and (1) = y, where x,y € M. Then for each e € E,, there exists a unique
continuous smooth section s of y*(E) satisfying V';( t)s(t) =0fort € [0, 1], with s(0) =
e. Define Py(e) = s(1). Then Py : Ex — E, is a well-defined linear map, called the

parallel transport map.

Now, we define the holonomy group.
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Definition 3.4 [1,4] Let M be a manifold, E a vector bundle over M, and VE a
connection on E. Fix a point x € M. We say that y is a loop based at x if y: [0,1] - M

is piecewise-smooth path with y(0) = (1) = x.

If ¥ is a loop based at x, then the parallel transport map Py : E, — E\ is an invertible
linear map, so that Py lies in GL (Ey), the group of invertible linear transformations of

E,. The holonomy group Hol, (V*) of V¥ based at x is defined to be

Hol, (VF) = {P,:y isaloopbased atx } C GL(Ey). (3.1

Remark 3.1 1t is called a group since it is a subgroup of GL (E,). One of the most
important properties of the holonomy group is that it does not depend upon a certain

base point, [1,4]. For any x,y € M, Holx(VE ) is isomorphic to Hol, (VE )

Then, it induces the next Proposition.

Proposition 3.1 [1,4] Let M be a manifold, E a vector bundle over M with fibre R"
and VZ a connection on E. For each x € M, the holonomy group Hol, (VE ) may be
regarded as a subgroup of GL (n,RR) defined up to conjugation in GL(n,R), and in this

sense it is independent of the base point x.

Next, it is shown that if M is a simply-connected manifold then Hol (VZ) is a connected
Lie group.

Proposition 3.2 [1,4] Let M be a simply-connected manifold, E vector bundle over M
with fibre R", and VZ a connection on E. Then, Hol (V¥) is a connected Lie subgroup

of GL (n,R).

If M is not simply-connected, the restricted holonomy group Hol ° (VE) , 1s defined as

follows.

Definition 3.5 [1,4] Let M be a manifold, E a vector bundle over M with fibre R”, and

VE a connection on E. Fix x € M.

A loop 7y based at x is called null-homotopic if it can be deformed to the constant loop

at x.

Define the restricted holonomy group Hol? (V£) of V£ to be

Holg (VE ) = {Py : v is a null-homotopic loop based at x} .
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Then, Hol? (V) is a subgroup of GL (E,).

As we remarked above, Holg (VE) can be seen as a connected Lie subgroup of
GL( n,R) defined up to conjugation, and it does not depend on the base point x,
Hol’ (V) C GL(n,R).

3.2 G-holonomy and Covariantly Constant Tensors

The holonomy group of a manifold M would be able to determine the constant tensors
on M and the constant tensors on M would be able to determine the holonomy group. In
other words, studying the holonomy of a connection and studying its constant tensors
are two different ways of looking at the same thing. Let us begin with presenting
covariantly constant tensors.

Definition 3.6 [1,4] Let M be a manifold, V a connection on M, and S an (r,s) tensor
on M, so that S € C*(Q"'TM @ Q°T*M) for some r,s. S is said to be a covariantly

constant tensor or a parallel tensor if VS = 0.

Next, it is shown the one-to-one correspondence between covariantly constant tensors
on M and the holonomy group Hol(V) .

Proposition 3.3 [1,4] Let M be a manifold, and V a connection on TM. Fix x € M,
and let H = Hol, (V). Then, H is a subgroup of GL (T,M).

Let E be the vector bundle @ TM ® ®' T*M over M. Then the connection V on TM
induces a connection VZ on E, and H has a natural representation on the fibre E, of E

at x.

Suppose S € C*(E) is a parallel tensor, so that VES = 0. Then S|, is invariant under
the action of H on E,. Conversely, if S, € E| is invariant under the action of H, then,

there exists a unique tensor S € C*(E) such that VES = 0 and S|, = S,.

There is also a sense in which this Proposition holds for the case of the tangent bundle
that can be viewed as a natural vector bundle that is affixed to a smooth manifold M.
Corollary 3.1 [1,4] Let M be a manifold and V a connection on TM, and fix x € M.
Define G C GL(TyM) to be the subgroup of GL (7,M) that fixes S|, for all parallel
tensors S on M. Then Hol,(V) is a subgroup of G.
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[1,4] It is shown that if V is a fixed connection on TM, then there is a compatible
G-structure P if and only if Hol(V) C G. Now, the most crucial result for us will be
stated as follows:

Proposition 3.4 [1,4] Let M be a manifold of dimension n, and G a Lie subgroup of
GL (n,R). Then M admits a torsion-free G-structure P if and only if there exists a

torsion-free connection V on TM with Hol(V) = H, for some subgroup H of G.

According to this, it is clear that torsion-free G structures on a manifold correspond to

torsion-free connections V on TM with Hol(V) C G in a one-to-one correspondence.
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4. GEOMETRY OF THE GENERALISED TANGENT BUNDLE: TM & T*M

The tangent bundle 7'M is the vector bundle associated with the linear frame bundle
L(M) as given in Definition 2.6. Similarly, the cotangent bundle 7*M is the vector
bundle as given in Definition 2.7. In this section we give some facts which will be
useful for the rest of the thesis regarding the geometry of TM & T*M. Replacing
the tangent bundle TM of a n dimensional manifold M by TM & T*M and the Lie
bracket on sections of 7'M by the Courant bracket on sections of TM & T*M is the main
idea of development of the Generalised Geometry framework is first established by
Hitchin in [33]. The generalised complex geometry framework combines complex and
symplectic geometry on TM & T*M, [6,33]. Generalised tangent bundle TM & T*M is

a prototype of a Courant algebroid which was first defined in [34].

Definition 4.1 [6] The generalised tangent bundle is defined to be the direct sum bundle
TMOT™M.

We will consider the principal bundle associated to TM @& T*M where the base
manifold is an n-dimensional manifold M. Now, we introduce some important
properties of TM & T*M which we will need in the thesis.

Definition 4.2 [5] There is a natural bilinear form defined as
1
X+6.Y+m) =5(6(¥)+n(X)) (4.1)

where X,Y € C*(TM) and &, € C*(T*M).

This bilinear form is symmetric, non-degenerate since (X +&,Y +n) =0, forall Y + 7,
implies that X +& =0and (X +&,Y + 1) = (Y +1,X +&). Let us define the signature
of a bilinear form: For the symmetric bilinear form there exists a basis for which it is
represented by a diagonal matrix.

Definition 4.3 [35] (p,q) is called the signature of the bilinear form which is the
number of positive and negative eigenvalues of the real symmetric matrix of the

symmetric bilinear form with respect to a basis. The bilinear form defined in (4.1)
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has the matrix representation

0 I,
— ) 4.2
n < I, 0 ) (4.2)
which is of signature (n,n) with respect to the local coordinate basis for C=(T & T*).
It can be diagonalized as follows:
(L, O

Due to the existence of the bilinear form with signature (n,n) given in (4.1) the
structure group of the frame bundle associated to the generalized tangent bundle
TM & T*M is reduced to O(n,n), just like the existence of g reduces the structure

group to O(n) as discussed in section 2.3.3.

On the fibers of TM @ T*M there is a natural action of GL(n,R) x GL(n,R) C
GL(2n,R) acting in the following way. The action of GL(n,R) on the linear
frame bundle of M takes a frame into another frame and it is just given by matrix

multiplication from the right,

(u,u*) — (uA,u* (AN  ueTM,u* €T*M Ac GL(n,R). (4.4)

(5 uy) >

acts on C*(TM & T*M). The structure group acting on the generalised tangent bundle

The following matrix

TM & T*M can be extended from GL(n,R) x GL(n,R) to O(n,n) preserving the metric
by considering the following transformations: B-transformation which will be given in
Definition 4.6 where B : TM — T*M and fB-transformation which will be given in
Definition 4.7 where 3 : T*M — TM shortly. Before we discuss these transformations
let us introduce some basic facts about O(n,n). Discussion will be on a vector space V

but will be translated to an n-dimensional manifold M with the tangent bundle 7M.

4.1 Orthogonal Matrices and Transformations

Let V be a vector space of signature (n,n). The orthogonal group O(n,n) is the space

of automorphisms of V preserving a bilinear form Q of signature (n,n):

O(n,n) = {A € Aut(V) : Q(AX,AY) = Q(X,Y), VX,Y €V} (4.6)
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With respect to a suitable basis that we have chosen the following matrix

a b
A:(Cd>, 4.7

(4.6) is equivalently written as A’'A = 1) where 1) is given in (4.2), [20,36]. It leads to

the following identities.

dc+ca=0, bd+d'b=0, dd+cb=1. (4.8)

Note that this is equivalent to ANA’ = 7, in this case it leads to the following set of
identities.

ab' +ba' =0, cd +dc" =0, dd+c'b=1. 4.9)

Let T € O(n,n) be as given in (4.7). This matrix can be embedded in a larger O(D, D)

matrix which will be useful understanding Definition 5.1.

" b
T:( ci)’ (4.10)

where 4, l;, c, d are D x D matrices defined below:

. (a0 , (bO\ ., [(cO\ , (doO
a—(oI),b—<00),c—<00),d—(0I). @1

Definition 4.4 The corresponding orthogonal Lie algebras so(n,n) = o(n,n) are the

o

endomorphisms A : V — V such that
Q(AX,Y)+Q(X,AY) =0 (4.12)

forall X,Y € V.

Due to the existence of the decomposition V = W & W*, the special orthogonal Lie

algebra decomposes as follows:
so(WDW*) = A\2(WOW*) = End(W) D AN°W* S A*W (4.13)

an arbitrary element Z € so(n,n) can be written as follows, [5,6] :
(A B
Z—= ( B At ) 4.14)
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where A € End(W) , B € A°W* and B € A2W. One can choose {e!,---e"} to form a
basis for W and {ey,--- ,e,} to form a basis for W*. Let us analyze exponentiation of
these elements which gives O(n,n) elements.

Definition 4.5 [6] A € End(W) is defined as A = Aljei ®e;. Its action on W @ W* is
given as

X+ & AX) —A'(E) 4.15)
Note that A = Ale! @ e; maps ¢; — ej and e/ s —¢' as follows:

e@ej(e;) = é(e)ej—ejler)e =e; (4.16)

d@ei(e!) = e(e)ej—ej(el)e =~

Now, the corresponding O(n,n) element is given by exponential map as follows:
A0
' 4.17
(5 ) D

Definition 4.6 [6] B can be regarded as a skew 2-form B* = —B and can be written in

terms of basis elements as follows:
B= 1B e nel, By——B 4.18
= 5Bije Ne', Bij=—Bji. (4.18)
Note that e’ A e/ maps e; — e/ as follows.
e Nel(e) = e (e)e! —el(e)el = e (4.19)

Now, we calculate the corresponding O(n,n) element by exponentiation of the Lie

algebra element B as given in (4.17). We need to calculate

eB:1+B+%BZ+... (4.20)
We see that )
B* = <_OB 8) =0. 4.21)
Therefore,
&l = (_13 (1)> .B"=—B (4.22)

eB is the orthogonal transformation which sends

X+E&E—X+E+ixB. (4.23)
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Definition 4.7 [6] B can be thought as a skew bivector B* = —f3 and can be written in

terms of basis elements as follows:
B = %ﬁijeiAej, B = —pJ. (4.24)
Note that e; A e; maps e/ — —e; as follows:
einej(e)) = ei(el)ej—ej(e))e; = —e;. (4.25)

Now, we calculate the corresponding O(n,n) element by exponentiating the Lie algebra

element B as given in (4.17). We need to calculate

eﬁ=1+ﬁ+%ﬁ%h“ (4.26)
We see that )
B2 — (8 g) 0. (4.27)
Therefore
h = ((1) ‘f) g (4.28)

eP is the orthogonal transformation which sends
X+ X+E+igh. (4.29)

To sum up, for future purposes we collect the SO" (n,n) elements connected to the

identity obtained by the exponential map as follows:

wo (D) (§0) (3 ) e

In addition, we have O(n,n) elements h;r (h;") interchanges only el e

(I—Ei +E;

hi =+ 1E |—E ) s (Ei)jk = 5ij5ik- (4.31)

1

We will take our algebraic work that we have done on V and translate it to an
n-dimensional manifold M with the tangent bundle 7M. In the next section we
will discuss the natural bracket on the sections of the generalised tangent bundle
TM & T M. Tt was first introduced by T. Courant in [37] in 1990. TM & T*M is
a suitable example of a Courant algebroid, whose definition is given in [34]. More

details can be found in [38].
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4.2 Courant Bracket

The Courant bracket is defined to be a natural bracket on the sections of the generalised
tangent bundle TM & T*M generalising the Lie bracket.

Definition 4.8 [6,37] The Courant bracket is the natural skew-symmetric bracket
defined on smooth sections of TM & T*M, given by

1

where X + &, Y +n € C*(TM & T*M).

[6,37] We would like to emphasize that the Courant bracket vanishes on 1-forms
and the Courant bracket reduces to the Lie bracket [X,Y] on vector fields, that is if

n:TM&T*M — TM is the natural projection,

ﬂ([AaB]Courant) = [ﬂ(A)aﬂ:(B)]Lie; (4.33)

forany A,Bc C*(TM & T*M).

It is known that the Lie bracket of smooth vector fields is invariant under
diffeomorphisms. This is the only symmetry of the tangent bundle preserving the Lie
bracket. On the other hand, the Courant bracket and natural inner product are invariant
under diffeomorphisms. In that case, there exists an extra symmetry which is a B-
transformation given in Definition 4.6. The Courant bracket commutes with the action

of a closed 2-form B. It is presented by the following Proposition.
Proposition 4.1 [5,6,37] The map eB given in (4.22) is an automorphism of the
Courant bracket

[e®(X +&),e°(Y +1)] = (X +&,Y +n])

if and only if B is closed, i.e. dB = 0.

Proof: [5,6] Let X+ &,Y +1n € C*°(TM ® T*M) and let B be a smooth 2-form. Then
using the facts the Cartan formula for the Lie derivative of a one form &: % & =

d(ix&) +ixd& and the property iyiy = —ixiy forall X,Y € C*(TM),
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[P(X+E),(Y+n)] = [X+E&+ixB,Y+n+iyB]
= [X+¢.Y+n|+[X,iyB]+[ixB,Y]
= [X+&Y+n|+LxiyB— %dixin —LyixB+ %diyixB
= [X+&,Y+n]+LxiyB—iyLxB+iyixdB
= [X+&Y+n|+iyyB+iyixdB

= B(X+E,Y+n)) +iyixdB.

Thus, €? is an automorphism of the Courant bracket if and only if the term iyixdB

vanishes for all X,Y, which is the case dB = 0. a

By defining Courant bracket an entirely new geometrical structure has been developed
which is called the Dirac structure. Here, we need to define the notion of maximally
isotropics for arbitrary vector spaces.

Definition 4.9 [11] A subspace L < V is isotropic when Q(X,Y) =0 for all X,Y € L.

L is called maximal isotropic when it is of the maximal possible dimension.

Non-degenerate bilinear forms of signature (n,n) are the ones we are most interested

in. For such bilinear forms a maximally isotropic subspace is n-dimensional.

Definition 4.10 [33] A maximally isotropic subbundle of TM & T*M with sections

closed under Courant bracket [C*(L),C*(L)] C C*(L) is called a Dirac structure.

Dirac structures are important for us due to its relation between pure spinors which

will be discussed in section 4.3.2.5.

4.3 Generalised G-Structures

In this section, we will generalise the reduction of the structure group of the frame
bundle associated to the generalised tangent bundle TM & T*M to a suitable Lie
subgroup G. One can obtain an associated principal frame bundle to the generalised
tangent bundle TM @ T*M with the structure group O(n,n).

Definition 4.11 The generalised frame bundle is the O(n,n) principal frame bundle

associated to the generalised tangent bundle TM & T*M.
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Let us describe a generalised G-structure.
Definition 4.12 [6] A generalised G-structure is defined to be a reduction of the
structure group of the generalised frame bundle associated to the generalised tangent

bundle TM & T*M as given in Definition 2.11.

As we discussed in section 2.3, the reduction of the G-structures corresponds to
the existence of geometrical objects on M. In a similar fashion, we will discuss
further reductions of the generalised G-structures associated with the existence of new

geometrical objects.

4.3.1 O(n) x O(n)-Structure

The structure group O(n,n) can be further reduced to its maximal compact subgroup
O(n) x O(n) by the existence of the generalised metric .77 which will be important in
Sections 5 and 6 regarding calculations in applications in string theory.

Definition 4.13 [6] A reduction from O(n,n) to its maximal compact subgroup
O(n) x O(n) exists. This is equivalent to choosing an n-dimensional positive definite
subbundle Cy C TM & T*M with respect to the inner product (4.1). Define C_ the
negative definite subbundle C_ C TM & T*M with respect to the inner product (4.1) to
be the orthogonal complement C_ = C.*. Hence, we have TM & T*M = C &C-_.

[5] Note that if a Riemannian metric g on M is given one can define the following

map.

¢:TM — T'M (4.34)

X — gﬁX =1
where g(X,Y) =n(Y) VY € TM, n € T*M. Then ix(g"X) = g(X,X).
C. can be described as the following graph:
Cy ={X+¢X:XeTM)} CTM&T*M (4.35)
Let X +& € C, and & = g'X, then by using (4.1) one can define
(X +&.X+8) =ixE =ixg’X = g(X,X) (4.36)

as the positive definite inner product on TM @ T*M restricted to C;, say () } .
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Similarly, C_ can be described as the following graph:
C ={X—¢gX:XecTM}CTMOT*M (4.37)
Similarly, one can define
(X +EX+E) =ixE = —ixg’X = —g(X,X) (4.38)

as the negative definite inner product on TM & T*M restricted to C_, say (,) ] c -

Proposition 4.2 [6] C. are the £1-eigenbundles of the endomorphism

2= ( 0 ¢! ) (4.39)

with g2 =1 acting on TM & T*M.

Proof: Let X + & € C, then we show that it is +1-eigenbundle of g.

(Zg;)(?):l(?) (4.40)

These equations solved to be gX = & and g7'€ = X. Hence, C; consists of the

elements of the following form X + gX.

Similarly, let X + & € C_, then we show it is -1-eigenbundle of g

(2% )(3)-(%) )

These equations solved to be gX = —& and g~ 'é = —X. Hence, C_ consists of the

elements of the following form X — gX. O

[71-19,19,39] By applying B-transform e? as given in (4.22) to g

B TMOT'M — TMOT*M (4.42)

X+& — X+&+ixB

we end up with the following

s g (10 0 g! 1 0\ ([ —-g¢g'B g
§=¢ & _<B 1 )\g 0 B 1)\ g—Bg'B Bg! ) 4P

g is the following endomorphism:

G TMOTM > TMOT*M §* = 1. (4.44)
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As we have discussed for the case g, one can choose a positive definite subbundle
C, C TM @ T*M and the orthogonal complement C_ as the negative definite subbundle
tohave Cy ©C_ C TM @& T*M. Let us define these subbundles.

C,={X+(g+B)X:XcTM}CTPT" (4.45)
Similarly, C_ can be thought as the following graph:

C.={X+(Eg-BX:XcTM)}CTMDT*M (4.46)

Proposition 4.3 C+. are the £1-eigenbundles of the endomorphism with g% = 1 acting

onTMOT*M.

Proof- [6] Since > = 1, then J has eigenvalues A; = 1 and A, = —1. Then, it has

+1 eigenbundles C corresponding to A1, ;.

Note that a map g : TM — T*M can be described as a metric g and B: TM — T*M

can be described as a 2-form. We have that
B+g:TM —T*M 4.47)

Let us begin with C, and show that it is +1-eigenbundle of § and has elements of the
form (X, (g+B)X). Let X + & € C, we have

< g:nglBlB éggll ) < )g( ) =1 ( )é ) (4.48)

These equations solved to be & = (g + B)X. Similarly, we show that C_ is
—1-eigenbundle of & and has elements of the form (X, (g —B)X). Let X +& € C_

(5 2 ()= (¥) )

These equations solved to be § = (g — B)X.

we have

Definition 4.14 [6] Let the splitting TM & T*M = C, ® C_ exists. A generalised

metric .77 is defined as a positive definite metric on TM & T*M can be defined as

A ={)c — e - (4.50)

Hence, we can conclude the following result.
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Proposition 4.4 ( [6], Proposition 6.1)
A reduction to O(n) x O(n) is equivalent to specifying a positive definite metric on

TM @ T*M which is the generalised metric ./#2 = 1.

We give the important property of the generalised metric in the next Proposition
Proposition 4.5 [39] Let 57 be a generalised metric on TM & T*M. Then 7 defines
a unique pair (g,B), where g is a Riemannian metric on M and B is a 2-form on M.

Conversely, any pair (g, B) defines a unique generalized metric.

Proof: [7]-[9,39] We have already given a constructive proof of the second statement.
Let us now show that the existence of a generalised metric .7# induces a Riemannian
metric g and a 2-form B on M. Let the splitting T T* = C. @ C_ exists. The
subbundles C,,C_ are definite and TM and T*M are isotropic, we have C; NTM =
C_NT*M =0. Then, C,C_ can be thought as the graphs over TM and there exist the
following linear maps:

P.:T—T" (4.51)

such that
Cy={t®Psr|tT}. (4.52)

Also, we define the map Q4 : T X T — R by

0. (s,1) = (5, Py (1)) (4.53)

Now, one can define a 2-form as the antisymmetric part of (4.53) as follows:

B(S,f): Q+(S,l’);Q+(l,S>. (454)

Similarly, one can define a positive definite metric as the symmetric part of (4.53) as

follows:
Q+(S7t) +Q+(Z,S>
2 )

Positive definiteness of g can be shown as follows:

g(s,t) = s,teT. (4.55)

tOP t,tdP. 1t tOP t,tdPt
g(t,t):(t,P+t):( © +’2@ +) _ 841 +2’ DR, (4.56)

where ¢ € T is a non-zero element. As we have studied, the generalised metric can be

written as a matrix as follows, [7]-[9,19,39]:

—Bg™'B Bg!
H = ( 8 _g_ng gg_l ) (4.57)
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Conversely, any given a pair (g, B), 5 can be defined as given in (4.57) which satisfies
Definition 4.14 and 7. O

[36] Now, let us review a simpler case when we have a background matrix E of the
following form: E = g+ B rather than a generalised metric 7#. Let us present the

transformation of E = g+ B under an O(n,n) matrix given in (4.7).

E'=T(E)= (aE+b)(cE+d)™' = ( ? Z >E (4.58)

E' includes the transformed metric and the transformed B-field which are symmetric

and antisymmetric parts of E’, respectively as given in Proposition 4.5.

E/ +E/t E/ o E/t
"= B = 4.59
8 7 > (4.59)

This is equivalent to the following transformation for J7.
H =THT'. (4.60)

We have seen that the existence of a generalised metric reduces the structure group of
TM&T*M from O(n,n) to O(n) x O(n). In the next subsection we will discuss further
reductions of the structure group associated with the existence of a new geometrical

object which is the generalised almost complex structure.

4.3.2 U(n/2,n/2)-Structure

As we discussed in section 2.3.5 that the existence of an almost complex structure J
reduces the structure group U(n). Now, let us begin with introducing a generalised
almost complex structure then generalise the reduction of the structure group.

Definition 4.15 [5,6] A generalised almost complex structure on a manifold is an

endomorphism ¢ of TM & T*M such that
° /2 =-—1,
o Jr=— 7.

The usual complex and symplectic structures can be thought as a generalised complex

structure in the following way, [6]. Consider the endomorphism

S = ( _OJ JO* ) (4.61)
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where J is a usual complex structure on V. Then we see that ¢ JZ = —1 and
F=—_75, 1e. _Zjis a generalised complex structure. Similarly, consider the

endomorphism
0 —o!
/w—(w 0 ) (4.62)
where  is a usual symplectic structure. Then we see that _#2=—1and ¢} =— 7o,

i.e. Zg is a generalised complex structure.

We have seen in section 2.3.5 that the reduction of the structure group to U(n) is
equivalent to the existence of an almost complex structure and a Riemannian metric
g. Similarly, by the existence of the generalised almost complex structure _¢Z, the
structure group of TM & T*M can be further reduced from O(n,n) as follows.
Proposition 4.6 [6] A generalised almost complex structure on TM & T*M determines
a reduction of structure group from O(n,n) to U(n/2,n/2) = O(n,n) N GL(n,C).
Here, we would like to introduce the new geometrical objects in defining
U(n/2,n/2)-structures.

Definition 4.16 [6] A generalised almost complex structure on a real even

n-dimensional manifold M is given by the following equivalent data:

e an almost complex structure ¢ on TM @ T*M which is orthogonal with respect
to the natural bilinear form (,) given in (4.1), #*=— _# and ¢#* = —1. ie. a
reduction of structure for the O(n,n)-bundle T & T* to the group U(n/2,n/2),

e a maximal isotropic sub-bundle of the complexified generalised tangent bundle L <

(TM®T*M)®C with LNL =0,

e A pure spinor line sub-bundle U < A*T* ® C, called the canonical line bundle,

satisfying (¢, @) # 0 at each point x € M for any generator ¢ € U,.

In order to understand the last part, we will examine the notion of spinors which will
be defined in Definition 4.26. In order to do so we need to begin with Clifford algebras.

Then we will study pure spinors.

41



4.3.2.1 Clifford algebras

In this section, we will give the definition and some key properties of the Clifford
algebra. The significance of Clifford algebras arises from the fact that the orthogonal
Lie algebra is contained in the Clifford algebra as a subalgebra. Then, a representation
of the orthogonal Lie algebra can be constructed through Clifford algebra. We will
work on the linear algebra on vector spaces V in the first place. The reason we are

doing is later we will extend all the data to M ® T, M.

We begin with defining the Clifford algebra as follows.
Definition 4.17 [11] Given a symmetric bilinear form Q on a vector space V, the
Clifford algebra CI(V, Q) is an associative algebra with unit 1, which contains and is
generated by V, with

vov=0Q(vv) lin CI(V,Q).

The operation . is called the Clifford algebra product. Note that, using polarization

O(v+w,v+w)—0(v,v) —O(w,w)
2

O(v,w) = (4.63)

one can write the Clifford algebra product as follows:

{vw} =vw+wy=20(v,w). (4.64)

Definition 4.18 [40] The Clifford algebra is a Z, graded algebra and it decomposes as
Cl = CI®®" @ CI°%, CI®*" is called even subspace and its elements are spanned by
products of an even number of elements in V whereas CI°% is called the odd subspace
and its elements are spanned by products of an odd number of elements of V. The

l even

space C is not only a subspace but establishes a subalgebra.

We now discuss the Clifford algebra generators, [41]. First, let us define the inclusion
map as follows:
Definition 4.19

i:V—=ClLV,Q) (4.65)

The image of e; under (4.65) is defined to be IV satisfying (4.64):

[T/ 4+ T = 20(€', e/)1. (4.66)
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We introduce the following CI(V, Q) elements.

Definition 4.20 [41] One can define the following element.

[ii2in — i' (_l)cricu)ria(z)_,.ricr(n), (4.67)
n! &

where (—1)€ is the sign of the permutation ¢ of {1,2,...,n}.

For instance

iz — %(l—‘ill—'iz _ rizril) (4.68)

Fili2i3 — 1(1—*i11—*i21—*i3 _ Filri3ri2 +Fi2Fi3r‘il _ r‘i2r‘ill"i3 +Fi3Fi1Fi2 _ l—‘iSFizl—‘il )
6
(4.69)
Hence, {1,I"1, T2 . T2~y <ip < ... <i,}formsal+ ())+(5)+...+(}) =
(14 1)" = 24mY dimensional basis for CI(V) .

On the other hand, the exterior algebra A®V where A°V = A°VaA' V- o \'V
has 1+ (7) + (5) +...+ (!) = (1+1)" = 2" dimensional basis: {1,e', 't Ne2,...,e"t A
e A\...\e}. Hence, CI(V,Q) and \*V are 2" dimensional and one can map the

generators of CI(V, Q) to the basis elements of AV*®. This can be seen as follows:

11 (4.70)
T 4.71)

1 . . . L

—‘Oci17._.7,~ne’1 ANePN...Nem— oz,-17,,.,,-nl"’1’2""". 4.72)

n'

It leads to the following result.

Lemma 4.1 [41] There is a vector space isomorphism between AV® = CI(V, Q).
There is an embedding of so(Q) in CI®V°".

We will state it and give the proof as follows.

Lemma 4.2 [11] so(Q) embeds as a Lie subalgebra of CI(V, Q)" .

Proof: [11] We begin with examining the isomorphism of bivectors A’V with so (Q).

The isomorphism is given by

2
@: A\V =s0(Q) CEnd(V), (4.73)

anb— Qnp
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for a and b in V, where @, is defined by
q)a/\b(v) = Z(Q(b7v)a - Q(a7 V>b) (4.74)
First, let us show that @, is in s0(Q). We need to show that

Q((PaAb<V)7W> + Q(Vv (Pa/\b(w)) =0

O(Qanp(v),w) + Qv Qarp(w)) = 20(Q(b,v)a—Q(a,v)b,w+20(v,Q(b,w)a — Q(a, w)b))
= 20(Q(b,v)a,w) =20(Q(a,v)b,w)
+ 20(0(b,w)a,v) —20(0(a, w)b,v)
= 20(b,v)Q(a,w) —20(a,v)Q(b,w)
+ 20(b,w)0Q(a,v) —20(a,w)Q(b,v)
= 0

The natural basis of /\2 V, e' A"t/ maps to some scalar factor of the the natural basis
of End(V) which is given by 2 (EiJ —En+j7n+,-). Here E; ; is the endomorphism of
V carrying e/ to ¢! and ¢ to —e/ and killing ef for all k # j. Hence, the map is an
isomorphism. Since this is a Lie algebra isomorphism, we need to examine the bracket

on A%V to make an analogy to the bracket in the Clifford algebra.
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[Qant, Pend) (V) = @apb © Pend(V) — Pena © Qann(v)
= 2@405(Q(d,v)c — Q(c,v)d)
— 2¢:0a(Q(b,v)a—0O(a,v)b)

It is concluded that an explicit formula for the bracket on AV becomes

[anb,cNd]= 20(b,c)and —2Q(b,d)aNc

—2Q(a,d)c Nb+20Q(a,c)d N\b.
Besides, the Clifford algebra bracket takes the form of

la-byc-d] = a-b-c-d—c-d-a-b
= (20(b,c)a-d—a-c-b-d)—(2Q(a,d)c-b—c-a-d-b)
= 20(b,c)a-c—(2Q(b,d)a-c—a-c-d-b)
= 20(a,d)c-b+(2Q0(a,c)-d-b—a-c-d-b)
= 20(b,c)a-d—20Q(b,d)a-c—20(a,d)c-b+20(a,c)-d-b.

Eventually, the a map of Lie algebras y : AV = C [(V,Q) can be defined by

l//(a/\b):%(a-b—b-a):a-b—Q(aJ?). (4.75)

45



If we look at the basis elements, e’ Ae/ maps to {1,ele...e'}, where i] < ir < ... <.
The map yo @~ ! :s0(Q) — CI(V,Q)'" is the desired embedding map. This ends the

proof. O

Now, we analyze the action of CI(V,Q) on A*V. This means that for every element in
the Clifford algebra CI(V, Q) there exists an operator that acts on A*V. First, we need
the following map.
Lemma 4.3 The linear map
w:V —>End(/‘\V) (4.76)
T(x)oe =xNa+iyo 4.77)

where x €V, a € A®V and b : V — V* B(x,y) = X’(y) satisfy (4.64).

Proof:

e = rE)EAa+isa) (4.78)
= xAipo+is(xAa)
= (ixbx)OC

= 20(x,x)a.
Therefore, 7 satisfies (4.64).

By using the fact that the Clifford algebra CI(V,Q) is a universal algebra, one can

extend the map 7 to the following map.
w:Cl(V,Q) = End(/\V) (4.79)

This map clearly satisfies (4.64), that means this is a representation of the Clifford
algebra CI(V,Q) with the carrier space A*V. This representation is not irreducible.
One way to introduce an irreducible representation when Q is of signature (n,n) is to
split the vector space V into n-dimensional maximal isotropic subspaces V. =W @& W’
and define the irreducible representation on the subspace W which we will introduce
in section 4.3.2.2. This is important for us since we work on the generalised tangent

bundle TM @ T*M with the bilinear form (4.1) of (n,n) signature.

Let us introduce some operations in CI(V,Q) which will be useful for further

constructions.
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Definition 4.21 [11] The main automorphism 7 : C/ — C[ and the main involution

o : Cl — Cl maps are determined by

’L'(vl-...-vk) = Vi'...*'V] (4.80)

OC(Vl-...-Vk) = (—l)kvl-...-vk (4.81)

forvl,...,vk inV.

Next, we introduce the following operation which is the composite of the main
automorphism and the main involution.
Definition 4.22 [11] The Clifford algebra CI(V,Q) has an anti-involution or

conjugation operation x — x* determined by
(Vieeov) = (=D oy (4.82)

for any vy,...,vpin V.

We now introduce Pinor group forms a closed subgroup of the group of units in the
Clifford algebra as follows.
Definition 4.23 [11] The Pinor group can be defined as follows.

Pin(Q)={x€Cl(V,Q):x-x*=1landx-V-x* CV}. (4.83)
Furthermore, we introduce Spinor group forms a closed subgroup of the group of units

in the even part of the Clifford algebra as follows.

Definition 4.24 [11] The Spinor group can be defined as follows.

Spin(Q) = {x € CI(V, Q)" :x-x*=+landx-V-x* CV}. (4.84)

Every element of the Spinor group establishes an endomorphism of V' as follows:

Proposition 4.7 [11] For x € Spin(Q), p(x) is in SO(Q). The mapping

p :Spin(Q) — SO(Q) (4.85)
p(X):v — xwvx! (4.86)

is a homomorphism, making Spin(Q) a connected two-sheeted covering of SO(Q).

The kernel of p is {1,-1}.
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There exists a natural isomorphism of the corresponding Lie algebras which is obtained

by the exponentiation of p;

d
p' = Ep(e’x)\,:() x € spin(Q) (4.87)

_ d (et(xv*x)>

E |t=0

d _
— E(etxve tx) ’t:O

= xv—xv=[x,V].

It is presented as follows:
Proposition 4.8 [11] There is also an isomorphism of the Lie algebra of the group

Spin(Q) and the Lie algebra so(Q) which is given by

p’ : spin(Q) — so(Q) (4.88)

p'(x)(v) = [x,V]. (4.89)
4.3.2.2 Special case: split signature

As we study on the generalised tangent bundle TM @ T*M of signature (n,n) we

specifically study the split signature case of Lemma 4.3.

[11] Let W be a maximally isotropic subspace of dimension n and W’ be the
orthogonal complement of W with respect to the bilinear form Q. Then, there exists
the decomposition V.= W @ W’. In this case, one can write Spin(Q) = Spin(n,n) and
s50(Q) =so(n,n).

In this case, we can choose {e!,---,¢"} to form a basis for W and {ey,--- ,e,} to form
a basis for W'. Hence, eM = {e!,--- " ey, - ,e,} = {€',¢;} forms a basis of V. These
satisfy

Oleie;) = Q(e,el) =0, Q(e',e;)=8;" Vi,j. (4.90)

We will work with the following Clifford algebra basis elements given in Definition

4.19

M 1 M
—T 4.91
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with M = (I}, T) since yM satisfies (4.64) so that iyny" = §,,". Namely,

vy gy = 0 (4.92)

vivi vy = 0

vivityy = 1

viyi+wiy = 0.
In this special case of split signature, we would like to introduce a Pinor group element
which we will use for calculations in our application in chapter 5 and 6.
Definition 4.25 [42] The Pinor group Pin(n,n) element C is called the charge
conjugation matrix. The charge conjugation matrix is an appropriate name for this
element of the Pinor group, since it satisfies the same Gamma matrix relations as the

standard charge conjugation matrix in quantum field theory, [43]. It is equivalent to

C* and C~ for even and odd dimensions respectively, where

C=C"=Af...A}, (4.93)
C=C =A|...A,. (4.94)

Here
A=V F ). 4.95)

Indeed, Pin(n,n) elements A" are obtained via (4.85),
p(AT) =hi
where O(n,n) elements h; is given as (4.31).

Similar to the O(n,n) elements A;, Af maps V; <> W' in the following manner, [42] .

—e; if eM=¢
At (A)TT=( =€ if eM=e¢;. (4.96)
—eM otherwise

Let eM = ¢/, then we write it in terms of y¥ and calculate from the Clifford

commutation relations (4.92)

W —wv'(vi—v) = —yy' (yi—y) (4.97)
= —yy'y
= —y (1—-yy)
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Let eM = e;, then we write

(W —v)wi(vi—v) = —v'y (v —v') (4.98)
= —y'yy'
= —(1—yy)y
= —y/i_

The other possibility is nothing but a linear combination of the first two cases. Hence,

we show that (4.99) is valid. Therefore, one can write the identities for C as follows:

Lemma 4.4
Ciy(C)™h = —(=1)"y
Coy'(C)™ = —(=D)"w;,
Cy(Cc)™ = (-1
cyic) = (-1)'y
Hence, it leads to
cy,c' =y, cyc!l =y, (4.99)

Furthermore, it is possible to define the action of a dagger operator in the Clifford

algebra as

st=cr(s)c! (4.100)

where 7(S) = 5~ where 7 is given as Definition 4.21.

4.3.2.3 Irreducible spin representations

As we have discussed in Lemma 4.3 that the representation given in (4.79) is not
irreducible. Now, in the special case of the split signature, we reconstruct the
representation and discuss that this is an irreducible representation.

Lemma 4.5 [11] The decomposition V = W @& W' determines an isomorphism of

algebras CI(V,Q) = End(\*W) where A\°W = \'W @ --- @ \"W.

Proof: [11,43] Using the fact that CI(V, Q) can be identified as V' given in Definition
4.17, the isomorphism can be constructed between V and E = End(A*W). Let us

construct the maps
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[:W —FE such that
Iwa=wAo (4.101)

where oo € A\*W, and
I':W —E such that

I'(w)o = 1y O (4.102)
where
(W)5(w) = 20(w,w). (4.103)
Then, the isomorphism map become
V=weoWw —>End(/.\W)
wHw — [(w)+1'(W)
w+w — WA Qi O (4.104)

We need to show that /(w)2 =0, and !’ (w/)> =0.

First,
I(w) (o) =1(I(w) () =I(wAat) =wAwAa =0.
Second,
4 (W/)2 ((X) = l/(i(wl)h (X) = 1( ) (I(W’)h (X) =0
Furthermore,

I(w)ol (W) +1"(W)ol(w) =20 (ww)I (4.105)

for any w € W,w’ € W’. Since,

Wiy )+ (WA®) = wAiga+ip(wAa) (4.106)
= (iyw)(a) (4.107)
= 20(w,w)al. (4.108)

Furthermore, if one takes a look at what happens to the basis of the resulting map, it

becomes evident that it is an isomorphism.
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Note that in the special case of the split signature (n,n) Lemma 4.1 can be visualized

as follows:

M TM (4.109)

so on a differential form o

Ma=éANa, [0 =i, (4.110)

[11] The map given in (4.104) is an irreducible representation of the Clifford algebra
Cl with the carrier space the exterior algebra A\*W = AW & ---@ A"W. This is also
a representation of the orthogonal Lie algebra so(Q) = so(n,n) with the carrier space
the exterior algebra A°W = A°W @ --- @ A" W, due to the fact that so(Q) embeds in
Creven.

[11,43] According to the decomposition AW = A" W & A°Y W and Lemma 4.5

there exists an isomorphism

even odd
CI(V,Q)®"*" = End </\ W) ®End (/\ W> : (4.111)

Next, using Lemma 4.2 there exists an embedding of Lie algebras:
even odd
s0(Q) C CI(V,Q)**" =~ g[( N W) @g[(/\ W). (4.112)

Therefore, the representation of so(Q) decomposes as
S=S"®S” (4.113)

where

ST =AY"W and S~ = A W, (4.114)

Definition 4.26 [11,43] The representation of the special orthogonal algebra so(Q)
embedded in the Clifford algebra with the carrier space A*W in (4.104) is called the

spin representation. Elements of the spin representation are called spinors.

The subspaces ST, and S~ are kept invariant under the action of so(n,n) and are called

half spin representations, and their elements are called chiral spinors.
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By the quadratic form Q, one can identify the subspace W’ with W*. When we request
that W = 7'M we end up with V = T'M ® T.M. According to what we described
on V =W @ W*, the generalised tangent bundle is endowed with the same canonical
bilinear form and orientation as those described on V = W @ W*. Hence, the structure
group of TM & T*M can be seen as SO(n,n). By the fact that the SO(n,n) bundle TM &
T*M on an orientable manifold always carries a Spin(n,n)-structure one can extend all
the linear algebra that we have studied can be applied to whole bundle TM & T*M.
Hence, sections of A*7*M which are exterior forms can be identified as Spin(n,n)

spinor fields.

Now, we will discuss the natural inner product on the space of spinors.

Definition 4.27 Mukai pairing is the natural inner product on the Clifford module A*W

and described as follows. (, ) : S®S — A"W:

(@), D)) = (T(P) AP )iop = Y (= 1)/ (DAL 4T ADT 2 @) Dy AW
1, *2) — 1 2top—2( )( 1 2 + 1 2 )a 1, P2 5

J
(4.115)

here ()op denotes the top degree component of the form and the superscript k denotes

the k-form component of the form.

Mukai pairing is symmetric in dimensions n = 0,1 (mod 4) and is skew-symmetric
otherwise:

(@, D) = (—1)"""D/2(D, &)). (4.116)
See [43] for details.

Mukai pairing has the following property.
Proposition 4.9 [6,10]
<V¢’1,VCI)2> = Q(V,V)<(I)1,q)2>, (4.117)

where v e W O W* dimW = dimW* = n.

Proof: [6,10] Let ®, P, be spinors in other words differential forms of degree k and

of degree n — k respectively, and v = X + &. First, let us calculate

T(v®)) = T(ix®1 +EAD)) = (1) lix (1) + T(P1) A G (4.118)
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Then, we calculate the Mukai pairing as given in Definition 4.27:

<VCI)1,V(I)2> = (’L’(vCDl),vd)z)top = (—l)k_lixf(q)l) /\5 NPy + T(@l) /\5 NixPs.
(4.119)
Note that 7(®P;) A& A ixD; is of degree n+ 1 hence it vanishes. Then, we take the

interior product of this form with X as follows:
ix(?(@1)AEADY) = (—1)'t(@)AEX) AP (4.120)
+H(ixT(@)AEA D+ (1) o(D1) A N ixD2)

= (—DfEX) (@1, @) — (1) (v@1,vy)
0.

It leads to the following

<VCI)1,V(1)2> = é(X)<(I)1,q)2> (4121)

= Q(V,V)<(I)1,(I)2>.

[6,17] Since Q(v,v) = £1, when v € Spin(n,n), (4.117) implies that Mukai pairing

has an important property related to the action of the Spin group given in (4.84) , [6]:

(SD1,8P,) = +(P,P,), Se< Spin(n,n). (4.122)
In the special case when v € Spin™(n,n) we have Q(v,v) = +1, so Mukai pairing is
invariant under the connected component to identity, Spin™ (n,n).

When we take the charge conjugation elements C given in Definition 4.25 instead of
S, we will have the following form. Using Q(A;,A;) = —iy, v = —1, repeated use of
(4.122) gives

<G, Gz >= (=1)" < 1,22 > (4.123)

This will be important in calculations of section 5.2.1.

Now, let us see the relation between bilinear forms on A" W and the Mukai pairing.
Definition 4.28 [43] One can describe a non-degenerate bilinear form on A" W due to

the existence of an inner product on 7%, :

(@1,0,) = Py AxDy = Y ] A xD) (4.124)
j
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where xis the Here Hodge star is taken with respect to the inner product on W.

Now, we give the relation between this bilinear form and the Mukai pairing.
Lemma 4.6 [43] The bilinear form (4.124) is related to the Mukai pairing in the

following way:
(1, P2) = (@1,C'®y) = (T(P1) AC D)) 10, (4.125)

where the charge conjugation matrix presented in (4.93, 4.94) should be written in

terms of an orthonormal basis with respect to the inner product on W.

We will give an example to exemplify Lemma 4.6 as follows:

Example 4.1 Let ®| = ®y + P, + P4 be a non-homogeneous differential forms, namely
a sum of all possible O-forms, 2-forms and 4-forms respectively. Here ®, = ®;; viAy/
and &4 = ®; Vi Ay Ak Ayl First we calculate @ A x®; with respect to the flat

metric on %*.

D) AxDy = (Pp? + @122 + @132 +D1g® + Pp3? + Doy + D3a> + Proaa ) W AW AW Ayt
(4.126)

On the other hand, we calculate (7(P1) AC~!®y)op. First, we have
T(P)) = Py — Py + Dy (4.127)
Next, we have
CT'® =CP =C @ = (y' —y) (V=) (¥’ —ys) (v —ya)®;  (4.128)
given in Definition 4.25. We use the relations given in (4.92) and get

(t(@)ACT @1 )op = PPYW AYEAY AW+ (4.129)
(P12 +P13” +P1a” +P23”) W' AW A Y Ay

@ 103.20 AV A YR AV

Hence, we verify that (4.125) holds.
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4.3.2.4 Spinorial action of Spin(n,n) on a spinor field ¢

Since we have defined the spinor fields, we discuss the spinorial action of Spin(n,n)
on spinor fields &.
Definition 4.29 Let B is given as Definition 4.6. It maps e’ A e/ maps 9; — e/ and its

image in the Clifford algebra is given as %Bi jej e'. Since, e/e’ maps e’ \e/ and e; — /.

Its spinorial action on ® is
B-<I>:%Bijej/\(ei/\d>) = —BA®. (4.130)
By exponentiating we get the spinorial action of Spin(n,n) element as follows:
S : ¢r—>e_BA(p:(1—B+%B/\B—...)/\d>. (4.131)

This elements is given as p(Sp) = hp where p is as given in (4.85), hp is given as

(4.30).

Definition 4.30 Let B be as given in Definition 4.7. It maps e; A e; and el s —e;. Its

image in Clifford algebra is given as

1 ...
Eﬁ’fe]e’ (4.132)

since it maps e’/ — —e;. Its spinorial action on ® is

B-®= %ﬁijiej(ieicb) = ig®. (4.133)

Similarly, by exponentiating we get the spinorial action of Spin(n,n) element as
follows:

. L
Sp: @ P D= (1+ig+ Sig+ ). (4.134)
This elements is given as p(Sg) = hg where p is as given in (4.85), hg is given as
(4.30).
Definition 4.31 Let A be given as in Definition 4.5. It maps e; — e; and el — —el. Tts
image in the Clifford algebra is given as 1A(eje! — ele;), since it maps e; — e; and

el — —é'.
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Its spinorial action on ® is given as

1 - . .
A-d = EA{(eje’—e’ej)-CI) (4.135)
1 . . .
= 5A{(ie_,.(elAcb)—e’m'ejcb) (4.136)
| : :
= 5A{(aj’q:—e’Aiejob—e’/\iejola) (4.137)
1 i »
= 5A{(S]’-cb—A{e’m'ejcb (4.138)
1
= S(TrA)>—A"®, (4.139)

where @ 5 —A*® = —Alel N, ®.
The spinorial action of Spin(n,n) is given as follows:

1
VdeteA

Here, e2(Trd) — \/deteA. This elements is given as p(S4) = ha where p is as given in
(4.85), hy is given as (4.30).

Sp-® = (') .

Note that, hljE given in (4.31) corresponds to A;" satisfying p (A) = k"

4.3.2.5 Pure spinors

There is a special type of spinors which are called pure spinors. We will deal with
the pure spinors and their transformations in the section 6. These pure spinors must
satisfy certain differential equations. Here is a brief introduction to pure spinors for

the calculations regarding them.

The significance of pure spinors is their annihilator is not only isotropic but maximally
isotropic. It is useful to note that null spaces are isotropic in a sense that if v,w € L,
then

20(v,w)® = (vw+wv) - D =0, (4.140)

implying that Q(v,w) =0V v,w € Lg.
Definition 4.32 [6] Let ® be any nonzero spinor. Then, its null space Lo <W G W*

is described as follows:

Ly={veWaW" :v-®&=0}, (4.141)
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where v =w +w' acts on ® as given in (4.104)

Ly depends equivariantly on & under the spin representation:

Leg = p(g)Le Vg€ Spin(Wa W), (4.142)

Definition 4.33 A spinor @ is called pure when L is maximally isotropic.

Theorem 4.1 [6] Every maximal isotropic in W & W* corresponds to a pure spinor
line generated by

@, = exp(B+in)Q, (4.143)

where B, are real 2-forms and Q = 0; A --- A 6; for some linearly independent
complex 1-forms (6,...,6;). The integer k is called the type of the maximal isotropic.

The maximal isotropic is of real index zero if and only if
0" *AQAQ#0, (4.144)

or in other words

e (0y,..., 0, 01,... ,§k) are linearly independent, and

e m is nondegenerate when restricted to the real (n — k)-dimensional subspace A <V

defined by A = Ker(QAQ).

Proof: [12] We begin with the two extreme cases of a pure spinor. First of them is
® = 1. In this case, the null space is given by all contraction operators as follows:

Span {i,, } . It is maximally isotropic due to the dimension m = 2n.

Second case is when ® = vol. In this case, the null space is given by all the wedge

operators; Span {dx"A}. It is also maximally isotropic due to the dimension m = 2n.

Now, let us merge the two cases. Let us assume that a k-form ®; = dx! A ... A
dx* which can be treated as a Cliff(2n,2n) spinor. Its null space becomes the
following d-dimensional space; Span ({dx'A,...dx*A} U{ixs1,...im}). That means,

it is maximally isotropic. Hence, @ is also a pure spinor.

Now, let us consider more general case when ®; is any k-form. This case consists
of two legs; one of them is when ®; is decomposable and the other one Py is

non-decomposable.
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Assume that ® is a decomposable k-form
D=0 N... N6 (4.145)

As in the previous case, its null space is the union of the wedge product of the k

one-forms and any contraction that is orthogonal to the one-forms:
Span ({O1A, ...,k A} U{v |i,0; =--- =1, 6, =0}) (4.146)

where i, = v"1,. It is also d-dimensional, namely maximally isotropic. Hence, ®; in

(4.145) is a pure spinor.

Let us see what happens when ®; is not decomposable. In this case, the null space

(4.146) becomes a set of linear combinations of wedge products and contractions;
Span ({tm + Bun dX'A, 1 <m < 2n}). (4.147)

where B = B,,, dx™ A dx" is a complex 2-form.

We have already shown in section 6.5 that null spaces are isotropic. It follows that

{im+Bun &X'\, ip+Bpg AXIN} = 8Bpg+ 8)Byn = Bpm+Bnp =0.  (4.148)

It leads to B, = —Bup, namely B is an antisymmetric 2-form. Moreover, it has the
maximum possible dimension 2n, namely the null space of the non-decomposable
Clif(2n,2n) spinor @y is maximally isotropic. Hence, it should correspond to a pure

spinor.

As we have discussed in Definition 4.26 the chiral spinors for calculation purposes we

prefer positive chirality pure spinor @ € A" T*.

Let the non-homogeneous form ® = &5+ P, + - -- P, is given, where Py is a k-form,

& is a constant.

& must be annihilated by the action of null space element:

1P+ By dX" AP = 0. (4.149)

First, collecting 1-forms we get

By dX'®y + i, D2 = 0. (4.150)
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This equation is solved uniquely as follows.

1 ®r = — By A" Dy (4.151)
1
®y = 5B " AdY'Pg (4.152)
= —Bd,.

Second, collecting 3-forms we get
By dx" A Dy +i,, P4 = 0. (4.153)

This equation is solved as follows.

im®s = —By, dX"'d; (4.154)
1
= Eanqu dx* AdxP Adx? P
1
b, = EB/\B D). (4.155)

Finally, one can obtain

1 1
<I>:<1—B—|—§B/\B—6B/\B/\B—l—...) Dy =e B @y, (4.156)
We conclude that, (4.147) is also the null space of the pure spinor ® = e 5.
Now, let us merge the two cases:
P=eBAON... NG (4.157)

This gives the most generic form of a pure spinor given in (4.143) when we replace

—B with B+ i® in order to be consistent with the literature.

This concludes the analysis related to the almost complex structures and pure spinors.
We will now describe certain examples of generalised complex structures and pure
spinors in detail, [6].

Example 4.2 Symplectic type (k= 0)

A symplectic structure determines the generalised complex structure, a maximal
isotropic subspace and a spinor line as follows: The generalised complex structure

Ho s as given in (4.62). The maximal isotropic

L={X—ioX): XcV&C} (4.158)
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annihilates a spinor line generated by
oL =€, (4.159)
Since,

(X — io(X))e® = (X—ia)(X))(1+ia)—%a)/\a)—éw/\w/\awr...) (4.160)

1 .
= lXI—i—ilx(D—Elx((x)/\a))—élx(w/\a)/\a)) (4.161)
| ,
—i(xo+ix(wNo)— Elx(a)/\a)) - élx(w/\ OA®))

= 0.

Let us show L is the +i-eigenspace of _Z.

( 2) _(8_1 > ( —ia))((X) > - ( wi();) ) =L < —ia))((X) ) (4.162)

[6] This generalised complex structure is of type k = 0, here k is the codimension of the
projection of L to V ® C. Furthermore, a transformation by a B-field can be achieved.
Since, B-transformation preserves projections to V ® C, then it also preserves type, one

can obtain another generalised complex structure of type k = 0 after the transformation.

-1 -1
/B B_ -0 B -
o= Joe" = ( w+Bo 'B Bo! )’

B-transformation also generates new maximal isotropic and a pure spinor as follows.

(4.163)

e B(L)={X—-(B+in)(X) : X cV®C} (4.164)
Ppy, = "1, (4.165)

This is called a B-symplectic structure. It is concluded that any generalised complex

structure of type k = 0 is a B-field transform of a symplectic structure.

Complex type (k =n)

A complex structure determines the generalised complex structure, a maximal isotropic

subspace and a spinor line as follows: The generalised complex structure is given as in

(4.61).

A maximal isotropic and a spinor line generated by ¢y are given as follows.

L — V()7] @ Vf:() (4166)
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consists of {a%l, 3%2, e %,dzl,da, ...dz,} and annihilates

o, = Q"0 (4.167)

Let us show L is the +i-eigenspace of 7.

-J 0 2 9
% | =i 9% 4.168
(o)) (&) @160

Furthermore, a transformation by a B-field can be achieved. We obtain another

generalised complex structure of type k = n after the transformation.
_ —J 0
I B B __
Fy=e 7" Fje _(BJ+J*B J*)’ (4.169)
B-transformation also generates new maximal isotropic and a pure spinor as follows.
e P(L)={X+E—ixB : X+E Vo 1@V}, (4.170)
@y, = " QM0. 4.171)

Now, we will continue the reduction of the generalised G-structures. We will study

further reductions from U (n/2,n/2) in the next sections.

4.3.3 U(n/2) x U(n/2)-structure

It is possible to reduce the structure group U(n/2,n/2) that we discussed in section
4.3.2 to the maximal compact subgroup U (n/2) x U(n/2)-structure by the existence

of two compatible generalised almost complex structures.

Since #* =1and # ¢ = g, (H #)*=—1 and using 57 is symmetric and
J*=—_¢ then (K ¢ )" =—(s€_¢). One can notice that 7 _#| = ¢, is a new
generalised almost complex structure. Let us introduce the compatibility condition of
the generalised almost complex structures.

Definition 4.34 [12] Two generalised almost complex structures are called compatible

if they commute

[ /1, 72] =0 (4.172)
and if

H=— I 7 (4.173)
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is a positive definite metric on the generalised tangent bundle TM & T*M, namely the

generalised metric.

Remark 4.1 Here, the bracket given in (4.172) is the Lie bracket, and by multiplying
—_Z1 with _#, we mean the composition map of /]_1 = — _#1 with _#.

Hence, it leads to the following Proposition.

Proposition 4.10 ( [6], Proposition 6.2 )

A reduction to U(n/2) x U(n/2) is equivalent to the existence of two generalised
almost complex structures _#1, #> as well as a positive definite metric 7 satisfying

% = 1, which are related by the following commuting diagram:

TM®T*M %4 TM @ T*M

TMST*M

Note that the conditions on J# are equivalent to requiring that ¢7 and _#> commute

and that — _#1 _#; is positive definite.

Note that

A== 0\ Jo(= 1 Jo) = I P =—1(-1)=L (4.174)

As it has presented in the Definition 4.13 that, the existence of a positive definite
metric G satisfying .72 = 1 ensures that the structure group reduces to O(n) x O(n).

Alternatively, a reduction to U(n/2) x U(n/2) can be seen as

U(n/2,n/2)N(0(n) x O(n)) =U(n/2) xU(n/2). (4.175)

Example 4.3 [6] Let (g,J, @) be a usual Kihler structure on a manifold. It means that
g is a Riemannian metric g, J is a complex structure and ® is a symplectic structure

with the following commuting diagram.

T8 T
T
As we have expressed in (4.61) and (4.62), there exists generalised almost complex

structures corresponding to complex and symplectic structures. First, we need to show
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that #7;, 7, commute, ie. [ 71, 7]
0 —Jo!
I
and
0 ol
sosi= (g ")
Please note that

—Jo ' = Jol=0'J" (4.176)

*

—-Jo = Jo=w/J.

Hence, [ 71, #>] is satisfied.

Next, we will show that .77 is a positive definite metric on T & T*.

H==J1 Jo= <ng Jaz)‘1> N (g g(_)l)

Please note that g = J*@w and g~' = (J*@) ' = 0~ 'V ! =Jo. (7, Zo) defines a

generalised Kéhler structure.

4.3.4 SU(n/2) x SU(n/2)-structure

We begin with defining the reduction of the structure group to SU (n/2,n/2) as follows:
Definition 4.35 [10] A reduction to SU(n/2,n/2) is equivalent to the existence of a

nowhere vanishing globally defined pure spinor ® such that (®,®) # 0 at all points.

It is possible to reduce the structure group SU(n/2,n/2) to the maximal compact
subgroup SU(n/2) x SU(n/2)-structure by the existence of two compatible pure
spinors. First, Let us describe the norm || @ || of a pure spinor ®, [18,19]. It is described
through the Mukai pairing <, >, described in Definition 4.27.
Definition 4.36

<®,d>=—i||®|*vol (4.177)

where vol is the volume form determined by the Riemannian metric.

Let us introduce this compatibility conditions, [12]. Two pure spinors @, P, are called

compatible if their associated generalised almost complex structures Zo,, o, are
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compatible in the sense of Definition 4.34 and if these pure spinors have equal norm.
Hence,

(®@1,D1) = (D, D), (4.178)

where (,) is Mukai pairing defined in Definition 4.27.

4.3.4.1 SU(3) x SU(3)-structure

We restrict to the case when n = 6 since there will be an assumption in Chapter 6 that
the seed background supports an SU (3) structure as a special case of a SU(3) x SU(3)
structure, and we will be able to perform a special transformation to explicitly show
the pure spinors associated to the SU(3) structure and the pure spinors associated to
the SU (2) structure are related by our calculation methods.

Definition 4.37 [12,18,19] The structure group of the generalised tangent bundle TM @
T*M of the 6-dimensional manifold M reduces to SU(3) x SU(3) if there exists two
compatible globally defined SU(3) x SU(3) pure spinors ®; and ®; of non-vanishing

equal norm.

The explicit form of the SU(3) x SU(3) pure spinors can be given as below:
Definition 4.38 [18,19,44] (SU (3) x SU(3) pure spinors:)

5 )

D, = %ezz/z [cle_” — icza)] , (4.179)
ab T

By = — 2N [cze ’J—Hcla)} (4.180)

where c1,c; are complex functions on M. Here z = v+ iw is a complex 1-form, j is a

real 2-form and @ is a complex 2-form.

We also emphasize that the pure spinors given in (4.179) is of the form of a generic
pure spinor given in Theorem 4.1 in equation (4.143). The SU(3) structure given in
(2.32) is actually a special case of the SU(3) x SU(3) structure, and the spinor that is
used to describe the SU(3) structure is also a special case of the (4.179).
Definition 4.39 [18,19,44] SU (3) pure spinors:

ab ab _,

P =—-i —Q, P, = ge (4.181)

where J is real 2-form and Q a complex 3-form given in (2.32).
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Comparing to (4.179) and (4.180) we have J = j+vAw, Q=0 A (v+iw)and c; = 1,

C) = 0.

We would like to emphasize that the first condition comes from the fact that pure
spinors given in (4.179) have non-vanishing norm. Since J and Q are non-degenerate
differential forms, we end up with the following identity:

_ N
(d)l,d>1>:(dbz,@z):éﬂ/\ﬂzaj/\]/u%o. (4.182)

Again, SU(2) structure can be regarded as a special case of SU(3) x SU(3)
structure [5,6,33] and the form of the pure spinor describing the SU(2) structure is a
special case of (4.179). The corresponding pure spinors are [18,19,45]:

Definition 4.40 [18,19,44] SU(2) pure spinors:

b .. b _.
c1>1:—%e*’1/\(v+iw), <I>z=—i%e”mw/\w- (4.183)

Here z = v+ iw is a complex 1-form, j and @ are 2-forms that describe an SU(2)

structure given in (2.33).
Comparing to (4.179) and (4.180) we have c; =0 and ¢, = 1.

We would like to emphasize that the last condition comes from the fact that pure
spinors given in (4.179) have non-vanishing norm. In this case, since j and ® are

non-degenerate we have

<C131,<i31>:<q)2,(i)2>:0)/\(f):2j/\j7£0. (4.184)

In this special case of generic SU(3) x SU(3) structure, SU(2) structure can be

described as intersection of two different SU(3) structures.

Note that there exist two pairs of spinors generate two different SU(3) structures that

can be decomposed through the following forms, [19,44]:

J1 = j+vAw, Q=N (v+iw) (4.185)

JHhr = j—vAw, QH=0N{V—iw)

where j, @, v and w are the SU(2) structure defining forms given in (2.33).
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S. SUPERSYMMETRY EQUATIONS AS PURE SPINOR EQUATIONS

Superstring theory is a quantum theory of gravity consistent in 10 dimensions.
The field equations which describe the dynamics of supergravity (low energy
approximation) are nonlinear partial differential equations which can be regarded as
a generalisation of field equations of Einstein’s theory of general relativity (GR). In
GR, the main dynamical field is the Riemannian metric. In string theory, in addition to
the Riemannian metric one also has a B-field, the dilaton and the Ramond-Ramond
(RR) fields which are p-form fields. The Ramond-Ramond (RR) field strengths
are 0,2,4 degree forms for Type (m) IIA wheras the Ramond-Ramond (RR) field
strengths are 1,3,5 degree forms for Type IIB. In the democratic formulation, the
Hodge duals of these forms are also taking into account so that the RR fields are
0,2,4,6,8,10 degree forms for Type (m) ITA wheras the RR fields are 1,3,5,7,9 degree
forms for Type IIB, [13,14]. In order to relate string theory with 4 dimensional
physical theories one has to consider solutions of the form M, 3 X Y corresponding to
compactifications to 4 dimensional Minkowski space-time M 3. Here, Y¢ is a compact
manifold called the internal manifold. Equivalently, we say that the 10 dimensional
theory has been compactified on the 6-dimensional manifold Ys. In order for the
resulting 4-dimensional theory to be realistic the internal manifold must possess certain
properties. For example, one usually demands the 4-dimensional theory to exhibit a
certain type of symmetry called supersymmetry. For example, requirement of .4 =2
supersymmetry in a compactification of type Il string theory in the absence of RR
p-form field requires the internal manifold to be a Calabi- Yau manifold with 3 complex
dimensions [12]-[14]. A Calabi-Yau manifold is a complex Kéhler manifold with
vanishing first Chern class and it was shown that it admits a Ricci-flat metric with
SU (3) holonomy. When the RR p-forms are non-vanishing the in the internal manifold
is not a Calabi-Yau manifold anymore. However, a manifold of SU(3)-structure is
still a consistent internal manifold. Recently, it has been understood that [15] for a

supersymmetric compactification with non-vanishing p-forms, the internal manifold
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Ys must have a generalised SU(3) x SU(3)-structure of which SU (3)-structure is a

special case.

The conditions to be obeyed by the internal space in a supersymmetric compactification
of Type II string theory can be neatly described within the framework of generalised
complex geometry [5,6]. The following fact was first shown in the seminal paper [18].
Lemma 5.1 [18,19,48] Demanding that the four dimensional solution preserves at
least .4~ = 1 supersymmetry implies that the structure group of the generalised tangent
bundle TM @& T*M of the six dimensional internal manifold M is reduced from SO(6,6)
to SU(3) x SU(3). This topological condition on the internal manifold implies the
existence of two globally defined pure spinors ®; and @, of non-vanishing norm which

are compatible in the sense of (4.178).

These Clif f(6,6) spinors can be constructed from the internal spinors arising from
the 10 dimensonal Killing spinors generating the supersymmetry transformations in
10 dimensions. A Clif f(6,6) spinor can be mapped to a non-homogenous differential

form (a polyform) through the Clifford map given in Lemma 4.3.2.3.

Lemma 5.2 It was shown in [18,19,48] that the Killing spinor equations coming from
supersymmetry variations is equivalent to the following differential equations for the
two pure spinors:

d e B nd)) = 0, (5.1)

A PBNDy)) = A PdANLND, + éeMeB N A (x6F). (5.2)

Remark 5.1 Note that for our purposes, we have presented the equations in a form
where the B field appears explicitly, rather than writing them in terms of the differential

operator dy = d + H\ as was originally done in [18,19,48].

The necessary and sufficient conditions for .4 = 1 supersymmetry are as follows, [19]:
(d+HN)(A0D) = 0, (5.3)
(d+HN(A0D,;) = A P4AND, + éeM s« A(F) (5.4)

and have norms ||®;,||*> = %, where H is a closed 3-form H = dB which has a

significance in applications in physics. The equivalence of (5.1), (5.2) with (5.3), (5.4)
arises from the identity d + HA = d(1 +BA) = d ® since BAB = 0.
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Let us first explain the ingredients in the pure spinor equations. In the equations above,
A is the warp factor that appears in the compactification ansatz of the form M; 3 x Y
where M| 3 is four dimensional Minkowski space-time that we observe and Y¢ is a

6-dimensional internal manifold.

The metric is of the following form
ds* = ezA(y)dx%l + gmndy"dy", mn=1,--- 6. (5.5)
¢ is the dilaton field and #¢ is the Hodge duality on the six dimensional internal

manifold.

F is related to the polyform F (10) that encodes the Ramond-Ramond (RR) fields in the

democratic formulation of supergravity.

FUO = F 4 voly A x(AF). (5.6)

Here, F = Fy + F> + F4 + Fg for Type lIA and F = F; + F3 + F5 for Type 1IB, and they
are internal forms having components only along the six dimensional internal space.
Also,

A(An) = (=1)"HA, = (1D, (57)

for an n-form A,,. A Spin(d,d)! spinor F has positive chirality for Type IIA and is of
negative chirality for Type IIB. The chirality of the pure spinor ®; is the same as that

of the RR fluxes and the pure spinor ®; has opposite chirality.

In the next two sections, we aim to show the covariance of the pure spinor equations

given in (5.1), (5.2) under Pin(d,d) transformations.

5.1 Covariance of Pure Spinor Equations under Pin(d,d)

5.1.1 Constant Pin(d,d) transformation

We will consider the transformation of the pure spinor equations under a constant
O(d,d) matrix T and the corresponding Pin(d,d) matrix P with p(P) = T, where p is

the double covering homomorphism given in (4.85).

"Henceforth, we will assume that the metric is of signature (d,d) rather than (n,n).
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Theorem 5.1 [17,49] The pure spinor equations (5.1) and (5.2) are covariant under the

following constant Pin(d,d) transformations.

® - ' =VGPP=VGePPSD (5.8)
F — F =PF=c¢5psBF (5.9)
H = A =T #(gB) T (5.10)
¢ = o =Get (5.11)
A — A (5.12)

where T € O(d,d) and P € Pin(d,d).

Before we prove this theorem we investigate the transformations of each field

O, F, 7, ¢, A and the operator *in detail.

We begin with the transformation of the metric g under an O(D, D) matrix T as follows:

Lemma 5.3 [20] The metric g transforms under an O(D, D) matrix 7" as follows:

1 1
' = : 5.13
8 (CE +d)! d (¢E +d) G-13)
detg'

deetgg = det((¢E +d) ™). (5.14)

Proof: Here note that the transformation of the metric and the B-field is as given in

(4.59). We compute

E/ E/t
g = J; (5.15)
B 1((aE+13) (dE+13)f)
2 (¢E+d) (¢E+dY
1 R 1 1 1
= —(—————(aE+b) (CE+d + ¢E +d)' (GE +b)——
2((6E+d3f( A »(éEer') (6E+d3t( ' )(6E+d3)

1 E+E 1
(CE+d) 2 (CE+d)

Here, we use the identities given in (4.8).

On the other hand we will analyze the transformation of the volume form vol = x; 1.

This follows immediately from the transformation of the metric g which can be read
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off from the symmetric part of E’ in (4.58).
Lemma 5.4 The transformation of the volume form is given by the transformation of

the metric given in (5.13) as follows:

*g 1= \/detgdyl/\-~~dyd—>*ill = \/detg’a’yl/\-~~dyd:G\/detgdy1/\--~dyd:G*d1,

as given in (5.14) here we have

Vdetg'

G
Vdetg

= (det(cE +d)~ )2 (5.16)

Let us consider the transformation of the .7 under an arbitrary O(D,D) matrix h.
Taking into account that .77 is associated with the metric g and the field B, there
exists a transformation of .7#” implied by the transformation of E given in (4.58). As a
starting point, we take into consideration the case when E is created from the identity
background / by the action of 4, [36]. Suppose that for any £ we have a corresponding

transformation hg € O(D, D) as follows:
E = hg(I). (5.17)

To define hr , we assign a vielbein A and using the fact that g is symmetric we write
the symmetric element as AA” = g. In the explicit expression for iz as in (4.7), we are

able to determine that if we use A and B we obtain the following result:

he = < . B(g};)__ll ) . (5.18)

We show that /g is an element of O(D, D) using (4.9). We replace a — A, b — B(A") !,
c=0and d— (A)"!in (4.7). We see that (4.9) holds when B = —B'. This result

matches with the Definition 4.6.
Now, let us show that iy satisfies (5.17).
he(l) = (AI+B(A)"1)(0-14(a)" ! (5.19)
— (A+B@A)HA
= AA'+B

= g+B=E
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We have demonstrated that the transformation (5.18) is explicitly designed to generate
a background E from the identity background, [36]. Now, we calculate the product of

matrices hEh% as follows:

A B(A)™! Al 0
et = (5 Ty ) (a4 o0
B AAZ—{-B(A[)_IA_IB[ B(At)—lA—l
- (At)—lA—lBt (At)_lA_l

_ (g—Bng Bg! >
-¢'B g )
This is the form of #(E) given in (4.57). We conclude that .77’ (E) = hghl;. Now,

suppose that E’ is a transformation of E by h which equivalent to (4.58). We have
E'=hE =hhg(l) = hg(I).

This implies the following transformation of 7# related to E' = (¢', B').

H'(E") = hgp Wy =hhg (hhg ) (5.21)
= hhghly i = h (hg ) W' = ht(E) .

Hence, it is concluded that the transformation given in (4.58) is equivalent to the

following transformation of ¢, [36].
H'ENY=H"(¢g,B)=hH(g,B)I. (5.22)

This proves (5.10).

Remark 5.2 [17] We observe that the pure spinors transform under Pin(d,d) in
basically the same way as the RR fields transform. However, there is a slight change
in (5.8) which makes sure that the norms of the pure spinors are kept invariant (up to
a sign). The norm of a pure spinor @ is defined via the Mukai pairing is as given in
(4.177). As discussed in (4.117), the Mukai pairing as given in Definition 4.27 has the

following transformation property under the action of certain elements P of Pin(d,d):
< PO, PD; >=+ <P, D) >, (5.23)

where either P € Spin(d,d) or is of the form P = C,S or P = SC, with S € Spin(d,d)
and C,, is as in Definition 4.25. The NATD matrix (5.63) is obviously of this form.
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The transformation of the generalised dilaton field e=2¢ = /detg e~2? is invariant

under O(d,d) , that is e 24 = =2 5o that:

e 29"\ /detg = e 29\ /detg. (5.24)

Therefore, we conclude that in (5.11) the dilaton field ¢ transforms exactly with the
same /G factor.

Now all we have to do is to figure out the transformation of the term involving Hodge
duality on the right hand side of equation (5.2).

Lemma 5.5 xA(F) can be written as

*A(F) = —C;'S,'F. (5.25)
Here Sgl = S,-1 is the Spin(d,d) element that projects onto the following SO(d,d)

-1
_ (& O
hy1 = < 0 ¢ ) (5.26)

under the double covering homomorphism p given in (4.85) that is, p(S g—l) =hg-1.

element

Note that the equation (5.25) is valid in all even dimensions due to the properties of the
charge conjugation matrix C given in Definition 4.25 with (4.95). In odd dimensions,
the definition of % involves (¥’ + y;), rather than the (y' — ;) in (4.3.2.2). Since
we deal with in particular for *¢ with d = 6, (5.25) is valid. Note that S, becomes the

identity when the metric is Euclidean which was given in Example 4.1.

It is useful to write CyS,-1 as e B, eB where H#; = Cd_lS and S = SgnglSB is
the Spin(d,d) element that projects onto the generalised metric .77; p(S) = 7,
p(S;Sg_lSB) = /’l%h;lhg = .

Here we have used that Sz = ¢~ % and using (4.100) we have St = CdS,BCd_l =
CdeBC‘I]. Indeed,

e Bl = e_BchlSeB:e_BCJISgquSBeB (5.27)
= ¢ 8C;'CiePClS 167 PP (5.28)
= C;'S,. (5.29)

Rewriting (5.25) for d = 6 and in terms of _#;, we have the desired identity:

x6A(F) = —e B HgePF. (5.30)
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As given in (4.72) we have an identification between dx; with I, then we take d =I"9;.
Let o be a k-form:

o = oydx! = oydx Ndx? A ... Adx™ (5.31)
Then, exterior derivative of o be a k+1-form:

(9061

do = .
ox!

dx' Ndx! (5.32)

We have the Clifford algebra element corresponding to «:
y= oM. I (5.33)
If we take the exterior derivative of ¥, we have
dy=T'(d;0y)[1 T2 T (5.34)

Then, as we give in (4.72) we verify that the Clifford algebra element corresponding

to (5.32) is (5.34).

It can be extended to the following form in order to write the equations in an O(d,d)

covariant way.

d+d

| —

™oy = %(ria,- +T:0") = y'o; + y;d". (5.35)

Note that we will take 9/ = 0. Here, the gamma matrices are as defined in Definition

4.19.

Therefore, we rewrite the pure spinor equations (5.1), (5.2) by replacing the exterior
derivative operator d with ™ gy and using (5.30) as follows:

Lemma 5.6 The pure spinor equations (5.1), (5.2) can be written in the following form:
Moy (e 0B Ad)) = 0, (5.36)

Moy (eA 0B NDy) = A ITMIuANEND,F éeM%eBF. (5.37)

In its most basic form, Double Field Theory (DFT) constitutes the idea of incorporating
O(d,d) T-duality, a distinctive symmetry of string theory, into a field theory defined

on a double configuration space, which could be interpreted as a symmetry of the field
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theory. As well as the standard space-time coordinates, the doubled space also includes
the dual coordinates, which are associated with the winding excitations of closed string
theory on backgrounds, [43]. This will allow us to extend the exterior derivative
operator d formally to an O(d,d) covariant derivative operator which also acts along
the dual coordinates. This extension is only formal since one also imposes an O(d,d)
covariant constraint which ensures that all fields depend on the standard coordinates
only. [17] The presence of the Lie group O(d,d), which is the global symmetry group
of DFT, makes it possible to describe the transformation under NATD of the Type II
supergravity fields as a transformation in DFT. There is a democratic formulation of
Type 11 supergravity which is the starting point for describing p-form fields. More
precisely, one rewrites the supergravity fields in terms of the DFT fields 7. d, %,
where .77 is the generalized metric that encodes the metric and the B-field, d is the
generalized dilaton field and y is the spinor field that packages the modified RR fields
of Type II supergravity in the democratic formulation. These fields, being solutions
of Type II supergravity also solve the DFT equations in the supergravity frame. As
it is assumed that the isometry is respected by all the fields in the background, it is
possible to go to a non-holonomic frame so that the DFT fields, when written with
respect to such a frame, are independent of the isometry coordinates. We refer to such
fields as untwisted fields as in [20,50]. Plugging the initial DFT fields in the field
equations of DFT (of both the NS-NS sector and RR sector of Type II supergravity),
one sees that the untwisted DFT fields satisfy the field equations of Gauged Double
Field Theory (GDFT) which is a deformation of DFT, obtained from a Scherk-Schwarz
reduction and the deformation is determined entirely by the fluxes associated with the

Scherk-Schwarz twist matrix with geometric fluxes associated with isometry.

Remark 5.3 Note that the equations (5.36), (5.37) reduce to equations (5.1) and (5.2)
in the supergravity frame where fields do not depend on the winding type coordinates
so that 9! = 0, that is Mgy, = I'9; = d. The upper sign in the last term of (5.37)
is for Type IIB and the lower sign is for Type IIA. This is because in six dimensions

x6A = Axg for odd degree forms, whereas xgA = — A *¢ for even degree forms.

We will discuss all the terms appearing in (5.36),(5.37) in order to show the action of

a constant Pin(d,d) transformation commute with these terms. First, we need to give
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the transformation of the term e34.%ze® F which appears in (5.37) under P € Pin(d,d)
as follows. This is in fact a part of the proof of Theorem 5.1.

Lemma 5.7 [17] The transformation of the term ¢34 .#gePF under P € Pin(d,d) is

NP F = SN (PP e (¢ PePF) (5.38)
= P<e3AJ£/deBF>.

Proof: [17] We know that F (10) jn (5.6) transforms as in (5.9). Let us discuss what

this implies for the transformation of the internal forms F'. We have

FOO' = e_B/PeB(F —voly Ae B #gePF)

= ¢ B PeBF —voly Ne B P ePF. (5.39)

where we have used (5.30) and the fact that voly, being an even form, commutes with
all elements of Pin(d,d) and we use the fact that A is invariant under Pin(d,d). To
rewrite (5.39) in the form (5.6) we first take F’ given in (5.9) which is again an internal
form, as all the Pin(d,d) operators on the left hand side have actions only on the

internal space and then use the fact that under P € Pin(d,d) the field .%; transforms as
Hy — PG = K] =PAP L (5.40)

Inserting a P~ ! P after .# in the second term of the right hand side of (5.39) and using
(5.30) and (5.9), we obtain

FUO = F' —volyAe B P F!

= F' 4 voly AFgA(F'). (5.41)

Note that F’ has components only along the six dimensional deformed space and the
Hodge duality is taken with respect to the metric after the O(d,d) transformation. This
shows us that not only the polyform F (10) that encodes the RR fields in the democratic
formulation, but also the internal polyform F that appears in the pure spinor equations

(5.1,5.2) transform in the expected way as given in (5.9).

Using the transformation properties (5.40) and (5.9), (5.8), (5.11) we prove that (5.38)
holds. We next discuss whether or not the generalized exterior derivative operator

') commutes with the action of Pin(d,d). We first start with Spin(d,d) and we
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have the following:
Lemma 5.8 [17]
™oy (S x) =S(TM"ayy), S e Spin(d,d) (5.42)

for any spinor field y.

Proof: [17] Using the fact that  is the SO(d,d) element that satisfies p(S~!) = A, it

leads to the following identity as given in (4.85):
(hhHMd = s 1rMg, (5.43)
we see that for constant S € Spin(d,d):
FMaM (S %) = FMS 8Mx (544)
= S(h™"HMTouy
= S HMoyux.
Then, if we have
(h™")"%mx = oax (5:45)

the commutation relation (5.42) holds

STA((h™")"40m)x = ST Oax = S(T ). (5.46)

Note that we would have
(R )" Omx (hX) = 4 x(X") (5.47)

since one also transforms X — X’ = hX. However in all the examples we will be
looking at, the transformation generated by P will act only along the coordinates on
which the pure spinors will not depend, so that we will always have X’ = X and hence
dix = dax. The equation (5.42) holds as desired, as long as the condition (5.45) is

satisfied.

By using (5.8), (5.11), (5.40), (5.9) and the invariance of A we prove that the pure

spinor equations (5.36), (5.37) are covariant under Spin(d,d) transformations.

Remark 5.4 Note that there is no sign flip in front of the last term on the right hand

side of (5.37), since Spin(d,d) transformations takes a solution of Type ITA/IIB to
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a solution also of Type IIA/IIB. However, a Pin(d,d) transformation which involves
odd number of reflections maps a solution of Type IIA to a solution of Type IIB and
vice versa, and hence the sign of the aforementioned term in (5.37) flips after the
transformation. Despite this, the pure spinor equations (5.36, 5.37) are still covariant,
since for such P, the differential operator d = '™ 9y and P anti-commutes, as we will

now discuss.

We will be looking at the Pin(d,d) elements that can be written as a product of
Spin(d,d) elements and A; given in Definition 4.25 in (4.95) satisfying (4.96). Because
the NATD matrix is of this form. Our discussions here can be straightforwardly
extended so as to include the Pin(d,d) elements which also involve the elements A;"
given in (4.95), but we refrain from doing that in order to avoid equations cluttered
with pluses and minuses. Now, we are ready to discuss the proof of the Theorem 5.1
at the beginning of this section.

Lemma 5.9 [17] The action of P and the exterior derivative operator d = ™9, on the
Clif(d,d) spinors ®@; » and F commutes if P involves an even number of A;s and they

anti-commute otherwise.

Proof: [17] We use the equations (5.8),(5.11) and the fact that A is invariant we get

! !/ / 1 / /
0B AP, = —GeZA*q)eB AN(VGe B Pe B @) ,) (5.48)

= P <62A7¢eB A @12)

Then, we will show the commutation relations between d and the action of P. Due to

the relations (4.96), we see that
d(Aix) =T" o (Aix) = —AT" Oy = —Nidy, (5.49)
provided that ¥ £ “or M £ ;. We show the covariance of the pure spinor equations

(5.1) and (5.2) under P € Pin(d,d). This proves Theorem 5.1. O

[17] As discussed above, this condition is automatically satisfied for Abelian
T-duality, due to the existence of d commuting isometries. This makes it possible
to choose a coordinate system such that none of the fields depend on the coordinates

along which the constant O(d,d)/Pin(d,d) transformation acts, and hence the desired
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commutation or anti-commutation relations hold. Therefore, we conclude that the pure
spinor equations are covariant under Abelian T-duality. As for NATD, (5.45) is also
satisfied with a convenient choice of coordinates (again due to existence of isometries),
but we still need to discuss the situation with non-constant P, since the NATD matrix
(5.62) is not constant as has been assumed above. This discussion will be carried out

in the next section.

5.1.2 Non-constant Pin(d,d) transformation

In this subsection, we extend the discussion in the previous subsection to the
case where the Pin(d,d) transformation and hence the corresponding O(d,d)
transformation depends on some of the internal coordinates. This is important, as
the NATD transformation is known to be generated by such coordinate dependent
Pin(d,d) transformations. The transformation properties summarized in Theorem 5.1
are obviously still valid, even when P € Pin(d,d) is coordinate dependent. However,
one has to be more careful in discussing the commutation of the exterior derivative

operator d and the action of P, as now d also acts on P.

Let us first discuss the case when the Pin(d,d) matrix does in fact lie in the subgroup
Spint(d,d), P =S € Spin* (d,d).

Lemma 5.10 [17]

Mo (Sx) = S(T'Vax), (5.50)
where
1 1
Va=0s+ EfABch rc - SFa: (5.51)
Proof: [17] We begin with
oy (S x(X)) = TM(dy S)x(X)+TY S(dy x(X)) (5.52)

= {TMS(S7'ouS) +TMS 9y} x(X)
= S (S71ouS+m) } x(X)
— sT (h_])A;[\ (S_]aMS—i—aM)%(X)?

where p(S~!) = & and in passing to the last line, we have used (5.43).
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To calculate the term I (A=) S~19),S in (5.52) we will use an important identity that

follows from the fact that the Lie algebras of SO(d,d) and Spin(d,d) are isomorphic:

1
MM s oy s = ZQABCFA rere
1 1
= 5 fancl TP TC x(X) = S f5T” 1(X). (5.53)
Here, fapc are the fluxes associated with the matrix S, fapc = 3Q[ABC], [20,43,50].
Qapc = —(U")ou (U 5URMcp

Note that Q4p¢ are antisymmetric in the last two indices: Qapc = —QucB-

fa=—ou(U Y% =0% (5.54)

Now, we again assume that the transformation matrix § is such that (5.45) is obeyed.
We emphasize again that this condition is trivially satisfied if the field ¥ does not
depend on the coordinates along which S and hence & acts nontrivially. This is indeed
the case for NATD and is guaranteed by the fact that NATD acts along isometry

directions. Then, we prove that (5.50) holds.

Let us now discuss what happens when P involves odd number of A; factors, so that P

does not lie in the Spin(d,d) subgroup.

Lemma 5.11 [17] Assume that P is of the form P = C,S, where S € Spin*(d,d) and
C,, is as in Definition 4.25 with n odd. Then,

Yoy (Py) = —P(I"Vay), (5.55)
where V is as in (5.51).
Proof: [17] Equation (5.43) is valid for all Pin(d,d) elements, so we have

(hy---h, UM = P7ITMP, (5.56)

where U is the SO (d,d) element that satisfies p(S) = U, and h; satisfy p(h;) = A;
and are given in (4.31). When n is odd, it can be easily seen that h; ---h, = —J,‘f , Where

J¢ is the O(d,d) matrix obtained by embedding the O(n,n) matrix
(0 1,
Jn= < L, 0 ), (5.57)
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in O(d,d) in the usual way. Therefore, we have

™p=_pr* (JU)M. (5.58)

We recalculate (5.52) for P = C,S and using (5.56) and (5.58) as follows:

Tou(P x(X)) = T(9u P)x(X)+TM P(du x(X)) (5.59)
= {TMP(P~'9uP)+TMS oy} x(X)
= {TMP (P 'ouP+u)} x(X)

= P (IO (O +S"ouS) x(X),

where we have also used P~ 19y P = S~ 19y for P = C,S. Therefore, we prove that
(5.55) holds where V in (5.51) with fluxes f} 5~ = (J4 )2 fpsc with f being the fluxes

associated with the Spin™ (d,d) matrix S.

Collecting the results in (5.48,5.38,5.42, 5.50) and (5.55), we conclude the following:
Theorem 5.2 [17] The fields after the transformation generated by the non-constant
P € Pin(d,d) satisfy the supersymmetry equations (5.36,5.37) if and only if the fields
before the transformation satisfy the following equations, which can be regarded as a

deformation of those in (5.36,5.37) determined by the fluxes associated with P.

MV (A 0B D)) = 0, (5.60)

TV (40BN D,) = eZA*‘PFMaMAAeBAcBZ:F(—1)"§e3A%eBF.(5.61)
Here, n is the number of A; factors that appear in the definition of P = C,S,S €
Spin™(d,d).

Before that, we will analyze Non-Abelian T-duality in the following section.

5.2 Non-Abelian T-duality

Non-Abelian T-duality (NATD) is a generalization of T-duality with non-Abelian
isometries. It can be regarded as both a solution generating transformation for
supergravity and an O(10,10) transformation. We will study the O(10,10) matrix
associated with the NATD transformation which is obtained by embedding an O(3,3)

matrix in O(10,10) as given in (4.11).
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Let us introduce the NATD matrix embedded in O(10, 10).
Definition 5.1 Let Txarp be an O(n,n) matrix embedded in O(10,10) and is given by

0 1
INaATD = ( 'y ) (5.62)
4

where 0;; = viCX and i,j = 1,2,...,n Here, v are coordinates of the NAT dual

ij’
background, and C; jk are the structure constants of the n dimensional Lie algebra of

the isometry group G, so i, j,k=1,...,n.

5.2.1 O(d,d) and Pin(d,d) transformation rules

Now, we will analyze the transformation rules for metric, B-field, dilaton and
spinor fields under an O(D,D,R) matrix T given in (5.62). It was shown in [20]
that the O(D,D,R) transformation given in (5.62) is indeed a solution generating
transformation. We will analyze the transformation of Spin(d,d) fields under NATD.
Therefore, we will need the Pin(n,n) matrix Syatp determined by the Lie group

homomorphism p given in (4.85),

Snatp = CSp = S5C. (5.63)
We show that
p(Snatp) = Pp(CSe) = p(C)p(Se) =J hg = (TnaTD) (5.64)
e (4)- (1) (14) o

where Sg and Sg are the Spin™ (10, 10) obtained via SO™ (10, 10) matrix and the charge
conjugation matrix C given in Definition 4.25, with the property p(C) = J. Sg and
Spg corresponds to B-transformations and -transformations given in Definition 4.6,

Definition 4.7 with 6;; = v¢C; ik and B;; = »C, jk, respectively.

In chapter 6, we will study a special geometry endowed with an SU(2) isometry. For
the appropriate basis system it is possible to write the structure constants of the algebra
su(2) of the special unitary group SU(2) as C; jk =g jk. Then, the spinorial action of

S¢ with C; jk =§ jk is as given (4.131) and it can be calculated as follows:

1 1
Sp.a0 = éﬂAazwl—0+59A9—69A9A9+“)Aa (5.66)

= (1=v3dv*Advi—vydv' NdV:—vidvd ndv) A a.
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Here, passing to the second line we use the fact that 8 A 6 = 0. The transformation rule

for p-forms is calculated with P = Syap as follows:

F' = ¢ B Syarpe®F. (5.67)

To clearly explain the rules for transformation, it is best to introduce coordinates that
will make the isometry symmetry manifest where the isometry group is G and that will

help elucidate the rules. We begin with the metric in the following form, [20,50]:

ds* = Gpuydx"dx (5.68)

= GuudX"dx" +2G,,dx"d0" + G;;d0'd 6’ (5.69)

= Guudx"dx" +2Gidx" 6’ + G0’ o’ (5.70)

= Ggpo®ob, (5.71)

where 8',i = 1,--- ,d are coordinates for G and 6% = §%dx™ and 6/,1 =1,--- ,dimG

are the left invariant 1-forms of = //.d6" on G. They can be defined through the
Maurer-Cartan form

g ldg=0'Ty (5.72)
with 77 forming a basis for the Lie algebra ¢ of G. Similarly, the B-field can be written
as follows:

1 v
B = EBde“ Adx (5.73)
1 1
= 3 BumdX" Ndx" + Byydx" N\ o’ + 5B e (5.74)
As long as the fields have a 6 dependence all the 6 dependencies will be encoded in

lIi, due to the isometry group G action. Therefore, all the 6 dependence of the fields in

(5.70) and (5.74) are encoded in l’l-, [20,50].

Similarly, p-form flux can be written as

F=Y (F(P)(x) +FP Y (x)o! + %F,(j’z) x)o' Ae! 4+ FP= DG A n od)
p

(5.75)
Here each p—form is decomposed according to how many legs it has along the G

directions.
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Definition 5.2 [20,36] Due to the existence of the isometries, there exists the following

0(10,10) matrix.
Ir o0
L= 0o -1 ) (5.76)

Here, [ is the GL(10) matrix obtained by embedding the GL(d) matrix I; as given in
(4.11) with components

(L) =1, (5.77)

such that (1;)!,, =14 =0, (I4)%, = 8%, Here I'; are components of the left invariant
1-forms ¢! = l’id 6’ on G defined from the Maurer-Cartan form g~ 'dg = o/T; with
T; forming a basis for the Lie algebra ¢ of the isometry group G. It is obvious that

Lc0(10,10): ' 7' =1.

Lemma 5.12 [20,36] The generalised metric associated with a suergravity background
g,B with isometries is called the untwisted fields .7(x) and can be factorized as
follows:

H(x,0) = L(6).(x)L" (0). (5.78)
Untwisted field F(x) can be factorized as follows:
F(x,0) = e B&0)5,(0)POF (x). (5.79)

Furthermore, one can introduce the field % = CJIS where C; is as given in Definition
4.25 and S is the element in Spin~(d,d) that projects onto ## under the double
covering homomorphism p given in (4.85) between Pin(d,d) and O(d,d), that is
p(S) = . The field .# (x) can be factorized as follows:

A (x,0) = SL(6)H (x)(S) ' (). (5.80)

Proof: The background matrix E = g+ B can be transformed as follows:
E(x,v) =L(0).E(x). (5.81)
We can rewrite (5.76) as in (4.58) as follows:
E(x,0) = (T (0)E())(17(8)) " = 1T (0)E)I(6). (5.82)
By using (5.22), (5.81) can equivalently be written in terms of separated (x,6)

coordinates as in (5.78).
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Now, in order to prove (5.79) we write (5.75), as follows, [20]:
F(x,0)=SL(0)F(x), (5.83)

where F(x,0) is the spinor field that encodes the components of the field strengths

written with respect to the coordinate basis (dx',--- ,dx10-9) 4@ ... d67).

We first prove the following identiy:

571(0)eP59)s, () = BW. (5.84)

Using (5.82) we write B(x,0) = [T B(x)l. Then,

hp(x.0) = Lhp)L™! (5.85)
holds where
1 B
hB:(O | ) (5.86)
We rewrite it as
L™ hp, 6)L = hp(y)- (5.87)

Then, using the homomorphism p given in (4.85) and p(e®) = hp and p(S;) = L we
have

p(S.)p(PT)p(sL) = p(ePM). (5.88)

We rewrite it as

p(S; PO s5,) = p (B, (5.89)

Then, it gives (5.84). Now, we use (5.84) to show that (5.83) is equivalent to (5.95).
We write the right side of (5.95) as follows:

e‘B(x"’)SL(G)eB(x)F(x) — e—B(x79)SL(9)(SzleB(xve)SL)F(x) (5.90)

= S.(0)F(x).

Now, we will prove the (5.80). We have .#" = C~!S. Therefore, we multiply (5.96) by
C~! from left and using (4.100) for (S, )T as follows:

C7'S(x,0) =Cc 1 (C S(0)C'S(x)(S.) 1 (8)). (5.91)
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We end up with
A (x,0) = S.(0).# (x)S; (). (5.92)

This proves (5.80). O

We replace L with Tyatp as given in (5.62) as (4.10) with the rule (4.58) and Sy with
Snatp- In this case, all the fields will depend on x and v due to the (5.62). We collect

the transformation rules for untwisted fields as follows:

Definition 5.3 [20] The NAT dual of the untwisted fields 7#”,d’, x’ are found by acting
on the untwisted fields 7 (x),d(x), x (x) by the O(d,d) matrix (5.62) as below:

%”’(x, V) = TNATD(V)%(X)(TNATD)I(V) (5.93)
Ji/'(x, V) = SNATD(V)%(X)(SNATD)_l(V) (5.94)
Flx,v) = e B0 sum(v)ePWF (x). (5.95)

Definition 5.4 The field S can also be written in terms of the separated coordinates

(x,0) as follows, [20]:
S(x,8) = (Syarp)' (0)S(x)(Snarn) "' (6), (5.96)

where p(Sxarp) = Tnarp, and p is the double covering homomorphism given in

(4.85).

We also assume that the pure spinors associated with the background respect the
isometry, it leads to the following.

Lemma 5.13 [17] The transformation rule for both pure spinors is given as follows.

(X, 0) = Vdet [ Syarp(0) . D(X) = Vet [ e B X OS5 xmp(0)ePXd.  (5.97)

The fact that the NAT dual fields can be written in terms of DFT fields as in (5.93-5.95)
makes it possible to prove that NATD is a solution generating transformation for the

field equations of Type II supergravity. This was shown in [20].

86



5.2.2 Invariance of pure spinor equations under NATD

[17] The transformation under NATD of the fields in the NS-NS sector can be
performed via the the action of the matrix Tyarp given in (5.62). Accordingly,
the transformation of the RR fields can be performed via the projected element
Snarp under the double covering homomorphism between Pin(d,d) and O(d,d), see
equations (5.93)-(5.95). An important point that should be stressed here is that Sxatp
and Tyatp act on the so-called untwisted fields g(X),B(X),¢(X),®(X) and F(X).
These untwisted fields depend only on 10 — dimG coordinates, where dimG is the
dimension of the non-Abelian isometry group G and is related to the background fields
2(X,0),B(X,0),0(X,0),®(X,0) and F(X,0) exactly as in (5.93)-(5.95), where we
replace the NATD coordinates v with the space-time coordinates 6 associated with the
1sometry directions. We replace Tyarp with L given in (5.76) and Snarp with S7 where

Sy, € Spin™(d,d) is such that p(Sy) = L.

Now suppose that the background we start with preserves at least 4" = 1
supersymmetry so that the pure spinor equations (5.1) and (5.2) are satisfied.
Lemma 5.14 [17] The pure spinor equations (5.1) and (5.2) will remain invariant under

the NATD.

Proof: [17] The untwisted fields which have no dependence on the isometry directions
satisfy the deformed pure spinor equations (5.60) and (5.61) where the deformation
is determined by the flux associated with the matrices L and Sz. According to [20]
this is just geometric flux with f; ]k = Cl.;‘. We act on these untwisted fields with the
NATD matrices (5.62) and (5.94) with the transformation rules given in (5.93-5.95) to
generate the NAT dual background. The resulting fields satisfy the field equations of
Type II supergravity as was shown in [20] by embedding these equations in DFT. We
need to check supersymmetry of the dual background. Therefore, we also transform
the untwisted pure spinors of the initial background that is, the pure spinors ®(X) in
(5.97) rather than ®(X, 6) as in (5.8) with P = Sxarp- Now we have to check whether
these new pure spinors (X, v) still satisfy the supersymmetry equations (5.1) and

(5.2). As discussed in section 5.1.2 in Theorem 5.2, this is equivalent to checking
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whether the untwisted pure spinors satisfy the deformed supersymmetry equations
(5.60) and (5.61), where the deformation is determined by the flux associated with
the NATD matrix Syatp. Due to the special form of the NATD matrix: Sxatp = CnSo,
the associated flux yields geometric flux with f; ;‘ = Cl.j-‘ as was shown in [20], and
we already know that the untwisted pure spinors satisfy these deformed equations due
to the existence of isometry respected by the initial background and the pure spinors
associated with it. This completes the proof that a background that preserves .4 = 1

supersymmetry will still be supersymmetric after NATD.
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6. APPLICATIONS

In this section, we will demonstrate how the NATD transformation formulas work by
looking at a specific class of Type IIB backgrounds, which were first studied in [16].
The topology of the background we will study is M 3 x .43 x $3 so that there is an
SU(2) isometry associated with S, which can be utilized to perform NATD. There

exists also an SU (3) structure in this ansatz.

We have already discussed in section 4.3.2.3 that the pure spinors associated to
the SU(3) structure can be treated as non-homogeneous differential forms. We
will perform the Non-Abelian T-duality (NATD) transformation which is a solution
generating transformation as was shown in [20]. We aim to transform pure spinors
under NATD with the formulas given in section 5.2.1 and show that they still obey the
supersymmetry conditions. We will transform SU(3) pure spinors. The resultant pure

spinors become a constant multiple of SU(2) pure spinors.

The ansatz for the metric and the 5-form flux is

3
ds* = eZAdx%ﬁ—i-dsz(///g)—l—Z(e’)z, (6.1)
i=1
Fs = Fohe' NP Ne
_ a. _ o 1 2 3 4A a
Fs = (14%)%5=9%Ne Ne - Ne —e™" x3.Fp AVoly

and F] = F3 = B = ¢ = 0. .%; is a 2-form, 3 is the Hodge star operator on .73, and
A is the warp factor. It is a function which has dependence only on the coordinates of
M. S is assumed to be fibered over .#3 and hence the vielbeins ¢’ on S° have the
form

¢ = (0 + o). (6.2)

Here, .o7; are 1-forms on .3 and A, are functions on .#3. The forms o' are left invariant
1-forms for the isometry group SU(2) so that do’ = %ejkcﬂ A c*. We denote the left

invariant vector fields L;, so iy, o/ = 5ij . [16] Let us define a set of undetermined frame

89



fields A so that

w

ds*(5) =Y (W2 (6.3)
=1

~

Another assumption that is made in [16] is that this geometry preserves at least 4" = 1
supersymmetry in four dimensions in the form of an SU (3) structure characterized by
the following 2-form J and 3-form Q which are given by means of a vielbein ¢’ and

frame fields A':
J=nr+e' N+t An?, Q=R +id)A(e +i?) A (W +in?) . (6.4)

Obviously, they satisfy J A Q =0 and éQ ANQ = %J/\J/\J = volg.

As we discussed in section 2.3.6, SU (3) structure can be regarded as a special case of
SU(3) x SU (3) structure with associated pure spinors . In our case, setting ®; = d_
and &, = ®, we have

1. , y
D, = ge"’w“e—” R —éel"fem (6.5)

Due to assumption of preservation of .4~ = 1 supersymmetry, these pure spinors must
satisfy the pure spinor equations. As shown in [16], this forces 6, = 7 and <) =
oy = 0. The possible values for 6_ for different geometries is given. One can see
that it is of the general form of a general SU(3) pure spinor given in (4.181) with
a = e%-/269+/26A12 and b = €/9-/2¢10+/26A/2 which satisfy |a|? = |b|> = €.

Example 6.1 The ansatz (6.1) is general enough to cover many examples important
for AdS/CFT duality, notably AdSs x T"!, AdSs x YP4 and AdSs x §°. T"! is a
well-known example of a 5-dimensional Sasaki-Einstein manifold 71! = §2 x §3
which is called conifold, [51]. Y7 is also topologically S x S for p,q are relatively
prime, [52]. A Sasaki-Einstein manifold can be examined in the framework of
Generalised Complex Geometry. It is a Riemannian manifold which is Sasakian and
Einstein. A Riemannian manifold (M,g) is called Sasakian if and only if its metric
cone (C(M),g) is Kéhler. It can be seen as the odd dimensional version of Kihler
geometry, which is a combination of complex, symplectic, and Riemannian geometry.
Sasaki-Einstein manifolds are sandwiched between two Kéhlerian geometries, [22].

The detailed description of how these backgrounds fall within this general ansatz can
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be found in Appendix B of [16]. For example, for T'"! background the required values

are as follows:

1 1 1 d
M=h=—,13= hl:—sjned(p7 hzz_d97h3:_r.

Yo V6 V6 r

On the other hand, the required values for the AdSs x S° background are:

A=logr, o3=cosOdep, 60_=0,
1
37

A=10g2R, o3 =0, 60_=f, 41 =L =A3=cosq,

B 2Rcos odo + sin XdR
N R

cosadR — Rsinodo
R

h!  h? =2sinadB, B* =2

Now, we perform the NATD transformation of the background described by the ansatz
(6.1). We begin with the transformation of the metric and the B-field. For this we use

the O(6,6) matrix Tnarp given in (5.62).

Then we read off the transformed metric and the transformed B-field from the

symmetric and antisymmetric parts of E’, respectively as given in (4.59). This gives

12 2&2
1,% 38(5);) dvi dvi—2A5A3va dV) o3

122323vy dvs o+ (A3A— AR (ARAF 4 2)) s ﬂ)

1
ds? = eZAdX%ﬁ +ds2(//3) I A ((ViVj +

1/1
B = —Z(Eg,-jkvi)tizdvjAdvk+7ngV3V1 dvi A o3

+AZV3Vy dva Aty + (A3VE + AZAZAT) dvs A 42%3) ,
A = G =AM+ ANVE+R A3V A3vE

e = A (6.6)

We obtain the same results obtained in [16] except for a sign difference in the B-field.

Next, we perform the NATD transformation of the RR flux F5 from the transformation
rule (5.9), with SyaTp.- It is convenient to write the spinor field F that packages the RR

fluxes as a non-homogeneous differential form as in (5.75).

This non-homogeneous differential form maps to a Clifford algebra element in the
usual way as given in Lemma 4.5 where we identify the left invariant 1-forms o' given

in (5.72) with the Clifford algebra elements l//i ,fori=1,2,3 as we have did in (4.72).
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It has the following form:
F= Z( B AV F(” z)wiwf+F(”‘3)wlw2w3) ©6.7)
Then, the spinorial action of ¥’ on F is given by wedge product, whereas the spinorial

action of y; is given by contraction as we have studied in section 4.3.2.4.

Since there is no B-field, we will first calculate the action of CSgy on differential
forms then apply ¢~ 8. The action of Se on a non-homogeneous differential form ®

is calculated as in (5.66) given by wedge product.
On the other hand, the action of C given in Definition 4.25 can be calculated with the
rules given in (4.92) where C is given as follows:

= (v =) (v’ — ) (v’ — y3). (6.8)

We calculate the following NATD transformed RR flux as follows:

FS/ = eiB,CS(.) Fs
= MMz P — A B' A Ty — M A A3 dv3 A s N\ Fo + €4AVOZ4 AVidV! x3.Fn
—e*Voly Ndv! NdVF NAV? w5 Fy — B Ne* Voly NdV' 5 T (6.9)
where the Hodge duality %3 is taken with respect to the transformed metric. After

identifying y' with dv; this polyform packages all the RR fluxes of the NAT dual
background which we read off to be, [17]:

F} = MAAs%s, (6.10)
E, = (-B'+d5/Ndv;)\F;, (6.11)
F, = woF; =" "Voly Av; dvi N+ P, (6.12)
F = —xoF = —B AF,+e"Voly Ns3 . F> Advi Adva Advs.  (6.13)

Remark 6.1 These agree with the results obtained in [16] up to sign differences in B/,

and the 6- and 8-forms due to differences in conventions.

Finally, we will apply the NATD transformation rule with P = Snarp to the SU (3) pure

spinors given in (6.5) and obtain the NAT-dual pure spinors &/, and @’ . In obtaining
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the results there, we first calculate @’ . We begin with Sg®_ by using (5.66):

So®_ = D_+vidVIAAVIAD_+ vy dVP NAVPAD_+v3dvI NdVIAD_
i
8
— M A3y AVEAAVI Aty NAVEANRZ +i Aovy dVE AAVE AR AdVE AR

= & — MV dVvEAdV AR ANAVE AR i Ay dv AdVE AR AdvE AR

— dava dV3NAVI AR NAVE ARE —i X2z vy AV NAVY A oty NdVE ARPY.

Applying VG ¢ B'C to Sg®_ where C is as given in (6.8), we obtain ¥, whose

explicit form is given as follows:

P = ﬁlxeie€A<—lzl3dvl/\hl—i2,17L3dV2/\h1

+(V1),1 +i VZAQ) W AR +i A3 W? ANdvy
M A3 hz/\d\/z —(ivid — »aly) AR — (i LAzva+ A1 A3Vvy) hz/\%

1

+K(11132V1V3 +i lz?t:;zVQVﬂ n ANdvq Ah! ANA%)
P d _ 2 3 2

—I—A(l l]/’l/jV1V3 1213 V2V3)h ANdviNhe Ndvy
1.3, 2 r 3 1

+A(l)«2V2 +llﬁquv1 l?LzA)/’l ANdvsANh Ndv
1

+K(7L1A—i)~1)uz\/2vl—)tl3vlz) h3/\dV3/\h1/\dV2
1

+y (At MAZVavi — A3v3) B3 Advs AR Adv,

1
+K(i MA+ LAV —i APVE) B3 Advs ANW* Advy

1
—Kﬂtllzlﬂllvl —l—ilez) dviNndvo ANdvs Ah!

1
+X7L]7Lzl3 (lez —1i ll\/]) dviNdva ANdvs /\/’l2

1

+X<i ).1)\,32V1V2V3 - 12/'\,32V22V3) /’l3 ANdvy /\h2 N 3
1

+K(i /11}/32\/12\/3 — 127(‘32\/1\/2\/3) W ANdvy N N A3

1
—K(AEA%VZ + M AVovE — i AIAS ARV — i MARVIVE) B AdV3 AR A oty

1
+K(1122213V1V2 —1i 7(,121213V12) dvi ANdvs /\hz/\%

+i(1122213v22 — A A3V Vo) dva Advs /\hz/\%). (6.14)

Note that after the transformation y' are identified with dv;.
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Next we calculate &', . We begin with Sy®; by using (5.66):
So®y = DL 4V dVIAAVIADL+ Vo dVI NAVPAD, +Vv3dvI NdVIAD,
1.
= &, + ge’%f‘{v1 AV NdV —id3vy dVvP NdVP AR A e —i vy dvEAdVE AR AR
+vo dVIAAV —i Mva AV ANAV AP A a5 — i va dVE AdVE AR AR
+v3 dviAdVE —i A3v3 AV NAVE AR A oty —i A3v3 AV AdVE AR AdV?

—i v3dvi AdVE AR AR? 4 A3v3 dVE AdVE AdVE ARY AR ARY

Applying /G e B'Cto Se @, we obtain @', , whose explicit form is given as follows:

1.
q>/+ = —mel(’*eA (V] dvi+ vy dva+ (V3 —iliAy) dvs — (A A3 +iA3Vv3) n

C(APA2A2 i M MaARvs) dvi Adva Advs + (i MAads — Asvs) B ARE AR
—ivi REARP Ndvy—iva Y AR Advy — (MAs+i v3) hE AR? Advs
—%(z’ A3V3 4+ MMA3 V3 —i A3A) dvy Adva A B3

_%(i A2A3vavs + A3 A3 ) dvi AR Advs

—%(i AP svivs + A 2aAsvi) B Adva Advs

+%(i Mo ABvivs + AZARAZVY) dvi Advs A oy

+%(l‘ MMAS Vo3 + ALAZAS Vo) dva AdVs A s

+%(lllzkfv1 Vs — i A2AZAVY — i A2 AaviVE — i A2 AaVD) dvi AT A i
272323V~ MdaAdvavs —1 2 sv3 — AAsvavi) dva I
—%()Lﬂflgvzz LA AAIVE i A AsVEVs i APAsvaVE) dvs AR A s
-1—%(1‘ A daA3vs — ABV2 4 J5A) B AR AR Advy Advs

+%(A§)L3v2v3 — i MA3Vav3) RE ARP AR Advy Advs

+%(i A g vi — A7 Azvivs) Y AR AR Advy Advs

1
+ (i ATAZAG — MAaAZvs) hE AR? Advi Advy /\dv3). (6.15)
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Lemma 6.1 [16,17] The transformed pure spinors @’ and &', can be written in the

following form:

o = —éef‘ef‘)—e%m A® (6.16)
1. N
<I>/+ = —gem*eAe_” Az, (6.17)

where the complex 1-form z = v+ iw, and the real and complex 2-forms j and @ are

as given below

1
7 = _ﬁ ((112,271,3 —|—i7L3V3) - vidvi—vadvy— (V3 —1i }L];Lz) dV3)

1

j = Z(A hl/\hz—l—l]lzlg dv /\de—l—)h)Lzl%V] dvi N\ o
—|—)LQ27L3V2 dvy AR — )Ll)LzﬂGZVQ s NdVy
—|—7le&3\/1 n ANdvy — (22213V22+1127L3V12) o /\h3>

1
O = E ()uzﬂg h! Advy+i A A3 h! ANdvy+ (VA +i Vzlz)hl AR

+(i ViA — Vzlz)hz AR +1i A3 > Adv;
—MA3 hz/\dV2 — (i /1213V2—l—ﬂ‘1ﬂ‘3\/1) hz/\52/3>.

Comparing (6.16),(6.17) with (4.183) one can see that they define an SU(2) structure,
as can be seen by taking a = /@ /2¢9+/264/2 and b = e10-/2610+/2A/2 in (4.183).
Note that |a|?> = |b|> = ¢, as needed. So, under NATD, a background with
SU (3) structure is transformed to a background with SU(2) structure, as has been

demonstrated many times in the literature previously, in particular in [16,51].

The results we present in (6.16-6.18) are in agreement with those obtained in [16]
Whether these transformed pure spinors satisfy the supersymmetry equations was
checked in [16] by direct computation. The results we obtained before make such
a calculation redundant. Indeed, the pure spinors are obtained through the action of
Snarp and we have proved that this transformation maps solutions of the pure spinor

equations to new solutions as we have discussed in section 5.2.2.
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7. CONCLUSIONS

In this thesis, we studied manifolds of generalised G-structure relevant for
compactification of type II superstring theory. A generalised G-structure is defined
as a reduction of the structure group of the generalised frame bundle associated to
the generalised tangent bundle TM & T*M. Preservation of .4~ = 1 supersymmetry
requires that the structure group of the generalised tangent bundle TM & T*M of the
six dimensional internal manifold M is reduced from SO(6,6) to SU(3) x SU(3). This
is equivalent to the existence of two globally defined compatible pure spinors ®; and
@, of non-vanishing norm. In addition, these pure spinors should satisfy the pure
spinor equations (5.1), (5.2). We have proved that these equations associated with

preserved .4~ = 1 supersymmetry are covariant under Pin(d,d) transformations.

Non-Abelian T-duality (NATD) is an extension of Abelian T-duality. It generates
solutions to string backgrounds with non-Abelian isometries. One can obtain NATD
for a given d dimensional Type II background with the isometry group G through
the action of a coordinate-dependent O(d,d) matrix Tyarp. Coordinate dependence
is determined by the structure constants Ci;-‘ of the Lie algebra of the isometry
group G. It gives rise to geometric flux f; }‘ = Cl-j.‘. The metric, the B-field, and
the dilaton field transform under Tyarp. The RR fields transform under Snarp
which is the corresponding Pin(d,d) transformation obtained by the double covering
homomorphism from Pin(d,d) to O(d,d). We examine the NATD transformation of

pure spinor equations associated with preserved .4#” = 1 supersymmetry.

Similar studies have been carried out in the literature in analyzing .4 = 1
supersymmetry under NATD. The advantage of our approach is that we exploit the
fact that NATD can be regarded as an O(d,d)/Pin(d,d) transformation. This has been
understood only recently; it has been used in [20] to show that NATD is a solution
generating transformation for the field equations for the metric, the B-field, and the

p-form fields. The first step to proving the covariance of the pure spinor equations
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associated with preserved .4” = 1 supersymmetry under Pin(d,d) transformations was
embedding these equations in the framework of Double Field Theory, so that the
covariance under a general constant Pin(d,d) transformation became manifest. In
order to do this, we extended the exterior derivative operator to an O(d,d) covariant
differential operator. We also wrote the Hodge duality operator in a Pin(d,d) covariant
way. We discussed the case when the Pin(d,d) transformation is coordinate dependent,
and it showed that whether the transformed pure spinors satisfy the pure spinor
equations or not is completely determined by the fluxes generated by the Pin(d,d)
transformation. The idea of preserving flux has been used earlier in the literature to
study field equations relating to supergravity under NATD conditions in [20]. We
demonstrated in section 5.2.2 that solutions under NATD were mapped to solutions
because the geometric flux associated with the isometry group is the same as the flux

generated by the NATD matrix.

In the last chapter of the thesis, we focused on a specific type of geometries that are
known to be solutions of Type IIB supergravity. This geometry had SU (2) isometry and
admitted an SU (3)-structure. As we discussed in section 4.3.2.4, considering SU(3)
pure spinors associated to the SU (3)-structure as a special case of SU(3) x SU(3) pure
spinors gives rise to calculating the Pin(d,d) action on pure spinors. Since NATD
is an O(d,d)/Pin(d,d) transformation, we calculated the NATD transformation of
these pure spinors along with the transformation of the B-field, metric, and dilaton.
In the discussion above, it was pointed out that new pure spinors will automatically
solve supersymmetry equations. Whether these transformed pure spinors satisfy the
supersymmetry equations was checked in [16] by direct computation. Due to the
results we obtained before, this calculation is no longer necessary. We also showed
that SU(3) pure spinors are transformed to pure spinors associated with an SU(2)

structure. We explicitly obtained the transformed SU (3) pure spinors.

There is also an advantage to viewing NATD as a Pin(d,d) transformation because
it makes it easier to apply NATD to other backgrounds that are not covered by the
ansatz described in section 6 with different isometry groups and supporting a generic
SU(3) x SU(3)-structure. The methods we employed in this thesis are particularly

suitable for the analysis of the supersymmetry and structure group of the resulting
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backgrounds. Furthermore, the method used here would also be useful for analyzing
backgrounds supporting a G, X Gp-structure. By considering both the SU(3) pure
spinors and the G, pure spinors as special cases of the G, x G, pure spinors, it is
possible to calculate the NATD transformation of these pure spinors. We intend to

address these concerns in future work.
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