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HOPF BIFURCATION IN A GENERALIZED GOODWIN MODEL
WITH DELAY

SUMMARY

In the theory of dynamical systems, delay differential equations have an important
place. While in a non-delayed dynamical system the rate of change of state variables
depends instantaneously on the state variables, in delayed dynamical systems this
functional dependence can be with a time delay. In real life problems, this may occur,
for example, when the signals transmitted to the processor of a physical system that
collects and evaluates signals from different points in space are transmitted with a time
difference due to the path difference.

Methods and simulation tools are available in the literature for analysing the stability
of a dynamic system formulated without delay, either locally at equilibrium points or
globally. The "stable" and "unstable" conditions that we encounter in stability analysis
can be target conditions according to the physical model under investigation. For
example, in a dynamic system that approximately models the vibrations of a structural
element vibrating under the effect of an earthquake, it is desired that the vibrations
evolve to zero equilibrium point over time and that the zero equilibrium point is stable.
In a mechanical system which is desired to generate energy with its vibrations, it
will be the target condition that the vibrations are not damped. Stability analysis is
performed to determine the parameter conditions that will give the stable and unstable
conditions of the equilibrium points. However, if the dynamical system modelling
the relevant physical system actually has a delayed time dynamics, the system may
actually be unstable in a parameter set that is predicted as a stable equilibrium point by
the non-delayed analysis. Therefore, the analysis of the relevant dynamics needs to be
carried out in the formulation of the theory of delayed dynamical systems.

Goodwin’s model is one of the well-known dynamical systems in macroeconomics
which formulates the mechanism between the employment ratio and the wage share in
a closed economy. The model is formulated under the assumptions of steady technical
progress and steady growth in technical force. Only two factors of production are
considered: labour and capital. Working class consume all their wages, whereas all
profits are invested by the capital holders. A constant capital-output ratio is assumed,
and the relation between the inflation rate and unemployment rate is determined by a
linearized Phillips curve.

There is an argument in the literature that the functional dependence of the
Phillips curve, which expresses the relationship between the inflation rate and the
unemployment rate, depends on the time delay. There are only a few publications
that consider this dependence with a delay and dynamically analyse modified versions
of the Goodwin model.
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The Goodwin model, which is essentially a mathematical economics analogue of the
predator-prey system of population dynamics, despite its simplicity, explains to some
extent the periodic behaviour of state variables observed at certain time intervals.
Assumptions about the structure of the model can be relaxed to take into account
more complex situations occurring in an economy. For this reason, the model has
been modified with various evaluations in the existing literature. In this work, we
consider a generalised, higher dimensional Goodwin model that takes into account
capacity utilisation and capital coefficient variables in addition to the employment rate
and wage share variables.

The emergence of a topologically non-equivalent phase portrait with the change of
parameters in a dynamical system is called bifurcation. There are various types of
bifurcations in the literature. Let a dynamical system with at least two state variables
have a complex eigenvalue pair of the linearisation of an equilibrium point. If at a
particular value of a bifurcation parameter chosen from the parameters of the system (i)
the real part of the eigenvalue is zero, (ii) the derivative of the real part of the eigenvalue
with respect to the bifurcation parameter is non-zero, (iii) and if the quantity referred
to as the first Lyapunov coefficient is nonzero, the dynamical system undergoes a Hopf
bifurcation with the variation of this particular value of the bifurcation parameter.
Two conditions are encountered in phase diagrams. In one of them, the bifurcation
parameter increases to its critical value and the equilibrium point is stable at the critical
value. After the critical value, the equilibrium point is unstable and a stable limit cycle
emerges. In the other case, as the bifurcation parameter increases to its critical value,
the equilibrium point is stable; there is also an unstable limit cycle containing the
equilibrium point. At the critical value, the limit cycle disappears and the equilibrium
point is stable. At values greater than the critical value, the equilibrium point becomes
unstable. As can be seen from this, Hopf bifurcation can occur when the linearisation
of an equilibrium point has a pair of purely imaginary eigenvalues with variation of its
parameters.

While the eigenvalue equation of linearisation around an equilibrium point in
non-delayed dynamical systems is a polynomial equation, the eigenvalue equation of
linearisation of delayed dynamical systems is an equation containing an exponential
function and a polynomial. When investigating the existence of Hopf bifurcation in
delayed dynamical systems, in principle, the validity of the other necessary conditions
for this equation to have a purely imaginary root is also examined.

The main objective of this study is to perform stability analysis of a generalised delayed
Goodwin system and to investigate the existence of Hopf bifurcation. With these
analyses, the stability of an equilibrium point of economic variables is investigated.

This thesis consists of four Chapters.

In the first Chapter, the purpose of the thesis, the related literature research is presented
and the research questions related to the analyses to be made are expressed and how
the answers to these questions will be investigated are stated.

In the second Chapter, delay dynamical systems are discussed and information about
local stability analysis of these systems is given. Also, general information about
Hopf bifurcation is given. Then, an example from the literature on how Hopf
bifurcation analysis is applied to a delay dynamical system is given. Afterwards, the
Lyapunov exponent, which is a measure of how small changes in initial conditions in
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a dynamical system lead to differences between trajectories, is given in the case of
delay-free dynamical systems and the results of its application to a known model are
presented. Further, the predator-prey model of population dynamics is mentioned to
show its relationship with the original Goodwin model, and then the assumptions of the
Goodwin model are noted and its derivation is presented. In the Goodwin model, the
employment variable corresponds to the prey and the share of labour to the predator.
For this reason, the Goodwin model is also known as class conflict. The Phillips curve,
which is one of the functional dependencies of the model, is given a brief overview in a
separate sub-section. Finally, a generalised Goodwin model, which is the main model
under study and whose delayed version is analysed, is presented for completeness.

The third Chapter presents the original analyses carried out in this thesis. The models
considered are special sub-cases of the generalised Goodwin system with four dynamic
variables. In the first subsection, in the case of variable speed technical progress and
labour intensity, the subsystem of the main system with two unknown functions that
do not depend on the other two variables is considered. Here, a time delay in the
employment function corresponding to the Phillips curve is assumed. Two of the
necessary conditions of Hopf bifurcation, having a purely imaginary eigenvalue and
the condition that the derivative of the real part is different from zero, are studied and
the critical delay value that can realise Hopf bifurcation is formulated. The parameter
conditions that allow the system to be (i) stable at the non-zero equilibrium point
for each value of the delay parameter, (ii) stable up to a critical value of the delay
parameter and then unstable and undergo Hopf bifurcation are found separately. It
is shown that the conditions for Hopf bifurcation are fulfilled for a certain family
of parameters and the results are supported by figures obtained from the numerical
solution. The second subsection contains a similar analysis. In the third subsection,
the Lyapunov exponents for the system with the main four unknown state variables,
in a case where the equilibrium point is unstable, are found with a Matlab code and
two positive Lyapunov exponents are observed, potentially indicating hyperchaotic
behaviour. In the last subsection, the type of Hopf bifurcation is determined by
performing directional analysis for Hopf bifurcation. The last Chapter summarizes
the results and highlights possible open problems.

With the analysis conducted in this thesis, we attempt to provide an approach to the
original Goodwin model and its generalisations in the literature in terms of delayed
analysis. When the employment-wage share cycles constructed with real data available
in the literature for a particular country’s economy are analysed, it is observed that the
cycles are valid for a certain time interval, after which the cycle jumps to another
equilibrium point of the phase plane. One explanation for this situation may be the
change in the values of the parameters in the system of the relevant country that give
the position of the equilibrium point. Another explanation for this situation, which can
be obtained from the results of this thesis, is that the related equilibrium point becomes
unstable at a certain point due to the realisation of the dynamics in the system with a
delay and the drawn phase curve moves away from the equilibrium point and tends to
realise another cycle in the phase space.

XX1






GECIKMELI GENELLESTIRILMIS GOODWIN MODELINDE
HOPF CATALLANMASI

OZET

Dinamik sistemler teorisinde gecikmeli diferansiyel denklemler énemli bir yer tutar.
Gecikmeli olmayan bir dinamik sistemde durum degiskenlerinin degisim oranit durum
degiskenlerine anlik olarak bagh iken, gecikmeli dinamik sistemlerde bu fonksiyonel
baglilik bir zaman gecikmesi ile olabilmektedir. Ger¢ek yasam problemlerinde bu
durum, Ornegin, fiziksel bir sistemin uzaydaki farkli noktalarindan sinyal toplayip
degerlendirme yapan islemcisine iletilen sinyallerin yol farkindan dolay1r zaman farki
ile iletilmesinden meydana gelebilmektedir.

Gecikmesiz olarak formiile edilmis bir dinamik sistemin yerel olarak denge
noktalarinda veya global olarak stabilitesinin analizi i¢in literatiirde metotlar ve
simiilasyon yontemleri mevcuttur. Stabilite analizinde karsimiza ¢ikan "kararli" ve
"kararsiz" durumlari, incelenen fiziksel modele gore hedeflenebilen durumlar olabilir.
Ornegin, deprem etkisi altinda titresen bir yapi elemaninin titresimlerini yaklasik
olarak modelleyen bir dinamik sistemde titresimlerin zamanla sifir denge noktasina
evrilmesi, sifir denge noktasinin kararli olmasi istenir. Titresimleriyle enerji liretmesi
istenen bir mekanik sistemde ise titresimlerin soniimlenmemesi hedef durum olacaktir.
Stabilite analizi yapilarak denge noktalarinin kararli ve kararsiz durumlarini verecek
parametre kogsullar1 belirlenir. Ancak, ilgili fiziksel sistemi modelleyen dinamik sistem
gercekte gecikmeli bir zaman dinamigine sahip ise, sistemin bir denge noktasini kararh
olarak ongoren bir parametre kiimesinde sistem gercekte kararsiz olabilir. Bu nedenle,
ilgili dinamigin analizinin gecikmeli dinamik sistemler teorisinin formiilasyonunda
gerceklestirilmesi gerekir.

Goodwin modeli, kapali bir ekonomide istihdam oram ile iicret payr arasindaki
mekanizmay1 formiile eden, makroekonomide iyi bilinen dinamik sistemlerden biridir.
Model, istikrarli teknik ilerleme ve teknik giicte istikrarli biiylime varsayimlari
altinda formiile edilmigtir. Sadece iki iiretim faktorii dikkate alinmaktadir: emek ve
sermaye. Isci sinifi tiim iicretlerini tiiketirken, tiim karlar sermaye sahipleri tarafindan
yatirilmaktadir. Sabit bir sermaye-cikti oran1 varsayilmakta ve enflasyon oram ile
igsizlik orani1 arasindaki iliski dogrusallastirilmig bir Phillips egrisi ile belirlenmektedir.

Literatiirde, enflasyon oram ile igsizlik orani arasindaki iligkiyi ifade eden Phillips
egrisinin fonksiyonel bagimliliinin zaman gecikmeli bir baglilik olduguna iligkin
argiiman bulunmaktadir. Bu baghlig1 gecikmeli olarak ele alip Goodwin modelinin
degistirilmig versiyonlarinin dinamik analizini yapan az sayida yayin mevcuttur.

Goodwin modelinin varsayimlari sdyle siralanabilir: (i) Istikrarli teknik ilerleme s6z
konusudur. (ii) Isgiiciinde istikrarli bilyiime bulunmaktadir, (iii) Sadece iki iiretim
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faktorii dikkate alinmaktadir: emek ve sermaye. (iv) Tim miktarlarin net ve gercek
oldugu varsayilmaktadir. (v) Isci smifi tiim iicretlerini tiiketirken, tiim karlar sermaye
sahipleri tarafindan yatirima ayrilir. (vi) Sabit bir sermaye-cikti orani varsayilmaktadir.
(vii) Tam istihdama yakin durumda reel iicret oran1 yiikselmektedir.

Temel olarak popiilasyon dinamigindeki av-avci sisteminin matematiksel ekonomideki
bir karsiligi olan Goodwin modeli, basitlifine ragmen, belirli zaman araliklarinda
gozlemlenen durum degiskenlerinin periyodik davranisint bir dereceye kadar
aciklamaktadir. Modelin yapisina iligkin varsayimlar, bir ekonomide meydana gelen
daha karmagik durumlar1 dikkate alacak sekilde gevsetilebilir. Bu nedenle, model
mevcut literatiirde cesitli degerlendirmelerle modifiye edilmistir. Bu calismada,
istthdam oran1 ve iicret pay1 degiskenlerine ek olarak kapasite kullanimi ve sermaye
katsayis1 degiskenlerini de dikkate alan genellestirilmis, daha yiiksek boyutlu bir
Goodwin modeli ele alinmaktadir.

Bir dinamik sistemde parametrelerin degisimiyle topolojik olarak esdeger olmayan
bir faz portresinin ortaya c¢ikist catallanma olarak adlandirilir. Literatiirde cesitli
catallanma tiirleri mevcuttur. En az iki durum degiskenli bir dinamik sistemde,
bir denge noktasinin dogrusallastirmasinin kompleks bir ozdeger cifti bulunsun.
Sistemin parametrelerinden secilen bir ¢atallanma parametresinin 6zel bir degerinde
(1) 6zdegerin reel kismi sifir, (i1) 6zdegerin reel kisminin catallanma parametresine
gore tiirevi sifirdan farkli, (iii) birinci Lyapunov katsayisi olarak adlandirilan biiyiikliik
sifirdan farkli ise, dinamik sistem catallanma parametresinin bu 6zel degerinin
degisimi ile bir Hopf catallanmasina ugrar. Faz diyagramlarinda iki durumla
kargilagilir.  Bunlardan birinde sistemde, catallanma parametresi kritik degerine
artarak ilerlerken ve kritik degerde denge noktasi kararlidir. Kritik deger sonrasinda
denge noktas1 kararsizdir ve kararli bir limit ¢evrim orataya cikar. Diger durumda,
catallanma parametresi kritik degerine artarak ilerlerken denge noktast kararhdir;
ayrica, denge noktasini i¢eren kararsiz bir limit ¢evrim bulunur. Kritik degerde, limit
cevrim kaybolur, denge noktasi kararlidir. Kritik degerden biiyiik degerlerde denge
noktasi kararsiz hale gelir. Buradan da anlagsilabilecedi gibi, Hopf catallanmasi, bir
denge noktasinin dogrusallastirmasinin, parametrelerinin degisimi ile, bir piir imajiner
0zdeger ciftine sahip olmasi durumunda gergeklesebilir.

Gecikmesiz dinamik sistemlerde bir denge noktasi civarinda dogrusallagtirmanin
O0zdeger denklemi bir polinom denklemi iken, gecikmeli dinamik sistemlerin
dogrusallagtirmasinin 6zdeger denklemi bir iistel fonksiyon ve polinom igeren
bir denklemdir. Gecikmeli dinamik sistemlerde de Hopf catallanmasinin varligi
arastirilirken, ilke olarak yine, bu denklemin bir piir imajiner kdke sahip olma durumu
ve diger gerekli kosullarin gegerliligi incelenir.

Bu caligsmanin temel amaci, gecikmeli genellestirilmis Goodwin diferansiyel denklem
sisteminin stabilite analizini yapmak ve Hopf catallanma durumunun varli§ini
incelemektir. Bu analizler ile ekonomik degiskenlerin bir denge noktasinin kararliligi
arastirllmustir.

Bu tez ¢aligmasi dort béliimden olugmaktadir.

Birinci boliimde tezin amaci, ilgili literatiir arastirmasi sunulmus ve yapilacak
analizlerle ilgili arastirma sorular1 ifade edilerek bu sorularin cevaplarinin ne sekilde
arastirilacagi ifade edilmistir.
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Ikinci boliimde gecikmeli dinamik sistemlerden bahsedilmis ve bu sistemlerin yerel
stabilite analizi hakkinda bilgi verilmistir. Ayrica, Hopf catallanmas1 hakkinda
genel bilgiye yer verilmistir. Sonrasinda, Hopf catallanmasi analizinin gecikmeli
bir dinamik sisteme nasil uygulandigina dair literatiirden bir Ornek verilmistir.
Devaminda, bir dinamik sistemde baslangic kosullarindaki kiiciik degisimlerin
yoriingeler arasinda nasil farkliliga yol actifinin bir dl¢iisii olan Lyapunov isteli ile
ilgili gecikmesiz dinamik sistemler durumunda temel bilgiler verilmistir ve bilinen bir
model iizerindeki uygulamasinin sonuclari sunulmustur. Ardindan, orijinal Goodwin
modeli ile iligkisini gostermek agisindan popiilasyon dinamiginin av-avcr modelinden
bahsedilmis ve sonrasinda Goodwin modelinin varsayimlari not edilerek tiiretilisi
yapilmistir. Goodwin modelinde istihdam degiskeni av, emegin pay1 da avci ile karsilik
bulur. Bu nedenle, Goodwin modeli sinif ¢atismasi olarak da taninmaktadir. Modelin
icerdigi fonksiyonel baglhiliklardan olan Phillips egrisine ayrica bir alt boliim ayrilarak
kisa bir genel bakis sunulmustur. Son olarak, iizerinde ¢alisilan esas model olan ve
gecikmeli versiyonu incelenen bir genellestirilmis Goodwin modeli ile ilgili yayinda
mevcut sonuglar biitiinliik acisindan verilmistir.

Uciincii boliim, tez calismasinda yapilan 6zgiin analizlerin sunuldugu boliimdiir.
Incelenen modeller, ele alinan dort dinamik degiskenli genellestirilmis Goodwin
sisteminin 0zel alt durumlaridir. Birinci alt boliimde, degisken hizli teknik ilerleme
ve is yogunlugu durumunda ana sistemin, diger iki deg§iskene bagli olmayan
iki bilinmeyen fonksiyonlu alt sistemi ele alinmistir. Burada, Phillips egrisine
karsilik gelen istthdam fonksiyonunda bir zaman gecikmesi varsayilmistir. Hopf
catallanmasinin gerek kosullarindan ikisi, piir imajiner 0zdegere sahip olma ve
reel kismin tiirevinin sifirdan farkli olma kosulu calisgilarak Hopf catallanmasim
gercekleyebilecek kritik gecikme degeri formiile edilmistir. Sistemin sifir olmayan
denge noktasinda (i) gecikme parametresinin her degeri icin kararl, (i1) gecikme
parametresinin kritik bir degerine kadar kararli, sonrasinda kararsiz olmasin1 ve Hopf
catallanmasina ugramasini saglayan parametre kosullar1 ayr1 ayr1 bulunmustur. Hopf
catallanmasina iligkin kosullarin belli bir parametre ailesi i¢in saglandig1 gosterilmis ve
sonugclar sayisal ¢oziim sonucu elde edilen gorsellerle desteklenmistir. Ikinci alt boliim
benzer bir analiz icerir. Uciincii alt boliimde, ana dort bilinmeyen durum degiskenli
sistem icin denge noktasinin kararsiz oldugu bir durumda, Lyapunov iistelleri bir
Matlab kodu ile bulunmus ve hiperkaotik davranisa isaret etme potansiyeli olan iki
pozitif Lyapunov {listeli gézlenmistir. Son alt boliimde, Hopf ¢atallanmasi i¢in yon
analizi yapilarak Hopf ¢atallanmasinin tipi belirlenmistir. Son boliimde ise sonuclar
Ozetlenmis ve olasi acik problemler {izerinde durulmustur.

Bu tez calismasinda yapilan analiz ile, literatiirde mevcut orijinal Goodwin modeli
ve genellestirmelerine gecikmeli analiz acisindan yaklagim saglanmaya ¢alisilmistir.
Belli bir iilke ekonomisi igin, literatiirde mevcut, gercek verilerle olusturulan
istihdam-iicret pay1 dongiileri incelendiginde, olusan dongiilerin belli bir zaman aralig1
icin gecerli oldugu, bu zaman aralif1 sonrasinda dongiiniin faz diizleminin bagka
bir denge noktasina sigradigi gozlenmektedir. Bu durumun bir agiklamasi, denge
noktasinin konumunu veren, ilgili iilkeye iligkin sistemde mevcut parametrelerin
degerlerinin degismesi olabilir. Bu duruma iligkin, bu tez calismasinin sonuc¢larindan
elde edilebilecek bagka bir aciklamanin, sistemde dinamigin gecikme ile gerceklesmesi
nedeniyle ilgili denge noktasinin belli bir noktada kararsiz hale gelmesi ve cizilen

XXV



faz egrisinin denge noktasindan uzaklasarak faz uzayinda bagka bir dongiliyii
gerceklestirmeye yonelmesi seklinde ifade edilebilecegi diisiiniilmektedir.
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1. INTRODUCTION

This thesis work is based on the study of delayed-state stability analysis and Hopf
bifurcation in a generalized Goodwin model. We first state the main problems analysed
in the thesis. After that we give a literature survey that led us to the problems stated.
We conclude the introduction by providing the research questions of the work and

mention the methodologies that will take us to the answers of these questions.

1.1 Purpose of Thesis

Our starting point is the following generalization of the Goodwin model, in the form

= [9(B)+ /() —u(A)—n]B, (1.1a)
= [9(B) +1(B) —u(2) = 92(6)]A, (1.1b)
0 = [y(A)+f(A)-z(A,v)]8, (1.1c)
vo= [—f(A)+z(A,v)y (1.1d)

studied in [1]. In this system 3 denotes employment ratio, A is for wage share, 6 is
the rate of capacity utilization, and v is the actual capital coefficient. To be concise,
we express the functions appearing on the right hand sides in Chapter 3, where the

analysis is presented.

First, based on this model, we consider a delayed sub-case of this model as

By = |Bo+nB(0)—&A(0)|B0). (1.22)
Ar) = [lo—vZk(t)Hzﬁ(thlﬁ(t—r)}x(t) (1.2b)

where By, ¥, 8,A0, V2,01 are constants. We determine the conditions on the
parameters of the system so that the nonzero equilibrium point is stable or experiences
a Hopf bifurcation, depending on the values of the delay T > 0. We also perform a

direction analysis for the Hopf bifurcation.



Second, as a similar case, we perform the same analysis for the subsystem

By = [Bo—&r()]|B). (1.32)
l@)::[krﬂhwﬂﬂ+pm0—mﬂl@, (1.3b)

which is slightly different than (1.2), including a new parameter and an extra

equilibrium point condition when reduced from the main system (1.1).

Finally, we approach the system (1.1) in the nondelayed form for a set of parameters
at which the system is unstable at the equilibrium point and calculate the Lyapunov

exponents of the system in this case.

1.2 Literature Review

There have been extended models in a large amount of researches since Goodwin
introduced his simple but useful model about struggle between employment rate and
wage shares based on Volterra-Lotka predator-prey model. Besides, some researchers
prove the stability of the original model while others add new variable to make their
model more reliable and realistic. In this regard, some of these studies will be briefly

explained.
Goodwin’s original work [2] shows the relation between the wage share and the
employment ratio in a closed economy as
u = [— (a+y)+pv]u, (1.4a)
1 1
) = |——(a ——u|v. 1.4b
Vo= [S—(a+B)— <y (1.4b)
Desai and his co-workers amend Goodwin’s original model by adding two extensions.

They define a non-linear real wage equation and they change the assumption with

regard to investment of all profits in [3] as

L= ra)p1-0), (15a)
L Am(ﬁ_7>—«a+ﬁy (1.5b)
v 1—ia

Another extension of Goodwin’s model in which the authors aim at modifying the

dynamics so that the outputs for the state variables remain within the unit square is



presented in [4] as

= Ku"(1—u)nm[—(a —7)+p'v], (1.6a)

< <SS

_ @Vmu—wm%74d+ﬁ3—$ﬂ. (1.6b)

Ref. [5] is an attempt in the same direction and they examine Goodwin’s class
struggle model by applying the planar Hamiltonian systems as a new approach to
provide economically acceptable interval for solution and they show results of small
perturbation. One of the main assumptions in Goodwin’s model is that workers do
not save. Author of [6] relax this condition and study an extension, considering the
share of capital held by workers as an additional variable. Assuming variable capacity
utilization and variable actual capital coefficient, [1] obtains a four-dimensional model
that contains Goodwin as a special case. Based on Minsky’s “Financial Instability
Hypothesis” [7], in [8], Keen adds a banking sector to the Goodwin growth cycle. In
this case, the stable limit cycles of the Goodwin model may no longer exist in the long
run and instabilities may occur. The stability analysis of Keen model is performed

in [9] in the form

® = 0dA1)-—a, (1.7a)
_ MK“_T_””—a—ﬁ—m, (1.7b)
i = KU S 2K — o) — (1 - ). (170)

1%

The authors of [10] take the second step to analyze the same dynamics with an
inflation term and proceed further to construct a four-dimensional system considering

speculative money flow to the economy. They obtain the system

o = o®A)-a—(1-7y)i(w), (1.8a)

= Alg(m) —a—pBl, (1.8b)
¢ = rK(m)—rm—clg(m)+i(w)]+ (ro—rp)f, (1.8¢)
fo= ¥ +i(w) - fls(x) +i()]. (1.8d)

In [11], Goodwin’s model is modified through a change in the assumption on the
technical progress and also by introducing a memory variable which affects the

behaviors of both the workers and the capitalists with a three dimensional system in



the form

i = [=(y+B)+(p1+p2y)v]u, (1.92)

5 <pKo(1—u)—(B+n+n)[Ko+C(y)]—C’(y)(”‘”f‘y)v’ (1.9b)
Ko+ C(y)

y = W (1.9¢)

The proposed model experiences a Hopf bifurcation at a critical value related to the
memory effect. Within the context of delay dynamical systems we can mention [12],
where the authors consider a finite time delay between investment orders and deliveries
of finished capital goods and a delayed reaction of real wages to the unemployment

levels. They obtain the system

1 _ 4k
Pp—— (k* — 8%) (1=t )Vr—z e &7 — gu, (1.10a)
(0} \%
0 = (L (a7 + §ﬁ> . (1.10b)
1 — Vi1, Vi

In [13], three extensions of Goodwin’s model are presented, and these extensions cover
inflation, expected inflation and excess capacity. Frederick van der Ploeg [14] extends
Goodwin’s original model to allow savings decisions with the help of the direction of

technological improvement as follows
= —v+vie—(l—wn)o", (1.11a)

_ (1_'_“) [{61(1—9)+C729

a*

M| m DD

} }/—n] s (1.11b)

In Ref. [15], a dynamic game is defined to understand behaviour of economic agents
if they have rational or myopic behaviour under original content of Goodwin’s model.
Author of [16] discusses a new utility function for both capitalists and workers. Harvie
[17] conducts an experiment with 10 OECD countries for Goodwin model in his work,
and in [18], author takes a constant capital accumulation rate between (0,1] to improve

Harvie’s result with the following two dimensional system

= y+pr—a, (1.12a)

_ @_(aﬂﬂa), (L.12b)

> >>gle

The work [19], the original system is modified with the help of adding rate of capacity

utilization and perform their new system to the US economy. Authors of [20] show
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how government policy lag effect with three dimensional system as follows

i = eHl—vi—7n°)—(1—c)(1-8)(1—v)+uu" —u)}u (1.13a)

= fl (M,V,T[e;‘u),
v = (1=y{F(u)+n°—o}lv=fo(u,v,n, (1.13b)
¢ = BIY{F(u)+n°—a}—n°]= f3(u,n). (1.13¢)

Finally, we would like to mention again the the following generalization of the

Goodwin model explicitly in the form

= [@(B)+f(A)—u(d)—n]B, (1.14a)
= [@(B)+91(B) —u(d) — $:(0)]2, (1.14b)
0 = [w(d)+f(A)—z(1,v)]6, (1.14c¢)
v = [—f(A)+z(A, )]y, (1.144d)

studied in [1]. In this system f3 denotes employment ratio, A is for wage share, 6 is the
rate of capacity utilization, and Vv is the actual capital coefficient. The authors study
the stability of this system in four different cases. First, they consider a "simplified

Goodwin-like case" [1] in which the system (1.14) takes the form

= [f(A)—vi—n]B, (1.152)
= [¢:(B)—Wi]A, (1.15b)
vo= [=f(A)+z(A,v)y, (1.15¢)
6 = % (1.15d)

Second, in case of "variable speed of technical progress and changes in work intensity"

[1] they study the subcase

= [@(B)+f(A)—Vvi—Wv2A —n|B, (1.16a)
= [@(B)+¢:1(B) —vi—W2A]A, (1.16b)
vo= [f(A)+z(A, ), (1.16¢)
6 = % (1.16d)



Then, another subcase

= [f(A)—u(d)—nlB, (1.17a)
= [01(B) —u(2)]4, (1.17b)
b= [—f(A)+z(A, )]y, (1.17¢)
0 = [y(A)+f(A)—z(A,v)]6, (1.17d)

is studied under the title "non-neutral technical progress". Finally, they perform the
stability analysis of the full system (1.14). The systems (1.16), (1.17) has been the
main models analyzed in this thesis work in the context of delay dynamical systems.

We have analyzed the full model (1.14) in the sense of Lyapunov exponents.

1.3 Hypothesis Research Questions

In the original Goodwin model, the Phillips curve reflects the relation between the
inflation rate and unemployment. When we look at his original paper [21] page 297,
we see that the curve obtained from data fit contains some loops. He states that "A
loop in this direction could result from a time lag in the adjustment of wage rates. If
the rate of change of wage rates during each calendar year is related to unemployment
lagged seven months, .... the loop disappears ..... points lie closely along a smooth
curve" [21]. This means that, the relation provided by the Phillips curve may contain a
time delay. When we focus on the system (1.16), this amounts to consider the function
¢1(B(r)) with a time delay, i.e., in the form ¢;(B(r — 7)). Therefore, based on this

system, we form the research questions of this thesis work as follows.

(RQ1) The system (1.16) is stable at the nonzero equilibrium point for a set of parameters.
When considered in the delayed context mentioned above, are there ranges of
parameters so that the system (i) is stable (ii) undergoes a Hopf bifurcation (iii)

is unstable?
(RQ2) How are the results of the same analysis in (RQ1) if applied to (1.17)?

(RQ3) Authors of [1] study the full system (1.14) for stability of equilibrium points, but
it seems they cannot find a range of parameters that satisfy the related stability

conditions. In specific cases of the parameters, are there positive Lyapunov



exponents for the system that might be a trace for chaotic of hyperchaotic

behaviour?

(RQ4) For the analysis performed in answering (RQ1), is the bifurcation subcritical or

supercritical?

The analyses that were performed in this thesis work for answering those research

questions are as follows.

(A1) Considering a time delay in the function @; of (1.16), the necessary conditions for
a Hopf bifurcation to occur are investigated; which are (i) having a pure imaninary
eigenvalue (ii) transversality conditon. Then, for a specific case of the parameters,
it is shown that these conditions are indeed satisfied. The analysis is presented
in Section 3.1. Actually, having a nonzero first Lyapunov coeffiecient is the third
condition for the Hopf bifurcation, we present the analysis separately in Section

3.4.
(A2) The analysis in (A1) for the case of (1.17) is presented in Section 3.2.

(A3) Using a Matlab package, at an unstable case, we calculate the Lyapunov coefficients

and present the results in Section 3.3.

(A4) We evaluate the first Lyapunov coefficient for the analysis (Al). Although the
subsystem we work on is a two state-variable Lotka-Volterra delayed type system
and has been studied extensively in the literature, the calculations for the the case
we considered has not been analysed before, to the best of our knowledge. The
analysis, which is generally called as "Direction of Hopf Bifurcation" is presented

in Section 3.4.






2. STABILITY OF DELAY DYNAMICAL SYSTEMS AND PRIMER ON
GOODWIN MODEL

We start by introducing linear stability analysis of delay dynamical systems. We
mention Hopf bifurcation, and present an example from literature how Hopf
bifurcation is investigated in a delay-dynamical system. We mark the importance of
Lyapunov exponents of a dynamical system and give a well-known example. Finally,
we mention the original Goodwin model and for completeness, include the results
available in the original work on the generalized Goodwin model, of which content

has formed the systems studied in this thesis.

2.1 Nonlinear Delay Dynamical Systems and Stability

In this section, we first present linearisation of a delay dynamical system around an
equilibrium point. After that we will provide some basic information about Hopf
bifurcation in a dynamical system. We will conclude this part with an example
which illustrates how the Hopf bifurcation analysis is performed in a nonlinear delay

dynamical system.

2.1.1 Linearization nonlinear delay differential equations

A delay differential equation with a single constant delay can be represented in [22] as
X=F(@tX(t),X(t—1)). (2.1)

A stable fixed point X* means that its all trajectories at the near of the fixed point
approach itself asymptotically when t — oo and for this reason, all the time derivatives
vanish identically. (2.1) is satisfied by X (1) = X (r — ) = X* at any point, and it satisfies

the equation
fX(t)=X(t—1)=X")=0, X* = (x,x5,...,x0)T. (2.2)

Around the equilibrium point X*, stability of the equilibrium point is examined by

perturbing it by infinitesimally displacing the solution with the help of time-dependent
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function X (¢), and persisting over an interval of at least the values of the longest

delay, Ty, for the multiple delays. Denoting X = X (¢) and X; = X (¢ — 1), we have
X =X"+6X, X;=X"+08X,. 2.3)

Then, we find
X =6X=f(X*"+6X,X"+6X;). 2.4)

The infinitesimal displacements from the equilibrium point over the interval (f9 — 7,%)
are symbolised by 6X. The equation (2.4) can be linearized around the equilibrium

point by using the Taylor series expansion as follows

§X = Jo8X + J:6Xx,
(Jo)i,j = (%{)\xj:x; for i,j=1,2,...n, (2.5)

(JT)iJ = (;TZ)'XUZ)C; fOl" l’.] - 1723"'7’17

where Jy and J; are the Jacobian matrices with respect to X and X; respectively and
evaluated at X = X; = X*. Assume that §X (¢) is the solution as exponential functions
of time along with the exponents given by the eigenvalue of the corresponding Jacobian
matrix,

8X(1) =AM, (2.6)

In (2.6), A is for a constant column matrix. If equation (2.6) is substituted into the
equation (2.5) and collecting the coefficients of e*!, following matrix equation is
obtained

AA = (Jo+e 2I)A. 2.7)

This equation obviously can be satisfied with nonzero displacement amplitudes A if
[Jo+e A7 I — Al =0, (2.8)

where / is the identity matrix.

The characteristic equation (2.8) is different from the characteristic equation of a
non-delayed systems due to the exponential term. It is known that if all roots of a
characteristic equation are negative or have negative real parts, the equilibrium point
is stable. Otherwise, it is called unstable. In addition to this, if one of the eigenvalue
is zero, then the stability is undecidable to the linear order and a recourse should be

taken to consider the neglected higher order terms in the Taylor expansion in (2.4).
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Despite the existence of an infinite number of roots for Equation (2.8), it is often

possible to determine analytically whether a given equilibrium point is stable or not.

The information in Subsection 2.1.1 was provided from Ref. [22].

2.1.2 Hopf bifurcation

Now, we focus on a dynamical system which is dependent on parameters. For the

continuous time case, let us consider as in Ref. [23]
x=f(x,a), (2.9)

where x € R" and o0 € R represents the parameters. When we change parameters, the

phase portrait changes as regards to parameters as well.

Definition The appearance of a topologically nonequivalent phase portrait under

variation of parameters is called a bifurcation. [23]

Now, we will explain the idea of Hopf bifurcation with an example. Let us consider

Andronov-Hopf bifurcation on the planar system as follows

X] = 0X] — X3 —xl(x% +x%),

(2.10)
Xy = X1+ Xy — (2] +33)
which is dependent to one parameter.
In polar coordinates (p, 0) it takes the form
p=p(a—p?),
' (2.11)
0=1,

and can be integrated explicitly. Phase portraits of the system at the origin can be

drawn easily because p and 0 are independent in (2.11).

a9c

a<0 a=0 a>0

Figure 2.1 : Hopf bifurcation

Figure (2.1) was provided from Ref. [23].
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According to the Figure (2.1), when we choose any initial point, the equilibrium is
stable focus as p < 0 and p(¢) — 0 if o < 0. Otherwise, when we investigate its
behaviour when o > 0, we have p > 0 for \/a > p > 0. Therefore, the equilibrium

becomes an unstable focus, and p < 0 for p > /.

For any o > 0 of radius pp = /& (at p = pg we have p = 0) system (2.11) has a
periodic orbit. Moreover, periodic orbit is stable since p > 0 inside and p < 0 outside
the cycle. Therefore, @ = 0 is a bifurcation value. When « increases and crosses zero,
there is a bifurcation in system (2.10) and it is called the Andronov-Hopf bifurcation.

It causes small-amplitude periodic oscillations from the equilibrium state.

It is possible to determine Andronov-Hopf bifurcation via fixing any small
neighborhood of the equilibrium and this kind of bifurcations are called local. Local
bifurcations will be referred as bifurcations of equilibria or fixed points. It is not easy
to detect some bifurcations by looking at small neighborhoods of equilibrium (fixed)

points or cycles as well and these bifurcations are called global.

Theorem 1. Consider a two dimensional system

dx

Z:f(x,a), xeR?, a€eR', (2.12)

where f is smooth and for all sufficiently small |o| the equilibrium x = 0 with
eigenvalues

Ma(a) =p(a) iv(a), (2.13)
where 1(0) = 0,w(0) = wo > 0.

Suppose that the following conditions are satisfied:
(B.1)11(0) # 0, and 1y is the first Lyapunov coefficient;
(B.2) 1'(0) 0.

In that case, there exists invertible coordinate and parameter changes and a time

reparametrization such that (2.12) transforms to

S =8 ) ) eeted () ol @9

Finally, O(||y||*) terms can be dropped so that the following general result is obtained.

Theorem 2. (Topological normal form for the Hopf bifurcation)
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Any two dimensional system with one parameter
x=f(x,a), (2.15)
which has the equilibrium x = 0 with oo = 0, with eigenvalues
A 2(0) = £iwg,  wo >0, (2.16)
is locally topologically equivalent near the origin to one of the normal forms
G;) = (lf _Bl) @;) + (v +3) (ﬁ) - (2.17)
The information in Subsection 2.1.2 was provided from Ref. [23].

2.1.3 Stability of delay dynamical systems with an example

We note the results available in [24] to express clearly the Hopf bifurcation analysis of

a delay dynamical system. The model analyzed in the work [24] is

o (é —a)x(t) +z(1),

y=—by(t)+K[y(t) — y(t — 7)], (2.18)
z=—x(t) —cz(t).

At the critical point Py(0,0,0), one finds the characteristic equation
1
[/'Lz+ (c—f—a— E) A+ (1 +ac— %)} *[A — (—b—f—K—Ke*M)} =0. (219

Letc+a—1=Pand 1 +ac— <= Q. Then, the two eigenvalues originating from the
first factor in (2.19) have negative real parts if P > 0 and Q > 0. At this point, they

study on the second part of the characteristic equation, which is the equation
A—(—b+K—Ke ") =0. (2.20)
For A = i® one gets
i0+b—K+K(coswt—isinwt) =0. (2.21)
Then, real and imaginary parts are separated as follows

(2.22)

b—K+Kcoswt =0,
o—Ksinwt =0.
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It is found that
®? = 2Kb — b, (2.23)

It is easy to see that when K < g, (2.23) does not have any positive real solution and in

the case K > %, (2.23) has the solution
o, = \/2Kb— b2 (2.24)

It is found that

1 K—b 2j
1= —arccos —— + 2T j=0,1,2. (2.25)
(i (Vi
After that, the transversality condition
dReA (T )
T()|T_;i>0 (j=0,1,...) (2.26)

must be checked. When (2.20) is differentiated with respect to 7, it is easy to obtain

that
dA dA
= 4 Ke T (——r—z) =0 (2.27)
drt dt
and hence 4
di —KAe 7
—_— 2.28
dt  1+Kte 7T (2.28)
which gives
Re{%} :Re{—. Koy }
dt ) =1 e+t — Kt
B Ko, sinw, T,
(cos w1 T; — K7;)? + (sin 4. 7;)?
>
= + > 0. (2.29)

(cos w1 T; — K7j)? + (sin 04.7;)?
For a =15, b = 0.1, ¢ = K = 1, they calculate the first critical value of the delay

parameter as 7y = 1.03473 and present the following Figure (2.2), Figure (2.3) and

Figure (2.4) which support the existence of the Hopf bifurcation.

The information in Subsection 2.1.3 was provided from Ref. [24].
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Figure 2.2 : 7 =0.8 < 79 = 1.03473.
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Figure2.4: 7 =1.1 > 79 = 1.03473.
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2.2 Lyapunov Exponent

Lyapunov exponents are defined as the average exponential rate of divergence or
convergence of neighbouring orbits. Ref. [25] suggests that Lyapunov exponent is
a quantitative tool to measure chaotic behaviour of a dynamical system. Although
these orbits are indistinguishable, their future behaviour may not be predictable with

the exponential divergence.

Lyapunov exponents show how different directions are related to expanding and
contracting nature in phase space. Suppose x(7) is a point on the trajectory of a
dynamical system and consider a point x(z) + 6(¢) which is its neighbour. When we
express ||8()|| ~ ||&||e*, the future distance between these neighbouring trajectories

are characterized by the number A, which is called the Lyapunov exponent.

Zero exponent indicates slowly changing magnitude of a principal axis tangent to
the flow. Positive (negative) Lyapunov exponents correspond to axes which are on
the average expanding (contracting). For dissipative system, there exists at least one

negative exponent, and all exponents’ sum are negative.

Exponential divergence is defined by a positive Lyapunov exponent. If a system has at
least one positive Lyapunov exponent, there exists chaos which means our prediction
for a dynamical system breaks down. Trajectories of a chaotic systems with aperiodic
motion will rapidly diverges from each other and Lyapunov exponent of a dynamical
systems shows speed of divergence of these trajectories. In addition, divergence
of neighbouring trajectories indicates how a chaotic system is sensitive to its initial

conditions.

Qualitative features of a systems of dynamics can be inferred from the signs of
the Lyapunov exponents. An n-dimensional dynamical system has n Lyapunov
exponents. There exists one positive Lyapunov exponent to create chaos for a one
dimensional system. Besides, zero Lyapunov exponent causes a stable orbit and a
negative Lyapunov exponent creates a periodic orbit. In a three dimensional continuous
dissipative dynamical system one may have , a strange attactor with (+,0,—), a

two-torus with (0,0, —), a limit cycle with (0, —,—), and a fixed point with (—,—, —).
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There are three possible strange attractor types, and these are (+,+,0,—), (+,0,0,—),
and (+,0,—,—).

2.2.1 Lyapunov exponents of an n-dimensional dynamical system

Consider an n-dimensional dynamical system described in [22] by the system of first

order coupled ordinary differential equation
X =F(X), (2.30)

where X (1) = (x1(¢),x2(),...,x,(¢)). Suppose that there are two trajectories in the
n-dimensional phase space and their initial conditions Xy and Xé = Xo + 06Xy are
neighbouring each other. They are evolved over time and become the vectors X (7)

and X'(t) = X (¢) + 86X (¢) , with the Euclidean norm

d(Xo.1) = 18X (Xo,1)|| = /823 4+ 623 4.+ 82, 2.31)

d(Xo,1) is for the distance between two trajectories Xo and X;. The evolution of 6X

with regard to time is written by linearizing (2.30) and we found
8X =M(X(t)).6X, (2.32)

where M = JF /0X|x—x, is the Jacobian matrix of F. Besides, the mean rate of

divergence of these two close trajectories calculated by

d(X()?t)

m). (2.33)

1
A (Xo, 6X) = lim — log(

2.2.2 Lyapunov exponent with an example: Lorenz model

Lorenz studies special case to understand behaviour of trajectories. When he illustrates
his result, he finds a butterfly structure in phase space. Although it is known
that trajectories do not cross themselves, it seems that as if they cross themselves
repeatedly. Therefore, his result shows us that there is something strange. Thus, Lorenz

shows that predicting the future of a chaotic system is quite difficult.

In this case, Lorenz’s three-dimensional dynamical system has three Lyapunov

exponents for 6 = 16,R = 45,92, and b = 4.

x=o0(Y—-X),
y=X(R-Z)-Y, (2.34)
:=XY —-bZ.
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According to system (2.34), three Lyapunov exponents, shown in Figure (2.5),
calculated by using the LCE package for Mathematica as A; = 1.50085, A, =
0.00327127, and A3 = —22.4872.

0 200 400 GO0 200

Steps

Figure 2.5 : Lyapunov exponents of the Lorenz dynamical system

2.3 Goodwin Model of Growth Cycle

In this section, we consider the predator-prey system which affects the Goodwin’s
work. After introducing predator-prey system, we will explain Goodwin’s original
model with its assumptions.

2.3.1 Predator-prey system

The predator-prey system shows how two species are related with each other. A. J.
Lotka and V. Volterra worked on this model independently. According to [26], the

model has the following assumptions:

(a) There are unlimited food for preys.

(b) Predators reach preys as a unique source of food.

(c) The rate of change of both populations is proportional to the size.
(d) Genetic adaptation and environment changes are not considered.

Under these assumptions the model is developed as follows

dx

. = (XX—BXy,

21; (2.35)
CA S
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where x and y represent the prey and predator population respectively. f represents
death rate of preys because of predator and « is the natural growth rate of preys without
any predator in population. Y is the natural death rate of predator while there is not prey

population. ¢ is the growth rate of predators due to preys.

When the equations in (2.35) are divided, one finds

d Oox —
@__yor7r (2.36)
dx xBy—«a
which can be rearranged to
_ Sx—
Py—o, =Yy (2.37)
X
Finally, one gets the equation
Ox—7yInx+ By—olny=A, (2.38)

with an arbitrary constant A.

2.3.2 Goodwin model

Richard M. Goodwin first introduced a nonlinear model to understand business
cycle behaviour and in economics, and he adapted his model from Lotka-Volterra’s

predator-prey system.

Goodwin’s original model is set up with the following assumptions which we note

from [26]:

(a) Steady technical progress,

(b) Steady growth in the labour force,

(c) Only two factors of production, labour and capital; both homogeneous and
non-specific,

(d) All quantities are real and net,

(e) All wages consumed, all profits saved and invested,

(f) A constant capital-output ratio,

(g) A real wage rate that rises in the neighbourhood of full employment.

In addition to the assumptions, symbols which are used in the dynamical system are

listed in the following table.
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Table 2.1 : Variables and their meanings of Goodwin’s original model

Variable List

q Output

k Capital

w Wage

a = ape™ Labour productivity, o is the growth parameter
s=q/k=1/c Capital productivity

k/g=o0 Capital-output ratio

u=wja Workers’ share of product

(1—w/a) Capitalists’ share of product
(1-w/a)g=k Surplus = Profit =Savings = Investments
k/k=¢/q=(1—-w/a)/o Profit rate

n = ngeP! Labour supply, B is the growth parameter
l=gq/a Employment

v=1I/n Employment rate

As explained in Ref. [26], logarithmic differentiation of the employment rate and the

workers’ share of product gives

n_q
—. 29 _g_p
noq (2.39)

with W pv — Y being the linearized Phillips curve. After that one obtains the
w

Goodwin model as

v‘z[l:‘—(wﬁ)]v,
u=[—(y+oa)+pvu.

(2.40)

The origin (0,0) is an equilibrium, and the nonzero equilibrium (v*,u*) is found as

_yta
p’ (2.41)
u* =[1—(B+a)oc].

To provide economical meaning, Goodwin assumes that #* > 0, and this means that
1
o > (OC + B)

Using the linear approximation method at the two equilibria, the following Jacobian

matrices are obtained:

1 L1
J(0,0) = | (g+ﬁ)_%;la), J@ﬁﬁj:{p o }. (2.42)
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For the origin, J(0,0) is a diagonal matrix, and eigenvalues are real with opposite sign,

so the origin is a saddle point. Besides, at (v*,u*), eigenvalues are purely imaginary.

The stability is undetermined, and one proceeds exactly in the case of the predator-prey

model as follows. The system (2.40) is considered as

dv

Wl (@) - ushy
du

= = m(rta)+pvu

Dividing these equations one gets

du__pr—y—a u
dv  s—(a+B)—usv’

or equivalent,

[s— (a+B)—us|vdu+ [(y+ a) — pv]udv = 0.

We organize to

[s—(aﬂi) _S] w m—a) _p} o

u

and integrating (2.46), one gets

[s— (o4 B)|Inu—su+(y+a)lnv—pv=A.

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

The numerical solution of the system (2.40) is illustrated by the parameters ¢ = 3,

o =0.001, B =0.001, y=0.95, p = 1 as in Figure (2.6).

I I I I I I
0.6 0.7 0.8 0.9 1 1.1 12 1.3 1.4

Figure 2.6 : Goodwin cycle
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2.3.3 The Phillips curve

Ref. [26] said that Alban W. Phillips developed Phillips curve to show a statistical
relationship between unemployment rate and money wage rate. Phillips curve indicates

that there is nonlinear inverse relation between unemployment and money wage:
W /
— = f(U), f <0, (2.48)
w

where U is the unemployment and the rate of change of the money wage denoted as
w/w.

Phillips used UK’s data in 1861-1957 to illustrate his work in Figure (2.7). To
use this curve as a policy instrument, curve shows relationship between price level
and unemployment instead of demonstrating relationship between money wage and
unemployment under the assumption of choosing markets as perfectly competitive

or monopolistic. In the Keynesian framework, according to Phillips curve, inflation

exceeds real wages, so labour demand increases.

Figure (2.8) demonstrates relationship between unemployment rate and inflation in UK

for 1861-1913 and 1948-1957 separately.

30 - . - - —
® 1861-1057

- - o
o w (=]
.

Consumer Price Index in the UK
w

2 4 6 8 10 12 14 16
Unemployment rate in the UK
Figure 2.7 : Relation between unemployment rate and inflation in the United
Kingdom, 1861- 1957.

Figure (2.7) was provided from Ref. [26].
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1
® 1861-1913
A & 1948-1957
10 -

Consumer Price Index in the UK
n

Unemployment rate in the UK

Figure 2.8 : Relation between unemployment rate and inflation in the United
Kingdom, 1861-1913 (orange dots) and 1948—1957 (blue diamonds).

Figure (2.8) was provided from Ref. [26].

Phillips curve has been criticized from different aspects. Although there is a
relationship between unemployment and inflation in the short run, it is not possible
to be generalized for the long run because workers and employers make an agreement
on wage with considering inflation to arrange price increases at rates near expected
inflation.  Besides, characteristics of economy determines the natural level of

employment and rise in inflation causes rise in employment for a short time.

The information in Subsection 2.3 was provided from Ref. [26].

2.4 Generalizations of the Goodwin Model

Authors of [1] analyze the employment-distribution effect as the cycle generation
factor. They focus on four modifications and it is assumed that modifications make

system more realistic. The modifications are

Production is determined according to the demand surplus,

When employment increases, work intensity may decrease,

Non-neutral technical progress and variability of technical progress may be

allowed,

Money wage and price setting behaviour determine the real wage rate.
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Upon the modifications, the general model which is constructed by four non-linear

differential equations, the state variables being the rate of employment, wage share,

rate of capacity utilization, actual capital coefficient respectively, is given as

= [@(B)+f(A) —u(A) —n]B,

= [@(B)+0:1(B) —u(A) - 92(0)]4,
0 = [y(A)+f(A)—z(A,v)]6,
v = [—f(A)+z(A,v)]v.

The functions appearing in the system are

¢(B) = —n+mnb,

f(A) = B[g(1=2)—sul,

u(d) = W +wv+wwnAi,

$(B) = —po+piB,

$2(0) = ba(1—a3)0/(1—asb3),
v(A) = vi—w—hvi+va(l-w)l,
Z2(A,w) = c(1=24)/v,

with the constants

ai(1—b3) —bi(1 —a3)

Po = 1 —azbs )
a(1—>b

pr = a1~ bs) 3)-
1—asbs

(2.49a)
(2.49b)
(2.49¢)
(2.49d)

(2.50a)
(2.50b)
(2.50¢)
(2.50d)
(2.50¢)
(2.50f)
(2.50g)

(2.51a)

(2.51b)

The employment rate which affects the work intensity is described by ¢(B). f(1)

represents the rate of actual production. u(A) is the rate of technical capital

productivity. ¢;(B) and ¢,(6) are for the real wage which depends on employment and

capacity utilization respectively. y(A) is for the rate of technical capital coefficient.

z(A,v) is the rate of the capital stock.
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The following parameter restrictions are applied.

Table 2.2 : General parameter restrictions.

General parameter restrictions

Ww>0, 1>m>0
vi>0, wvu>0

n>0

n=0 n=0

a1 >0, a>0, 1>a3>0
g:=c—(sg—sy)>0

by 20, by>0, 1>b3>0
I>c>0

1>s7>5,>0

0>0

1> a3b;

The information in Subsection 2.4 was provided from Ref. [1].

Remark 1. The content of Chapter 2 aims at providing brief information about the
tools used in this thesis work from the dynamical systems theory and mentions the
results of the article [ 1] of which main model is used as a basis for the problems studied
in this work. The information available in this Chapter is collected from the references

provided and therefore is not to be understood as an original content submitted by the

author of this thesis in fulfillment of this degree.
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3. ANALYSIS OF THE MODIFIED DELAYED GOODWIN MODEL

This Chapter contains the original work performed in this thesis study. As we

explained in the Introduction, the main model

= [o(B)+f(A)—u(A)—nlB, (3.1a)
= [0(B)+¢:1(B) —u(A) — 92(0)]2, (3.1b)
0 = [y(A)+f(A)-z(A,v)]6, 3.1c)
v = [—f(A)+z(A,v)]v (3.1d)

is studied in [1] in various subcases from the point of stability. We consider three of
these cases: (i) variable speed of technical progress and changes in work intensity, (ii)

non-neutral technical progress, and (iii) the full model.

Section 3.1 is devoted to case (i) with a delay term and occurrence of a Hopf bifurcation
is studied at the nonzero equilibrium point in a two-dimensional subsystem of (3.1).
After that case, (i1) is studied in the delayed context in Section 3.2. For the full model
in case (iii), we evaluate Lyapunov exponents in the non-delayed four-dimensional
model in the unstable region of parameters. Finally, we present the calculations for
determining the direction and the stability of Hopf bifurcation in Section 3.4 for the

case (1).

3.1 Variable Speed of Technical Progress and Changes in Work Intensity

According to the analysis in [1], in this case, the system (3.1) reduces to

= [@(B)+f(A) —u(A)—n]B, (3.2a)
= [@(B)+9:1(B) —u(2)]A, (3.2b)
vo= [—f(A)+z(A,v)]y, (3.2¢)
0 = % (3.2d)

where o is a constant. For this case, the parameters are chosen to satisfy u; = 0,

U =1, vi >0, v, > 0. As the first two equations (3.2a), (3.2b) form a decoupled
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system, we will perform our analysis on the subsystem formed by these two equations.

The functions appearing in the system are given as

o(B) = —n+rb,

f(A) = d[g(1—2)—sul,
M(l) = V1—|—V27L,

¢ (B) = —po+piP

with the constants

. al(l—b3)—b1(1—a3)

po = 1 —ashs ’
~ ax(1—53)

pr = 1—a3b3'

In the subsystem (3.2a), (3.2b)

B = [o(B)+f(A)—u(d)—nlB,
A = [p(B)+9:1(B)—u(d)a,

(3.3a)
(3.3b)
(3.3¢)
(3.3d)

(3.4a)

(3.4b)

(3.5a)
(3.5b)

the function ¢;(p) originates from the relation between the inflation rate and

employment rate. There are supporting arguments in literature that this relation

actually includes a time-delay, therefore, we consider this term with a time delay and

consider the delayed system

By = [o(B®)+f(R(0) —u(r (1) ~n|B().

M) = [o(B®)+91(Br—1) —u(A(r)| (),

It takes the form

By = [Bo+nB()—82(0)]|B(1).

M) = A=A ()+%B()+piB— )| A(0).

where

Bo=(g—sw)0 —n—Vi—n,
A=—%—po—Vi,
0o =Vv2+g9o.
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Actually, the system (3.7) is a delayed logistic type Lotka-Volterra system. Although
there is a vast range of publications which deal with delayed versions of the
Lotka-Volterra systems, we did not find one that exactly matches (3.7). Therefore,
to the best of our knowledge, this system has not been considered in the literature

before.

We shall be dealing with the equilibrium

&8N+ Vvi+va+po) — Va(n+s,6 —po)

= , 311
A p1v2+g6(p1+7) 31D
1 — V(g6 +po—n—s5,0) —p1(n+7+s5,6 +Vvi —85)‘ (3.12)
¢ pP1v2+go(p1+7)

The related Jacobi matrices at the equilibrium (3., A, ) are

YZBe _50Be 0 0
= , Jr = 4 3.13
’ [n% —Vale 7 pide O (3.13)
The characteristic equation for an eigenvalue of the linearization of the system (3.7)
—XTy 7 YoBe — x —60Be | _
|Jo+e I —xl| = Bt e 5o, —Vady—x| = 0 (3.14)
gives that
P(x) = xX*+ pox+ro+qoe T =0 (3.15)
with
po = Vake =P, (3.16a)
ro = g6Pele, (3.16b)
qgo = 0op1Bele. (3.16¢)
When 7 = 0, (3.15) takes the form
Py(x) = x*+ pox+ro—+qo = 0. 3.17)
Lemma 1. Since ro+qo > 0, if
po>0 (3.18)

all roots of the characteristic equation (3.17) have negative real parts and thus the

equilibrium point is stable at T = 0.
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Let x = iw be a root of (3.15), w > 0. Then we have

pow = = qosin(o7), (3.19a)

0’ —ry = gocos(o1). (3.19b)

Squaring and adding up both sides we get

o*+ (p§ —2r0)@0* + 1§ — g} = 0. (3.20)

Putting ®? =z > 0, we obtain
h(z) = 22+ (p§ — 2r0)z+ 15 — g3 = 0. (3.21)

In order to have a pure imaginary eigenvalue x = i®, this equation must have at least

one positive solution Z. Defining the discriminant
A= (p§—2r0)* = 4(r5 — 45) (3.22)

we have the following results.

(H1) A< 0: Noreal Z.

(H2) A=0, 2rg— p§ < 0: No positive Z.

(H3) A=0,2ry— pg > 0: One positive Z.

(H4) r% — q(z) < 0: One positive Z.

(H5) A>0,r3—q3>0,2r)— p3 < 0: No positive Z.

(H6) A>0,r—q}>0,2ro— pj > 0: 2 positive Z.

Therefore, we have the following result.

Lemma 2. (A) In cases (HI), (H2), (H5), (3.21) has no root 7 > 0. (B) In cases (H3),
(H4) and (H6), (3.21) has a positive root Z.

Suppose there exists a positive solution to (3.21). Without loss of generality, we can

assume that there are two positive roots 71, 72, hence there are two values of @ > 0 as

o = \/Za 0 = \/2_27 (3'23)
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We evaluate the critical values of 7 so that (3.15) has the pure imaginary root i® as
o) = —|cos” (—) +2/x] (3.24)
Wk q0

fork=1,2and j=0,1,2,.... Let us define

0

T = Ty = 9 9,

min(t), 7 W =W, 20 = 0. (3.25)
Now we note the following Lemma from [27].

Lemma 3. Consider the exponential polynomial equation

P(x,e ey = 4 p Ll et )
Ve p g piDjem (3.26)
AP

+ [pgm)x”_1 +... +p(m) x+p£,m)]e_”m =0,

n—1
(i)

J
As (11, T, ..., Ty) vary, the sum of the order of the zeros of P(x,e " ...,e *™) on the

where 7, >0 (i =1,2,....m) and p;’ (i=0,1,2,....m;j = 1,2,....n) are constants.

open right half-plane can change only if a zero appears on or crosses the imaginary

axis.

According to this Lemma, we have the following conclusion.

Corollary 1. Suppose the condition (3.18) is satisfied.

(i) If one of the conditions listed in Lemma 2(A) is true, then, the roots of (3.15) are

with negative real parts for all T > 0.

(ii) If one of the conditions listed in Lemma 2(B) is true, then, the roots of (3.15) are

with negative real parts for all T € [0, 7).

Lemma 4. Suppose that one of the conditions in Lemma 2(B) holds and that I’ (zg) # 0.
Then, iy is a simple (i.e., not multiple) pure imaginary root of the equation (3.15)

when T = Ty. Additionally, the transversality condition

d(Re(x(1)))

0 3.27
drt =1 7 ( )

is satisfied and the sign of d(Re(x(7)))/d |z, is consistent with that of h'(zo).
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Proof. First let us show that iy is a simple pure imaginary root of the equation (3.15)

when T = 1 if #'(z0) # 0. Assume that x = i@ is a multiple root of (3.15). Then, we
dP(x)

X lx=iwy
T = Tp. From the equalities

must have

= 0. Keep in mind that we have the eigenvalue x = i@y when

P(iox) = (ia)? + poiax + ro + goe ™™ =0, (3.28)

P/ (iax) = 2iwy + po — Togoe '®™ =0 (3.29)
we eliminate the exponential term and get
Po— roa)g +roTo+ian (2 + poTo) = 0. (3.30)

The real and imaginary parts of this equality must vanish, which together require
203 + pj — 2rg = 0, which means #'(@w3) = h'(z0) = 0. This is a contradiction to
the assumption, therefore i@y is a simple root. From this part of the Lemma, we shall

make use of the result
dP
dx

In order to show the validity of the transversality condition (3.27), we evaluate the

0. (3.31)
xX=iwy

derivative of (3.15) and obtain

d
(2x+ po — Tqoe ) ﬁ = xqoe " (3.32)
which actually is
dP dx xT
—_——= . 3.33
dxdr ¢ (3-33)
Equation (3.31) allows us to proceed as
d : —iy Ty
dx _ iGogoe ™ (3.34)
dtlr=1,x=iay ar
dx x=iay

and the denominator is nonzero within some vicinity of x = i@y by (3.31). We obtain

dx 1Wnq0
— = . . 3.35
dtlt=1,x=iay (2@ + po)e'®™ — Tq ( )
Evaluating this expression at x = i@y we obtain
d(R
Re(x(r))|  __(dx
drt T=T) drt T=T(,X=i0)
=Re ( - lwoq.o )
(2iwy + po)ei®™ — gy
2(9m2 1 12 2
5 (20, -2 o,
_ DR FP=2r0) B 2y (3.36)

D D
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with

D = [pocos(wyTp) — 2@y sin(myTp) — qoro]z + [posin(wyTp) + 2y cos((x)oro)]z.
(3.37)
Obivously, D # 0 by (3.31). ]

Theorem 3. Let E = E(f,,Ac) be a positive equilibrium point of (3.7) in the unit box

for which the condition (3.18) in Lemma 1 is satisfied and let Ty be defined as before.

e [fone of the conditions listed in Lemma 2(A) is true, then, E is asymptotically stable

forall T>0.

e If one of the conditions listed in Lemma 2(B) is true and if W (zo) # O, then E
is an asymptotically stable equilibrium point when t € [0,7). E is unstable for
T € (70,71), where 7| is the first value of T obtained from (3.24) after 1. The

system (3.7) undergoes a Hopf bifurcation at E when T = 1.

The result is illustrated in Figure (3.1), Figure (3.2) and Figure (3.3) by using the
parameter combinations as v; = 0.02, v, = 0.04, 1 = 0.01, b = 0.012, 6 = 4.2,
c=0.38,n=0.01,5,=0.24,5,=0.04,a; =09,a, =1,a3=0.99, b, = 1.9, b, =0,
b3 =0.6.

We find B, = 0.900484, A, = 0.702017, 19 = 0.0348488.
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Figure 3.1 : 7 =0 < 79 = 0.0348488.
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3.2 Non-Neutral Technical Progress

Allowing non-neutral technical progress and neglecting changes in work intensity and

influence of capacity utilization, authors of [1] obtain the system

B = [f(A)—u(x)—n]B, (3.38)
A = [91(B)—u(D)A, (3.38b)
vo= [—f(A)+z(A W), (3.38¢)
6 = [y(A)+f(A)—z(A,v)]6, (3.38d)

in which
w>0, 0<m<l, vi>0, v»>0 (3.39)

and

u(d) = w+mwvi+wwAl, (3.40a)
y(A) = vi—u—wvi(l—uw)Ai. (3.40b)

As before, we are going to consider the subsystem formed by the equations (3.38a),
(3.38b). However, first observe that as stated in [1], for the equilibrium point
(Be, Ae, Ve, 6,) of this system, through (3.38c¢), (3.38d) one gets w(A,) = 0. As in [1],

name this value of ie as ie*, which is

1*: ,LLl—Vl(l—IyQ).

. 341
Vo (1 — ) (34D
Further, from (3.38a) and (3.38b), one obtains
L: O(8—sw)—n— — WV (3.42)
0g+ V2
Be _ ay(1=>03)—bi(1 —az)+ (1 —azb3) (U + Havi + U vale) ' (3.43)

ax(1—b3)
Clearly, 16* and A, must be equal. Assuming the parameters happen to occur to satisfy
2; = L., we consider the separate dynamics between fB(r) and A(¢) in (3.38a) and
(3.38b) with a delay term same as the previous subsection with the same motivation.

Hence we consider the model

Bty = [f(R(0)—u(A() ~n|B(0). (3.44a)
i) = [4}1([3(1?—1:))—u(l(r))}?t(t). (3.44b)
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Clearly, (3.44) is a special case of (3.6) in which ¢() = —y1 + %8 =0, up to a change
in the constants included in u(A ). Therefore, the bifurcation analysis performed in the
previous subsection with ¥} = % = 0 will follow by quite similar lines with a slight
change in the coefficients. We shall briefly provide the main results for this special

case.

For completeness, let us remember that

fA) = 6[g(1—A)—sy], (3.452)
»n(B) = —potp1B (3.45b)

with the constants

a1(1 —b3) —b1(1 —a3)

po = Ty g (3.462)
_ax(1—h3)

It takes the form
B = [Bo—&A0)]B). (3.472)
M) = [o—mvad(0)+piB—7)]2(0) (3.47b)

where

Bo = (g—sw)8 — i — pavi —n, (3.48)
do=—po— i — o1, (3.49)
& = g8+ Vva. (3.50)

In addition to (3.43), (3.42), we can express the nonzero equilibrium ponits as

162[3_7 Bezw. (3.51)
) p1do
The related Jacobi matrices at the equilibrium £ ( Be, ie) are
_[o —%B _[o o
h= {0 —szzie] ’ o= [Plle 0-] (3:52)

The characteristic equation for an eigenvalue of the linearization of the system (3.47)

—X _SOﬁe

Ji g —xl| = x
|O+e ‘ x’ e_xrpl)te —Nsz;l,e—x

=0 (3.53)
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gives that

P(x) = x*> + pox+Goe ** =0 (3.54)

with
o = Wik, (3.552)
Go = &op1Bele. (3.55b)

When 7 = 0, (3.54) takes the form
Po(x) = x>+ pox+Go=0 (3.56)
Lemma 5. Since py > 0 and gy > 0, all roots of the characteristic equation (3.17)
have negative real parts and thus the equilibrium point is stable at T = 0.
Let x = i be a root of (3.54), w > 0. Then we have
Pow = = {§osin(o1), (3.57a)
0> = gocos(wT). (3.57b)
Squaring and adding up both sites we get
o* + paw* — G5 = 0. (3.58)
Putting ® = z > 0, we obtain
h(z) = 2> + poz— G = 0. (3.59)

In order to have a pure imaginary eigenvalue x = i®, this equation must have at least
one positive solution 2. Since i(0) = —q% < 0, (3.59) has at least one positive solution
Z. Without loss of generality, we can assume that there are two positive roots Zj, 2o,

hence there are two values of @ > 0 as

@ =21, @=+/2, (3.60)

We evaluate the critical values of 7 so that (3.54) has the pure imaginary root i@ as

o1 @2>
=J 1 %% -
g = —[cos™! (2£ ) 42y (3.61)
Kay ( 40 g
fork=1,2and j=0,1,2,.... Let us define
To=1 =min(§, %), @=dy, 20=00. (3.62)
Following this, we have the following conclusion.
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Corollary 2. All the roots of (3.54) are with negative real parts for all T € [0, 7).

Lemma 6. i@y is a simple (i.e., not multiple) pure imaginary root of the equation

(3.15) when T = Ty. Additionally, we have

d(Re(x(7)))
e e 20 (3.63)

and therefore the transversality condition is satisfied.

Proof. The proof follows when we take 7y = 0 in the proof of Lemma 4. We repeat
the calculations for the convenience of the reader. First let us show that i@y is a simple

pure imaginary root of the equation (3.54) when 7 = 7p. Assume that x = i@y is a

multiple root of (3.15). Then, we must have dP—SSC) a = 0. From the equalities
P(idx) = (i) + poido +goe " P* =0, (3.64)
P/ (i) = i@y + po — Togoe '@ =0 (3.65)
we eliminate the exponential term and get
Po— To @3 + i@ (2+ poTy) = 0. (3.66)

The imaginary part cannot vanish as pg > 0, 7y > 0. Therefore the assumption is false

and
dP

— #0. (3.67)
dx x=i@x

Further, let us note that if we put the conditions pg — ‘Z‘od)g =0 and 2+ ppTy = 0, they
together require 2(1)3 + ﬁ(z) = 0, which means /' ((I)g) = h(29) =0. In order to prove the

second part, we evaluate the derivative of (3.54) and obtain

d
(2x-+ o — Tdoe ) = = xdoe " (3.68)
which actually is
dP dx _
aﬁ = que x‘L'. (3.69)
Equation (3.67) allows us to proceed as
dx _ i@ogoe "% (3.70)
dtle=z,x=i@y  dP ’
|y —igy
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and the denominator is nonzero within some vicinity of x = i@y by (3.67). We obtain

d e
ax S (| — 3.71)
dtlt=%,x=iay  (2i@y + Po)e'®% — Tygo

Evaluating this expression at x = i@y we obtain

d(R
Re(x(z))| o (dx
dt =% dt lt=%),x=idy
e
(2@ + po)e' ™™ — Tpgo
22 (" 72 =2 72 ~2

D D
with

D = o cos(@nty) — 2@y sin(@Ty) — GoTo)* + [Po sin(@oTo) + 2@y cos(@yTo)]>.
(3.73)
Obviously, D # 0 by (3.67). ]

Theorem 4. Let E = E(B., ) be a positive equilibrium point of (3.44) and let %, be
defined as before. E is an asymptotically stable equilibrium point when T € [0, 7). E
is unstable for t© € (%y, 1)), where 7| is the first value of T obtained from (3.61) after

%y. The system (3.47) undergoes a Hopf bifurcation at E when © = %,

The result is illustrated Figure (3.4), Figure (3.5) and Figure (3.6) by using the
parameter combination y; = 0.018, u; = 0.5, vi =0.015, v, =0.03, 1 =0, »» =0,
0=4,¢c=04,n=001,s,=024,5,=004,a; =09, a,=1,a3=1,b; = 1.9,
by =0, b3 =0.6.

We find f, = 0.936626, A, = 0.741718, %, = 0.0196509.
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3.3 The General Model Reconsidered for Lyapunov Exponent

Now we consider the full system (3.1) of [1], in which the equilibrium points are

calculated as
Ae = [t —vi(1—2)]/[v2(1 — o)l
Be={n-+n+w/(1—1)—06[(g(l—2A)—swl}/7

3.74)
ve = [c(1—2e)]/{6[g(1—2e) —sul},
0. = |[@(Be) + ¢1(Be) — u(Ae)]/[b2(1 —a3)]| (1 — azbs).
Around this equilibrium point, they find the Jacobian matrix
ain ap 0 0
_|ar axn a3 O
J = 0 an 0 ay 3.75)
0 ap, 0 ay
where
air = ¢'(Be)Be = 128 > 0,
ary = [f'(Ae) = (X)) Be = — (88 + u2v2) e <0,
az1 = [@'(Be) + 91 (Be)|Ae = [12 +a2(1 = b3) /(1 — azb3)] e > 0,
an = —u' (Ae)Ae = — V2o < 0,
d
as = [W/(A)+ £ (Ae) = 5718 = [Va(1 - pa) = 8g +¢/vel
_ 9z, 2
aszy = “an 0, = [c(1—A,)/v]6, > 0,
a5 = [— ') + v, = (8g—c/ve)v
42 = e EYR e =108 e)Ve,
gy = ;—vzve =—c(1—=2)/ve <O.
According to above matrix, they find characteristic equation
st cls3 + czs2 +c3s+c4 =0 3.77)

45



where

c1 = —(ar +axn +as),

¢y =anan+ (ai +ax)ass —apaz — axasy,

c3 = (apax1 —anaxn + axsaz)ass + (a11a32 — azaasn ) a3, (3.78)

c4 = anaxz(azsas — azpass).

Let us note that these results are available in [1].

For the set of parameters

1 =0.012 v; =0.015 7 = 0.09

W = 0.60 v, =0.02 Y =0.10

a; = 0.865 a =1 az =0.90

by =0.190 by =0.25 bz =0.50
n=0.01

sy =0.24

sy = 0.04
0=4 3.79)
c=0.40

the equilibrium points are calculated as B, = 0.90, A, = 0.75, 6, = 0.80 and v, =
2.50. There are four non-zero eigenvalues 0.0425805 = 0.730579i, —0.0441941, and

0.0000331856. Therefore, the equilibrium is unstable.

By using a Matlab package which uses Wolf’s Algorithm [28], we evaluate the
Lyapunov exponents and find them as 0.102509, 0.102763, 0.002579 and -0.059178.

The following Figure (3.7) is the output of this evaluation. We conclude that, since

there are two positive Lyapunov exponents, the system may exhibit (hyper)chaotic

behavior with this set of parameters.
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Figure 3.7 : Dynamics of Lyapunov exponents

3.4 Direction of Hopf Bifurcation

In Section 3.1, we considered the subsystem

By = [Bo+nB()-&A0)]B(). (3.80a)
M) = [lo—vah(0)+%B(0) +piBlr =) A () (3.80b)

and investigated the conditions on the parameters so that the first two of the conditions
(1) pure imaginary eigenvalues (ii) tranversality for a Hopf bifurcation to occur are
satisfied. In this subsection, assuming these two conditions are satisfied, we shall

evaluate the first Lyapunov coefficient.

First we make the change of variable r = 7. As i = l—N, we obtain
dt tdt
d - - - -
ZB(eh) = 7[Bo+1nB(eh) - doA(eh)| B (7D, (3.81a)
d

SA(T) = T|ho—vaA(eh) + BB+ p1B((— 1) A(sT).  (381b)
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Let us name f3(7) = B(t7) and A (7) = A(77) and get

BH = t[Bo+mBH-%L0O|BM. (3.822)
M0 = tlho—vd()+pBO+pBE-1]AG.  (382)

This normalizes the delay 7 to 1, giving a factor of 7 on the right hand side. We drop

tildes and hence fix

By = [Bo+mB)— &A1), (3.83a)
Alt) = T[ﬁo—vzfl(l)Jr?’zﬁ(t)erlﬁ(f—1)]/1(T)~ (3.83b)

We translate the equilibrium point E(f3,, A.) by
ui(t) =B(t) — Pe, uy(t) =A(t) — Ae. (3.84)

This gives us

in() = 7 [ 1B (6) = Soerea(r) + 1k (1) — By (Nua(0)],  (3.85a)
() = T[Yzleul(l) —Vaheua(t) + p1leur (t — 1)
o () un (1) — Vo (£) + pruay (¢ — 1)u2(¢)} . (3.85b)

Based on this form, we proceed to determine the direction of Hopf bifurcation and
the stability of the bifurcating periodic solutions according to the normal form theory
by [29]. Regarding this center manifold analysis, we also would like to mention Ref.
[30]. In the literature, the closest, but not identical model to (3.7) is studied in [31].
Therefore, following the calculations in [31] and also in [32] and [33], we continue as

follows.

For clarity, we would like to present this system in the matrix form as

) [ A fu] [ 0 0] fuc-b)

uz(l‘) ’}’27(‘6 —V27Le uz(l‘) p17Le 0 l/tz(t— 1)
Yous (1) — Bouy (1)u (1)
4 L’zul(f)uz(f) ! Vous (1) + pru (1 — l)uz(f)] (5:56)
Let us define
1y (0) = {Z;Egﬂ — (1 +6) = mgig;} Cw[-1,0]RL (387)
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Then, (3.86) becomes

o) =< ok fifij o]+ oo o) [on3)]
IO oot N B

For notational convenience, we set
a
(a,b)z{ b L g @bv)'=[a b ], (3.89)
X

For ¢(6) = (91(0),¢2(0)) € C([—1,0],R?), define the operator L by

LM:T[YzBe —5ol3e] [¢1(0)} +r{ 0 0} [‘Pl(—l)} (3.90)

LA —Vake| |$2(0) pite 0] [¢2(—1)
and
Al %02 (0) — 801 (0)d2(0)
flg.) =7 {fn} =g [m (0)62(0) — v22(0) +P1¢1(—1)¢2(0)} (5D

with 7 = 7, + . See that, by virtue of these, we can denote the terms appearing in

(3.86) as

o o e o K e W | [

and

_ Yaui, (0) — Sour; (0)uz (0)
Sl ) =7 [qulr(o)uzr(()l) — v, (0) +p1un<—1>uzt<o>] (3.93)

Therefore, we have

i(r) = Ly () + f (g, ). (3.94)

Now we wish to write this system as a functional differential equation on C([—1,0],R?)

in the form

Uy :A(H)M[+R(N)Mt (3.95)

which is more suitable as it includes a single unknown vector u;, compared to (3.94)
which includes both u(r) and u;. By the Riesz representation theorem, there exists a
matrix whose components are bounded variation functions 11(0, i) in 6 € [—1,0] such

that
0
Lug = [ dn(6.1)9(®) (3.96)
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for ¢ € C[—1,0]. n(6, ) can be chosen as

_ '}/Zﬁe _60[36 0 0
noe,u)=r [Yzle —lee] 0(0)+7 [pl/le 0} 0(0+1) (3.97)
where 6(0) is the Dirac distribution.
For ¢(0) € C'([—1,0],R?), define
49(6) 6c[-1,0
A(p)9(0) =14 §° =1,0), (3.98)
Jordn(s, )¢ (s) = Lu(e), 6=0,
and
0, 6 €[—1,0),
R(u)9(6) = (3.99)
f((Pnu)? 0= 07
. dut dl/t[ . . .
Since 0= a4 (3.86) is equivalent to (3.95). Indeed, for 6 € [—1,0), (3.95) is the
N . du duw A
trivial identity 0= 4 and for 8 = 0 it gives (3.86).

For y €C! ([0,1],(R?)*), define the adjoint A*(0) of A(0) as

—avls) s € (0,1]
A" (0)y(s) = p T (3.100)
Y & {foldnT(t,O)l/f(—t), s=0,
where T denotes transpose and a bilinear inner product
- 0 o .
(v.9) =9(0)-9(0) —/ / V! (E—0)dn(0)¢(E)dE, (3.101)
=—1JE=0

where 11(6) = n(6,0) and a bar denotes complex conjugate. Then A(0) and A*(0) are
adjoint operators. In addition, we know that £i@T7; are eigenvalues of A(0). Thus, they
are also eigenvalues of A*. Let ¢(6) be the eigenvector of A(0) corresponding to i@

and ¢*(s) be the eigenvector of A*(0) corresponding to —i®T; that is,
A(0)q(0) =iwTq(0), A" (0)g"(s) = —ioTg™ (5). (3.102)

We must find ¢(0) that satisfy

dfi—? = inkq(e) 0 c [_170)7

Lﬂ:() (q(G)) = ia)qu<0>, 6 =0.

(3.103)

and ¢*(s) satisfying identities required by (3.100). Then it is not difficult to show that

_ '}/2ﬁe —io

q(8) = (1,a)e' %", a= TSh (3.104)
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and

g (s) =B(a*, 1), o = (3.105)

The evaluation of the inner product yields

(@(5).0(6)) = 70)q(0) - /__1 [ a0 an(o.0a)ac

- /5 E(a*, 1)Te @%E=0)gn(0,0)(1, ) %5 dE

0 .
a)—B/ 0% (", 1) dn (6,0)(1, )
0=-—1

o[ esarfa[gh o

1 [p&e 8} 6(9+1)}(1,a)d6

— % _R(_ 107 (—1) 7+ 1\T 0 0
(a@*+a)—B.(—1).e %" (a*, 1) Tk[pﬂe O] (1,o)

= E(ﬁ* + OC) + TkEe_inkplle

|
or]

- E(a* + ot e 0% plﬂte> (3.106)

after which we choose
_ 1
B = . 3.107
"+ o+ e 1O%pi A, ( )

to satisfy
(q"(s),4(8)) = 1. (3.108)

We first compute the coordinates to describe the center manifold Cy at 4 = 0. Let

be the solution of (3.95) when u = 0. Define

2(t)=(q"ur),  W(t,0) =u —2g -2 =u;(8) —2Re{z(t)q(6)}  (3.109)

On the center manifold Cy we have
W(t,0)=WI(z(t),z(z),0), 3.110)

where

2 52

W(Z,Z, 9) = WZO(O)Z_ +W11(9)ZZ—|—W02(9)

JA11
5 Fow Q1D
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z and Z are local coordinates for center manifold Cy in the direction of ¢* and g*. Note
that W is real if u, is real. We consider only real solutions. For solution u; €Cyp of

(3.95), since u =0,

{
(g", A(
= (q"A(
(A" (0)q",ur) + (", f (ur,0))
(—iong",ur)+{q", f(W(z,Z,0) +2Re{z(1)q(6)},0))
= (—iong",u)+(q", f(W(z,Z,0) + 2Re{z(1)¢(6)},0))
= i0T(q" )+ (0) fo(z,2)
= i07z(t)+g(z,2) (3.112)

with g(z,2) =7"(0)" fo(z,Z) and

_ Z ay 728
8(z,2) = 8205 +8NZT T80 8215 T (3.113)
Let us note that
ul(ult(9)7u2t(9)) = W(t7 6) +ZQ(6) +ZQ(9)7 (3°114)

and ¢(0) = (1, ®)e’®%®  and, explicitly,

2 =2
u(0) = z+z+W2%)(0)%+W1(1')(0)zz+w(§2”(0)%+...
2 52
u(0) = zo+z0+ Wi (o)% +w P (0)z+ W (0)% T (3.115)
) ) 2 =2
wi(=1) = ze %z Wi (1S + W (- Dz W (DS 4
. . 2 2
wn(=1) = zoe % 4z Wog (~ )T AW (DEH WG (<D S+
. 0
8(z,2) = 6*(0)Tfo(zaf)=BTk(ﬁ*al)T[ ;51 }
12
_ E —% 1 T }/21/‘1;( ) 5()”11( )MZt( ) 3.116
BT | 010 0] pe 10 P11
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Substituting (3.113) into the left side of (3.116) and comparing the coefficients, we

obtain

g0 = 2Bru(op+ayp—adt S — oalvy+apje %),

g1l = Bu(ap+ap+20'p — ot d—a o' s —20av;, + % ap, + e P%ap;),
gn = 2BR(0p+ap—aatsy—atv,+e%apy),

g1 = Bt <2ay2W1(11 ) (0)+4a” '}/QWI(II) (0)+ ﬁ}QWZ%) (0)+2a” yZWZ%) (0)
+ 2pW T (0) + Wi (0) — 200" &W,, (0) — @ & 8yWay (0) — 26 W, (0)
— @ &WP(0) — 4av, w2 (0) — 2av, WD (0) +2ap W, (1)

+ ap W (1) +2pe @ W (0) + pre T WY (0)) (3.117)

Since there are W,((6) and Wy (0) in g3, we still need to compute them. From (3.95)
and (3.109), we have

W:uz—Z'CI—ZLC_I

A
A
=A
=A
A(0)W —2Re{7"(0) - foq(6)}, 6 € [-1,0),
A(0O)W —2Re{7*(0)- foq(0)} + fo, 6 =0,

“ A(O)W +H(z,2,0), (3.118)

QU

where
2 72
H(z,7,0) :HZO(Q)E +H11(9)z2+H0263... 3.119)

Using W = W,z + W:z and Egs. (3.118), (3.119), we obtain

(A(0) —2iwT)Wa0(0) = —Hao(6), (3.120)
A(0)W11(0) = —H11(6), (3.121)
(A(0) +2i0T)Wo2 (0) = —Hpo(6). (3.122)

From (3.118), we know that for 6 € [—1,0),

H(z,7,0) = —g"(0)" foq(8) — 4" (0)" foq(0) = —g(z,2)q(0) — 8(2,2)4(6). (3.123)
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Comparing the coefficients with (3.119) gives that

H(0) = —g209(0) — 2024(0),
Hi1(0) = —g119(0) —g114(9), (3.124)
We get
Wao(8) = 2i0TWao(0) + 204(6) + §024(0). (3.125)

Note that ¢(8) = g(0)e/%®, hence

1820 i0T0 802 _ —ioT,0 2inT, 0
Wro(0) = =——¢(0 k ——g(0 k E k 3.126
20(0) mkq( Je +3(MkCI( Je +Ee (3.126)

where E| = (E11,E]2) is a constant vector. Similarly, from (3.120) and (3.124)

Wi1(0) = g119(8) +£114(6), (3.127)
and
Wi1(6) = —’ﬂq(O)e"“’fk" + @q(O)e—"“’TkG +Es. (3.128)
DTy AT

with a constant vector Ey = (E31,E»y). In what follows we shall seek appropriate E}
and E; in (3.126) and (3.128), respectively. It follows from the definition of A and
(3.120) that

0
/_ N (6)Wan(8) = 210 Wao(0) — Hao(0). (3.129)
0
[ dn©Wi(8) = ~Hi(0). (3.130)
where 1(6) = 1n(6,0). From (3.118), we have
H20(0) = —g204(0) — 202d(0) +27, poeh (3.131)
20 20 02 “\pa— alv, + proeion .
and
_ S 2p—ad—ad
H11(0) = —g119(0) — £114(0) + 7 (2)/2Re{a} . 2vz|oc\2 +2lee{aeimk}) .
(3.132)

Substituting (3.126) and (3.131) into (3.129), we obtain

' 0 g2 _ P — ady
(2iwtd — [°, 20T dn(9)) E; = 21, (7206 — a2y, +p1aei‘°Tk> (3.133)
that is
2iow— YZﬁe 301‘6 . 2»}/2 _ 2(X50
<_’y2)’€ — plﬂ‘ee—Zink 2im + Vzle El — ZYZ(X _ 2062\/2 + 2p1 ae—iwrk (3.134)
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Similarly, substituting (3.128) and (3.132) into (3.130), we get

0 21, —ady—ado
/_1 an(8)E> = <2y2Re{oc} 2vs|a|? +2py Re{ae"‘”}) (3.135)

which means

'}/Zﬁe _SOAe _ 2')/2 - 0650 - ﬁﬁo
<<Y2 +p1) e _V27L€> B (2?’2Re{0‘} —2va|al* +2piRefae’T} ) (3.136)

It follows from (3.126), (3.128) (3.135), and (3.136) that g>; can be expressed. Thus,

we can compute the following values:

_ B > gl | 821
c1(0) = Y0t —— (811820 — 2|gu1]” — 3 )+ R (3.137)
_ o Re(cl(O))
= TR (m) G139
B> = 2Re(ci(0)), (3.139)
T, — Im(cl(O)) —I—a,L)LzIm( ))7 (3.140)

which determine the quantities of bifurcating periodic solutions at the critical value
Ty, 1.e. [l determines the directions of the Hopf bifurcation: if fi; > 0 (fio < 0)
then the Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic
solutions exist for T > 7; (T < 7;); B, determines the stability of the bifurcating periodic
solutions: the bifurcating periodic solutions in the center manifold are stable (unstable)
if B <0 (B, > 0); and T, determines the period of the bifurcating periodic solutions:

the period increases (decreases) if 7, > 0 (7> < 0).

We take the parameters as v = 0.02 , v, =0.04 , 1 = 0.01, b =0.012, 6 = 4.2,
0=0.55 ¢c=038 n=0.01, s =024, 5, =004, a; =0.9, ap = 1, a3 = 0.99,
b1 =1.9,b, =0, b3 =0.6.

We find that ¢; (0) =0.00132164 —0.0136561i, hence [i, < 0, therefore, the bifurcation
is subcritical. The bifurcating periodic solution exists when 7 crosses 7y to the left.

Since 3, > 0, the bifurcating periodic solution is unstable.
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4. CONCLUSIONS AND RECOMMENDATIONS

We conclude by outlining the achievements of the thesis and provide possible future

work.

4.1 Conclusions

As a counterpart of predator-prey dynamics in mathematical economics, despite its
simplicity, to some extent, the Goodwin model explains the periodic behavior of the
state variables which are observed within certain time intervals. The assumptions
on the construction of the model can be relaxed so as to take into account more
complicated situations occurring in an economy. Therefore, the model has been
modified in the available literature through various considerations. In this work
we considered a generalized, higher dimensional Goodwin model which takes into
account variable capacity utilization and capital coefficient in addition to the variables

employment ratio and wage share.

Taking into account a delay effect in the Phillips curve, we show that, while the
equilibrium point of the generalized system is stable in a parameter domain in the
non-delay case, the delayed model may experience a Hopf bifurcation and periodic
oscillations may arise. In specific cases, the equations for the wage share and the
employment rate decouples from the full system. For these cases, we analytically
determine the critical value of the delay parameter that will drive the stable equilibrium
point to an unstable one through a Hopf bifurcation. We also observe two positive
Lyapunov exponents in the non-delayed four-dimensional model in the unstable case,
which is referred to as hyperchaotical behavior in literature. In one of the analysis for

the Hopf bifurcation, we performed the direction analysis.
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4.2 Future Suggestions

With the analysis conducted in this thesis, we attempt to provide an approach to the
original Goodwin model and its generalisations in the literature in terms of delayed
analysis. As a point which deserves further consideration we believe, we would like to
note that, when the employment-wage share cycles constructed with real data available
in the literature for a particular country’s economy are analysed, it is observed that the
cycles are valid for a certain time interval, after which the cycle jumps to another
equilibrium point of the phase plane. One explanation for this situation may be the
change in the values of the parameters in the system of the relevant country that give
the position of the equilibrium point. Another explanation for this situation, which can
be obtained from the results of this thesis, is that the related equilibrium point becomes
unstable at a certain point due to the realisation of the dynamics in the system with a
delay and the drawn phase curve moves away from the equilibrium point and tends to

realise another cycle in the phase space.

Analysis of delay dynamical systems has a vast literature. However, we observed that
the Goodwin model and its modifications have not been studied thoroughly. That was
the main motivation in setting the content of the thesis the way we did above. We would
like to remark that, other modifications of the Goodwin model and higher dimensional

extensions await for being analyzed in the delayed context.
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