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EXACT SOLITON SOLUTIONS OF CUBIC
NONLINEAR SCHRODINGER EQUATION
WITH A MOMENTUM TERM

SUMMARY

There are various interconnections between the positive sciences, with differential
equations serving as a fundamental bridge linking mathematics to other scientific
disciplines. Nonlinear wave phenomena have recently gained considerable attention
due to their theoretical significance and applied relevance. Nonlinear optical wave
equations not only facilitate the development of advanced techniques but also play a
crucial role in elucidating natural phenomena across diverse fields, including biology,
nonlinear optics, and quantum physics. Among these, solitons—localized nonlinear
waves—stand out as valuable tools for understanding complex nonlinear systems.
Solitons are widely studied in areas such as plasma physics, nonlinear optics, and
quantum mechanics.

Optical solitons, in particular, have drawn significant interest due to the inherently
interdisciplinary nature of soliton theory, making it a pivotal topic for advancing
technologies like high-speed data transmission. The external potential strongly
influences the shape and stability of optical pulses. In quantum mechanics
and nonlinear optics, potentials with parity-time symmetry (£2.7-symmetry) are
frequently utilized. Numerous studies in the literature examine the stability of
nonlinear Schrodinger (NLS) equations with &2.7 -symmetry. These equations admit
various nonlinear wave solutions, including solitons, which are localized waves
that propagate without distortion. Solitons demonstrate remarkable resilience during
collisions, retaining their properties even after interacting with other waves.

This work investigates the soliton solutions and their stability in the NLS
equation incorporating a momentum term and cubic nonlinearity under an external
& 7 -symmetric potential. The governing equation is expressed as:

iu; + Oty — iy + ¢|u|2u+ Veru = 0.

Here, z denotes the scaled propagation distance, u is the differentiable complex-valued
slowly varying amplitude, u,, represents diffraction, I" is the momentum term taken as
a constant, and Vpr denotes the external potential. The &2.7 -symmetric potential is
defined as:
Ver = V(x) + iW(x)
= [Vo + Visech(x) + Vasech?(x)]
+ i [Wpsech(x) tanh(x) 4+ Wjtanh(x)] .

Here, V(x) and W(x) represent the real and imaginary components of the potential,
where V (x) is an even function and W (x) is an odd function.

A detailed introduction to solitons and their interdisciplinary significance is provided
in Chapter 1. The NLS equation is introduced, along with its recent developments,
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including the momentum term and &.7-symmetry. The chapter also outlines the
research objectives and the thesis hypothesis, emphasizing the importance of the
momentum term in the NLS equation.

Chapter 2 describes the Spectral Renormalization (SR) Method, an iterative Fourier
technique used to numerically solve the NLS equation with a momentum term and
a &7 -symmetric potential. The method is adapted to the problem at hand, and
numerical solutions are obtained.

In Chapter 3, the structure of the NLS equation without potential is analyzed to
investigate the effect of the momentum term. Variations in soliton structures are
examined in relation to changes in the momentum term coefficient, I', and the
propagation constant, U.

Chapter 4 explores exact solutions of the NLS equation with a momentum term and
P T -symmetric potential. Using the ansatz u(x,z) = f(x)e!#+8(X)) where f(x) and
g(x) are real-valued functions, analytical solutions are derived. These solutions are
compared with the numerical results, which shows excellent agreement. The chapter
also verifies the parity-time symmetry properties of the potential, confirming that its
imaginary part is odd and its real part is even.

Chapter 5 focuses on the stability analysis of soliton solutions. The Split-Step Fourier
method is employed to investigate nonlinear stability, while linear stability is examined
through the linear spectrum. The results indicate that the solitons become unstable with
even slight increases in the momentum term coefficient, I'. Additionally, enhancing the
complex component of the potential increases instability, whereas increasing the real
component improves stability.

The acquired results are summed up in Chapter 6. Moreover, a brief discussion
on potential future research is included. All numerical results were obtained using
MATLAB®.
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MOMENTUM TERIMI iCEREN
KUBIK NONLINEER SCHRODINGER DENKLEMININ
SOLITON TiPI COZUMLERI

OZET

Pozitif bilimler arasinda pek ¢ok disiplinler arasi iligki bulunmaktadir ve diferansiyel
denklemler, matematigin diger bilim dallariyla etkilesimindeki kritik kopriilerden
birini olusturur. Son yillardaki ¢alismalarda, dogrusal olmayan dalga problemleri hem
teorik hem de uygulamali baglamlarda 6nemli bir ilgi odagi haline gelmistir. Dogrusal
olmayan optik dalga denklemleri, yalnizca yeni tekniklerin gelistirilmesine katkida
bulunmakla kalmaz, ayn1 zamanda biyoloji, dogrusal olmayan optik ve kuantum fizigi
gibi bir¢ok alanda doganin temel mekanizmalarinin anlagilmasina da olanak saglar.
Bu baglamda, lokalize dogrusal olmayan dalgalar olan solitonlar, karmasik dogrusal
olmayan sistemlerin ¢éziimlenmesinde giiclii araglar sunar. Solitonlar, plazma fizigi,
dogrusal olmayan optik ve kuantum mekanigi gibi genis bir bilimsel yelpazede
karsimiza cikar.

Optik solitonlar, disiplinler arasi bir teori olan soliton teorisinin merkezinde yer
aldiklart icin ozellikle dikkat cekmektedir. Soliton arastirmalari, ozellikle veri
aktarim teknolojilerinin gelistirilmesi agisindan 6nem arz etmektedir. Kuantum
mekanigi ve dogrusal olmayan optikte, parite-zaman simetrisine (2.7 -simetrisi)
sahip potansiyeller yaygin olarak incelenmektedir. Literatiirde, &?.7 -simetrisi iceren
dogrusal olmayan Schrodinger (NLS) denklemlerinin kararlilik analizine yonelik
bircok calisma bulunmaktadir. Bu tiir denklemler, cesitli dogrusal olmayan dalga
bicimlerini tanimlar ve bu dalgalardan bazilar1 solitonlar olarak bilinir. Solitonlar,
hizlarim ve sekillerini koruyarak ilerleyen lokalize dalgalar olup ¢arpismalar sirasinda
ozelliklerini kaybetmezler.

Literatiirde, ikinci derece dispersiyon terimi ve kiibik/kiibik-kuintik dogrusal
olmayanlik igceren NLS denkleminin analitik ve sayisal ¢oziimleri kapsamli bir sekilde
ele alinmigtir. Bununla birlikte, ikinci derece dispersiyona ek olarak {i¢iincii derece
dispersiyonun etkilerinin incelenmesi, kitalar arasi veri aktarimi gibi problemler icin
giderek daha fazla 6nem kazanmigstir. Optik atimlarin sekillerini ve kararliliklarini
etkileyen diger bir kritik faktor ise dis optik potansiyellerdir. 2.7 -simetrisi tagiyan
potansiyeller, son yillarda kuantum mekanigi problemlerinde yogun bir sekilde
aragtirtlmaktadir. Ancak, momentum terimi iceren NLS denklemleri literatiirde daha
yeni bir ¢alisma alani olarak dikkat cekmektedir. Gross-Pitaevskii denklemi, dig
potansiyel ve momentum terimi eklenmis bir NLS denklemi olarak son yillarda
incelenmistir.

Bu calismada, 2.7 -simetrisine sahip bir dig potansiyelde momentum terimli ve kiibik
dogrusal olmayan bir NLS denkleminin soliton c¢Oziimleri ve kararlilik analizleri
incelenmektedir. Incelenecek model asagidaki gibidir:

iu; + Oty — Ly + ¢)|u|2u—|—VpTu =0.
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Burada z 6lcekli yayilma mesafesini, u tiirevlenebilir, karmasik degerli, yavasca artan
genligi, uy, kirinimi, I" sabit bir momentum terimini ve Vpr dis potansiyeli temsil eder.
Bu caligmada ele alinan dis potansiyel su sekilde tanimlanmustir:

Vpr = V(x) + iW(x).

Burada V (x) ¢ift fonksiyon olarak gergel kismi, W (x) ise tek fonksiyon olarak sanal
kismi ifade etmektedir.

Boliim 1’de, soliton kavrami ve bu kavramin diger bilimsel disiplinlerle iligkisi
ele alinmigtir. NLS denklemi tamitilarak, bu denklemin momentum terimi ve
P T -simetrisi ile genigletilmis formu sunulmustur. Literatiir taramasinin amacit,
hipotez ve tez calismasiin genel hedefleri agiklanmistir. Ayrica NLS denklemindeki
momentum teriminin etkisi detaylandirilmisgtir.

Spektral Renormalizasyon (SR) Yontemi ile &2.7 -simetrik potansiyel ve momentum
terimli NLS denkleminin sayisal ¢oziimleri Boliim 2’de sunulmugstur. SR Yontemi,
iteratif bir Fourier teknigi olup bu calismada kullanilan NLS denklemine uyarlanmustir.
Sayisal ¢coziimler, asagidaki baglangi¢ kosulu ile elde edilmistir:

wo = e
Yakinsama kriteri, |w, — w,_1| < 10~12 olarak belirlenmistir. Ayrica, elde edilen
sayisal ¢coziimler, &2.7 -simetrik potansiyel ve momentum terimli NLS denklemini

10~10°dan daha kiiciik bir mutlak hata ile saglamaktadur.

Boliim 3’te momentum teriminin etkisini incelemek amaciyla potansiyel icermeyen
NLS denkleminin yapis1 analiz edilmistir. Momentum terimi katsayist [’daki
degisikliklerin ve p yayilma sabitinin farkli degerlerinin soliton yapilar tizerindeki
etkisi aragtirilmasgtir.

NLS denkleminin momentum terimi ve £.7-simetrik potansiyele sahip kesin
coziimleri Bolim 4’te detayli bir sekilde incelenmistir. Bu boliimde, &2.7 -simetrik
potansiyelin yapis1 olusturulmus ve analitik coziimler tiiretilmistir. Onerilen ¢coziim,

u(x,z) = f(x)e M),

seklinde ifade edilmekte olup, burada f(x) ve g(x) iki ger¢ek degerli fonksiyon olarak
tanimlanmigtir. Bu ¢6ziim, &7 -simetrik potansiyelin kesin bi¢iminin belirlenmesine
olanak tanimaktadir. Potansiyelin reel ve sanal kisimlar sirasiyla su sekilde elde
edilmistir:
V (x) = Vo + Visech(x) 4 Vasech?(x),
W (x) = Wpsech(x) tanh(x) + Wjtanh(x).

Burada V(x) bir ¢ift fonksiyon, W(x) ise bir tek fonksiyon olarak &2.7-simetrik
yapidaki potansiyeli tanimlamaktadir. Elde edilen toplam potansiyel su sekilde ifade
edilmistir:
Vpr = [Vo + Visech(x) + Vs sech? (x)]
+ i [Wpsech(x) tanh(x) + Wjtanh(x)].

Sayisal ¢oziimler ile analitik ¢oziimler karsilagtirilmis ve bu ¢oziimler iist liste ¢izilerek
gorsellestirilmistir. Ilgili grafikler, SR yonteminin bu tiir denklemler icin uygun
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bir ¢oziim yontemi oldugunu agikca gostermektedir. Analitik ve sayisal ¢oziimler
arasindaki gii¢lii uyum, yontemin dogrulugunu ve etkinligini dogrulamaktadir.

Momentum terimi ve Z.7 -simetrik potansiyele sahip NLS denkleminin kararlilik
analizi Bolim 5’te ele alinmistir. Bu boliimde, elde edilen solitonlarin kararhiligi,
ayrik adimli Fourier metodu kullanilarak analiz edilmistir. Bu yontem, dogrusal
olmayan stabilite 6zelliklerini degerlendirmede etkili bir yaklasimdir. Ek olarak, lineer
stabilite analizi yapilmig ve bu amacla lineer spektrum analizinden yararlanilmistir.
Cesitli I' degerleri icin lineer spektrumlar incelenmis ve momentum terimi katsayisi
I"daki kiiciik bir artisin dahi solitonlar1 kararsiz hale getirdigi gozlemlenmistir.
Ayrica potansiyelin sanal kismindaki artig, solitonlarin kararsizligimi artirirken, reel
kismindaki artis daha kararl yapilar ortaya ¢cikarmaktadir.

Elde edilen sonuclar, Boliim 6’da 6zetlenmistir. Ayrica, gelecekte yapilabilecek olasi
arastirmalar hakkinda kisa bir tartismaya yer verilmistir. Tiim sayisal analizler ve
grafikler, MATLAB® yazilinu kullanilarak elde edilmistir.
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1. INTRODUCTION

Numerous domains, including quantum mechanics, nonlinear optics, and biology, have
conducted extensive theoretical and experimental research on solitary waves, also
known as solitons [1]. It is well known that a soliton is a solitary wave that, in the
event of nonlinear interaction with other solitary waves, asymptotically maintains its
shape and velocity [2]. Any optical field that remains unchanged during transmission
as a result of the medium’s balance between linear and nonlinear effects is referred
to as a soliton in optics [3]. Since solitons provide advantages for understanding
complex situations, they can be utilized to expedite complex experiments. Solitons are
categorized as temporal or spatial in the setting of nonlinear optics based on whether
light confinement happens in time or space during wave propagation. While spatial
solitons are self-guided beams that stay limited in the transfer directions orthogonal to
the direction of propagation, temporal solitons are optical pulses that hold their shape.
A pulse or beam is said to be self-localized when it travels through a medium without
changing shape in either scenario [3]. One significant nonlinear evolution equation
that utilized in various fields of applied mathematics and physics is the nonlinear
Schrodinger (NLS) equation. The NLS equation is named after its resemblance to
the well-known Schrodinger equation derived by Erwin Schrodinger, which is central
to quantum mechanics and describes the wave function of a particle in a potential. [4].
However, while the Schrodinger equation is a fundamental aspect of quantum theory,
the NLS arises from classical wave theory, particularly in the context of nonlinear
optics and fluid dynamics. The NLS describes the evolution of wave packets in
nonlinear, dispersive environments, where the nonlinearity can significantly affect
wave propagation. NLS equation was first solved in 1971 using the inverse scattering
theory by Zakharov and Shabat. In their groundbreaking work, they provided a
method to study the propagation of pulses in nonlinear waveguides, incorporating both

nonlinearity and dispersion [5].



NLS equation is given as follows, with pulses at a time scale of 1 picosecond:
iuz+uxx+oc|u|2u:0. (1.1)

where u is the differentiable complex-valued, progressively changing amplitude of
the electric field, u,, denotes diffraction and z is a scaled propagation distance. The
coefficient & indicates the sign of the medium’s cubic nonlinearity. This NLS equation
is the simplest form of the NLS equation and is known as being (1+1)-dimensional.
The selection of o results in +1 and —1 for the bright and dark spatial solitons,
respectively. Only the bright soliton type of solution is taken into consideration in

this thesis.

The cubic nonlinear Schrodinger equation with &7 -symmetric optical potential and

momentum term given below is investigated:
iuz+auxx—irux+¢|u|2u+VpTu:O. (1.2)

Here, I' is the coefficient of the momentum term which can be taken as a positive
or a negative value and Vpr is a &.7 -symmetric external potential which the exact
structure is defined in Chapter 3. The coefficient of the cubic term ¢ will be taken as

¢ = 1 in this thesis.

The &.7 -symmetric potential will be considered as:

Vor =V (x) +iW (x) (1.3)

This thesis aims to investigate the exact and numerical solutions of equation (1.2)
and ascertain the impact of the momentum term iI'u, on the stabilities of the soliton

solutions.

The Spectral Renormalization (SR) method is used to solve Eq. (1.2). This
approach, fundamentally a Fourier-based iterative technique, was initially proposed by
Petviashvili in 1975 [6]. The method was first employed to identify localized solutions
for the two-dimensional Korteweg-deVries equation, commonly known as the
Kadomtsev-Petviashvili (KP) equation [7]. Subsequently, Ablowitz and Musslimani
refined the method in the early 2000s [8]. The SR method works by converting
the governing soliton equation—such as an NLS-type equation—into Fourier space,

leading to a nonlocal integral equation coupled with an algebraic equation. This
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coupling mechanism ensures numerical stability and prevents divergence during

iterations.

1.1 Purpose of Thesis

In this thesis, how the soliton solutions of the cubic nonlinear Schrodinger equation
with &7 -symmetric potential and momentum term are affected by the external
potential and momentum term is studied. It is aimed to find exact and numerical
soliton type solutions of this model and investigate the linear and nonlinear stability

characteristics of the obtained solitons.

1.2 Literature Review

Many mathematical and physical disciplines, including nonlinear optics, plasma
physics, and quantum mechanics, deal with nonlinear wave problems [9-11].
Scientists have been debating the solutions and stabilities of the NLS equations for
a long time [2, 3, 12, 13]. Solitons can be found as the solutions to a common class of
ordinary differential equations that describe physical systems and are weakly nonlinear
and dispersive [14]. Kartashov, Vysloukh, and Torner’s recent work discusses lattice
solitons, which are relevant to various types of optical lattices and their potential
stabilization [15]. Musslimani and colleagues investigate the stability of optical
solitons in a periodic &7 -symmetric potential [16]. Numerous scientists investigate
optical soliton solutions of NLS equations using .7 -symmetric optical lattices
[17-20]. It was discovered that in parity-time symmetric mixed linear-nonlinear
optical lattices, lattice solitons exist and are stable. Additionally, it is shown that
the linear lattice periodic potential’s parameters play a significant role in regulating
stability domain areas [21]. The existence and stability characteristics of solitons of
the (1+1)D cubic-quintic NLS equations with &7 -symmetric external potential were
studied by Goksel et al [22]. They employed the SR method to derive solutions for
various potential depths and explored the soliton stability and instability regions using

linear spectrum analysis.

In saturable media, the numerical existence of fundamental solitons in crystal and
certain quasicrystal lattices was studied. Their nonlinear stability was assessed through

numerical methods like the finite difference method and the fourth-order Runge-Kutta

3



method, while the influence of potential depth and applied external electrical fields on
gap widths was also examined [23,24]. Furthermore, soliton existence and stability in
P T -symmetric optical lattices with spatial modulation of nonlinearity were analyzed,

revealing how these modulations affect stability [25].

Karlsson focused on the impact of higher-order dispersion in cubic NLS equations,
specifically examining fourth-order dispersive terms without considering third-order
dispersion [26]. Wazwaz and Kaur explored exact analytical solutions to
NLS equations with normal dispersion using the variational iteration method.
Additionally, soliton solutions for cubic NLS equations were generated, and canonical
transformations were applied to solve NLS equations with cubic and quintic
nonlinearities under time-dependent, inhomogeneous external potentials [27]. Soliton
type solutions of cubic NLS equations are produced [28, 29]. The exact solutions
of the nonlinear Schrodinger equation (NLS) with cubic and quintic nonlinearity
were obtained through canonical transformations, considering time-dependent and
inhomogeneous external potentials. In these studies, the role of &2.7-symmetry
was emphasized to ensure the conservation of the system’s average energy. Stability
and band-gap structures of higher-order NLS equations in periodic lattices were also

analyzed [30].

Recent research primarily focuses on the dynamics of solitons in higher-dimensional,
multi-order NLS equations [31, 32]. Yan and Chen investigated the stability of
bright solitons in generalized NLS equations with various &.7 -symmetric potentials,
validating their stability using the linear stability spectrum. They also studied

interactions between two solitons [33].

In quantum mechanics, Hamiltonians are typically expected to be Hermitian to
guarantee real eigenvalues. However, recent studies by Bender and collaborators
have shown that this Hermiticity condition is not necessary for real spectra, provided
the system possesses 2.7 -symmetry. This groundbreaking result has broadened the

understanding of quantum systems and their mathematical foundations [34,35].

The effects of momentum term with NLS equation of higher order is investigated by
Abdou and his colleagues using Scarf II potential [36]. Using the &.7-symmetric

potential, Yan investigated both the stable solitons of the NLS equation and the



generalized Gross-Pitaevskii equation [37, 38]. In the literature, studies on exact
analytical and numerical solutions of extended NLS equations with &.7 -symmetric
potential with a momentum term are still in their infancy. Due to the scarcity of

research in this area, it has been deemed a suitable topic for investigation in this thesis.

1.3 Hypothesis

An extra momentum term has a significant effect on the existence and stability
characteristics of the solutions to the cubic NLS equation with a &?.7 -symmetric
potential. Furthermore, the linear and the nonlinear stability properties of the generated
solitons are also analyzed and significant changes are observed by the inclusion of
momentum effect. An additional momentum term causes Eq. (1.2) to be more
unstable, and the potential depths of the &2.7-symmetric potential also affect the

presence and stability of the soliton type solutions of Eq. (1.2).






2. NUMERICAL METHODS

In this chapter, to determine the numerical solution to Eq. (1.2), the well-known

Spectral Renormalization (SR) Method will be modified.

2.1 Spectral Renormalization Method

Numerous numerical techniques are available for obtaining solutions to NLS type
equations. One of these methods, the SR method, is essentially Petviashvili’s Fourier
iteration used to find localized solutions for the two-dimensional Korteweg-deVries
(KdV) equation. Afterwards, Ablowitz and Musslimani expanded on this technique
by computing self-localized states using nonlinear wave guides [2]. This technique
can be applied to numerous nonlinear systems involving nonlinearities with diverse
homogeneities, such as cubic-quintic or as saturable nonlinearity, and it can be used to

compute the self-localized states of nonlinear wave guides.

The cubic NLS equation with a 2.7 -symmetric potential and momentum term can be

solved using this method in the following way
ity + vy — il 4 [u|*u+ Vpru = 0. 2.1)

by setting o = 1 in Eq. (1.2). Using the ansatz u(x,z) = f(x)e’** where f(x) is a

complex-valued function and p is the propagation constant, one obtains:

u, = ipLfe'*
Uy = fxemz
Uxx = fxxei#Z

ul* = | f]*. 2.2)



The following nonlinear equation for f can be found by substituting the equations Eq.

(2.2) into Eq. (2.1)
—ufet 4 foe — il fe™ | f? fe'' + Vpr fei'? = 0. (2.3)
Upon eliminating the exponential term, the equation becomes
—Wf + faH T fe+ |2+ Ver f =0. 2.4)
By using the Fourier transform on Equation (2.4), one obtains
F{-uf+ T fut = FUCL + TS+ T Verfy = F{0}. 25)

where .# indicates Fourier transformation. Due to the properties of this transformation,

one gets Eq. (2.6) as

—uf = (k)*F +Thf + F{| £} + F{Verf} = 0. (2.6)

where .% (f) = f and k, being Fourier variable. Solving Eq. (2.6) for £ yields

F{f12f}+ F{(Ver)f}
p+ (ke)? = Thy .

f= 2.7)

It is not possible to find f(x) using equation (2.7) since the scheme diverges. It is
possible to determine the new field variable f(x) = Aw(x), where A is a parameter and

A € R". Once the new field variable f(x) is arranged in equation (2.7), one obtains

F{wlAPAW} + F {(Ver)Aw}

A = 2.8
Y 0+ K2 — Tk (28)
By simplifying the equation, w is found as
a 2 A 2 T
o FAWPIAPw}+ F{(Ver)w} 00

U+ k2 —Tk,
To find out w, one can use Eq. (2.9) in an iterative manner. Additionally, to investigate

W, one can use the subsequent iteration approach:

_ [APF{|walPwa} + F {Verwa}
1L+ k2 — Tk,

A,

Wn41

, neN. (2.10)

with a Gaussian-type function chosen as the initial condition

2

wop=e ", (2.11)



where |w,; 1 —wy| < 107!2 is the convergence criterion. After multiplying both sides

of Eq. (2.9) by (1 + k% — Tky), one gets
(4K =T = [APF {[w*w} + 7 {Vprw}.

By taking all terms of Eq. (2.12) to one side, the equation becomes

(1 + kg = The)o = |APF {Jw*w} — F{Verw} =0.
After multiplying Eq. (2.13) by the conjugate of W, i.e. by w*, one obtains

(U + K2 —The)|w|* — AP F{|w*wh* — Z{Vprwhi* = 0.
Integrating Eq. (2.14) gives
- /_Z(u 2 — Ty w2dk + \Mz/_iﬁ{]wyzw}w*dk

+ /_ i F{Vorwhi*dk = 0.

or in a more compact form
2 /_ :[(u + k2 —Tky)|w|? — Z {Verw}w*|dk
AP /_Zﬁ{\w\zw}w*dk —0.

From Eq. (2.16), A can be precisely computed as

J2 (A4 K2 = Thy) [w]? — F {Vprw}i*]dk
=, F{|wlPwhi*dk '

A2 =

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Thus, the eigenvalue A can be calculated from Eq. (2.17). The proper soliton for the

iteration’s convergence is f(x) = Aw(x) = A.Z ().






3. EFFECTS OF THE MOMEMTUM TERM AND PROPAGATION
CONSTANT WITHOUT A &.7-SYMMETRIC POTENTIAL

In this chapter, the effect of the momentum term on soliton solutions of Eq. (2.1)
without a &7 -symmetric potential will be examined.
For the numerical solution found in Chapter 2 using the ansatz u(x,z) = f(x)e** is

shown in Fig. 3.1.

B iRk A
5 L
4 F
w0
@
=
w 3
o
==
) R,
1 .
0 ;
-5 -4 3 2 1 0 1 2 3 4 5
[ Values

Figure 3.1 : Existence region for varying values of I without an external potential

The investigation is conducted for the values of 1 < u <6 to Eq. (2.1). When u is
equal to 4 = 1, the NLS equation has an existence range for —1.9 <IT"'<1.9. As u
increases, this existence range for I" also expands. For instance, when u reaches y = 6,

the existence range of I" extends for —4.8 <I" <4.8.

The propagation constant y also has a significant impact on the amplitudes of solitons.
In Fig. 3.2, the change in the amplitudes of the stationary states of solitons is shown

for 1 <u <10.
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Figure 3.2 : Maximum amplitudes versus u values for (a) '=0.1,(b) ' =1

It is observed that as u increases, the amplitudes of the solitons progressively increase.
When I'is increased from I' = 0.1 to I" = 1, a slight decrease in the amplitudes can be

observed.

To closely observe the changes in amplitudes, solitons calculated by SR method for

different values of u are plotted on top of each other, as shown in Fig. 3.3.

—=2
—=3

|ul

Figure 3.3 : Stationary solitons of varying u values for I' = 0.1 and no external
potential.
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Here, the case of I'=0.1 is examined, and with each increase in , the increment in the
amplitude of the soliton is observed. A similar analysis can be performed by keeping

u fixed at 4 = 1 and plotting solitons for various values of I" on top of each other.

Figure 3.4 : Stationary solitons of varying I" values for 4 = 1 and no external
potential.

In Fig. 3.4, solitons are plotted for I" values increasing namely for I' = 0,0.4,1,1.9.
As can be seen from the figure, for a fixed u, the increment in I" values progressively

decreases the amplitude of the solitons.
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4. EXACT SOLUTIONS OF NLS EQUATION WITH A MOMENTUM TERM
AND A &7 -SYMMETRIC POTENTIAL

The exact soliton type solution of the NLS equation with a &.7 -symmetric external
potential and momentum term will be obtained in this chapter. This equation is given
as:

iuz+ocuxx—il"ux+|u|2u+VpTu:0. 4.1)

For u = 0, the trivial solution of Eq. (4.1) can be found. In order to find non-zero
solutions, consider u # 0. Dividing Eq. (4.1) by u and considering Vpr =V (x) +iW (x)

gives
. uz auxx
I—+
u u

T u+V +iW =0 4.2)
u

The following ansatz is used to find non-zero stationary solitons:
u(x,z) = fx)e e, (4.3)

where f(x) and g(x) are real-valued nonzero functions that are distinct from zero, u
is a function of x and z and to be determined, and u is the propagation constant. By

deriving u with respect to z and x, one obtains:

ue = F()ipe 180 = iy,

e = ()M i () ) = )i (o
tee = [1"(3) 4 20f (98'() + i ()8 () — ()(£ ()] L440) 44y
= %1700 +2if (98 (0) + if (98" () — F2) &' (0)?].

uf? = f(x)e W) p )l = (f(x))2

Substituting Eq. (4.4) into Eq. (4.2) yields

- u+a€¥; (g ()2 + T () + P+ V(@)
£ () ) (+3)
+i2oe——>—= 700 +og (x)—Ff(x) +W(x)]=0.
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The following ansatzs are used for investigation of soliton solutions:
f(x) = fosech”(x),

g (x) = gosech?(x),

(4.6)

where fo and go are non-zero real constants and p,q € N. By using Eq. (4.6) the

necessary derivatives are obtained as
f'(x) = —fptanh(x),

f"(x) = f [p*— (p*+ p)sech®(x),]

“4.7)
g'(x) = gosech’(x),
g’ (x) = —g'qtanh(x).
By substituting Eq. (4.7) into Eq. (4.5), one gets
[~ + ap® — a(p® + p)sech® (x)
— agdsech? (x) + ['gosech?(x) 4 f3sech® (x) +V (x)] (4.8)

+i[—ogo(2p + ¢g)sech?(x) tanh(x) + I'ptanh(x) + W (x)] = 0.
To get real and imaginary parts of the &?.7-symmetric potential, Eq. (4.8) can be
splitted into two parts as:
Real Part
The real part of Eq. (4.8) can be expressed as

—1+ op® — o p? + p)sech? (x) — argdsech?® (x)

4.9)
['gosech?(x) + fasech? (x) 4V (x) = 0.
The real part of the &7 -symmetric potential is found as
V(x) = Vo + Visech? (x) + Vasech? (x)
(4.10)
+ V3sech?@(x) + Vasech?” (x),
where
Vo= —ap?
Vi=a(p®+p)
Vo =-Tgo 4.11)
Vs = agj
Vi=—f3.
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It is seen in the following form that V(x) is an even function:
V(—x) = Vo + Visech?(—x) + Vasech?(—x)
+ V3sech??(—x) + Vysech?” (—x)
= Vo + Visech?(x) + Vasech? (x)
+ V3sech?®(x) + Vysech?” (x)

=V(x).

(4.12)

V(x) can be expressed by the powers of sech(x). For p = ¢ =1 Eq. (4.10) can be

rewritten as:
V(x) = 1 — ot + 2asech? (x) — Tggsech(x)

+ aggsech®(x) — fasech?(x).

V(x) is simplified as
V(x) = (1 — @) + (~Tgo)sech(x) + (20 + gl — f3)sech? (),

where
Wo=u—a

Vi=-Tgo

Vo =20+ gl — f3.
The real part of the &.7 -symmetric potential is obtained as

V(x) = u — o — Tgosech(x) + (2a + agd — fi)sech? (x).

Imaginary Part

The complex part of Eq. (4.8) can be expressed as
I'ptanh(x) — atgo(2p + ¢q)sech?(x) tanh(x) + W (x) = 0.
The imaginary part of the &.7 -symmetric potential is obtained as
W (x) = Wptanh(x) + Wysech?(x) tanh(x),
where

Wo=—-Ip

Wi =ogo(2p+q).
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It can be seen that W (x) is an odd function since:
W (—x) = Wytanh(—x) 4+ Wjsech?(—x) tanh(—x)
= —Wytanh(x) — W;sech?(x) tanh(—x) (4.20)
=—W(x).

For p = g = 1, then Eq. (4.18) can be simplified to the following form,

W (x) = —I'tanh(x) + 3agosech(x) tanh(x), (4.21)
where
Wo= —T
(4.22)
W, = 3(Xg0.

2
The equations (4.15), (4.22) put a constraint on the potential depths: V, < 2+ %
for ¢ = 1. For the case of p = g = 1, the analytical solution of the problem can be

suggested as

M(X,Z) _ fosech(x)ei[,uergoarctanh(x) sinh(x)], (4.23)

2
where fo = 1/2+ W;—l —V, and go = % Hence, Eq. (1.2), with the real and the

imaginary parts can be given as
Vpr = [Vo + Visech(x) 4 Vasech?(x)] + i[Wosech(x) tanh(x) + Wy tanh(x)].  (4.24)

For Kerr medium, Eq. (4.24) can be interpreted as an extension of the Scarf II potential

[39].

In Fig. 4.1, the soliton produced analytically, as previously mentioned, is displayed
with a dashed purple solid line, whereas the soliton obtained numerically using the
SR method, as explained in Chapter 2, is plotted with a blue solid line. The image
illustrates how two solitons overlap, and the numerical solution that was found satisfies
Eq. (2.1) with an absolute error of 10~7. As a result, it demonstrates that the SR
approach is appropriate for solving this equation and that the analytical solution is

proven to be correct.
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(a) (b)

Figure 4.1 : The exact and numerical solutions of the NLS equation for
u=1,wW=15V,=1when(a)I'=0,(b)I'=0.3

In Fig. 4.1, the behavior of the potential is also depicted for when there is no effect of
the momentum term and when I' = 0.3. The black solid line represents the real part of
the potential, while the red dashed line represents the imaginary part. The values of W)
and V; for the calculated potential were manually chosen, with Wy = 1.5 and V, = 1.
It is observed that for different I" values, the depths of the potential vary, indicating

changes in the structure of the potential due to its dependence on I'.

(b)

Figure 4.2 : The exact and numerical solutions of the NLS equation for
u=1wW =1V, =15when(a)I'=0,(b)I'=0.3

In Fig. 4.2, the depth of the complex part of the potential, represented by W, has been
reduced, while the depth of the real part, represented by V>, has been increased. It
can be seen that the amplitude of the real part of the potential has increased, while
the maximum amplitude of the imaginary part has decreased. Similarly, Fig. 4.1 and
Fig. 4.2 show that an increase in I" decreases the amplitudes of both the real and

imaginary parts of the potential.

The analysis in Fig. 4.3 focuses on the influence of a negative coefficient for the
momentum term, I', on soliton dynamics. This observation is particularly significant

as it highlights the robustness of the soliton solutions, which continue to align
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(b)

Figure 4.3 : The exact and numerical solutions of the NLS equation for
u=1Ww =05V, =15when (a) '=—-0.1,(b) = —-0.2
with theoretical exact solutions despite the altered parameter regime. The observed
reduction in soliton amplitude under negative growth conditions suggests that the
system’s energy dynamics are sensitive to the sign of I' potentially influencing the
overall stability and behavior of the solitonic structure. Such findings contribute
to a deeper understanding of the interplay between parameter variations and soliton

stability in nonlinear systems.

In Fig. 4.4, all the obtained solitons are shown for the NLS equation with
P T -symmetric potential and momentum term for varying potential depths V,-W;.

In this figure, the constraint curve V, =2+ le /9 is depicted by dashed line.

There is no existence on the right side of the curve as the soliton would have no
real solution. After marking the regions where solitons exist, it is observed that the

existence region narrows with the increment of T.
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5. STABILITY ANALYSIS

5.1 Split-Step Fourier Method

One kind of evolution approach is the Split-step Fourier approach. The Split-step
Fourier Method is for solving wave equations [40, 41]. The evolution equation is
divided into multiple parts as the basis for the procedure. Although this method’s
concept dates back a long way, its application to NLS-type equations has only recently

come under investigation.

5.2 Nonlinear Stability Analysis

"Nonlinearly stable" in the context of optics refers to a soliton that maintains its
maximum amplitude, shape, and position during propagation. The generated solitons
will be computed over a long distance in order to study the nonlinear stability. In this

thesis, z = 100 is sufficient to determine the nonlinear stability of a soliton.

Consider Eq. (1.2) which can be rewritten as
u, = iauxx+l"ux+i|u|2u—|—inTu, 5.1

and thus can be split as in Eq. (5.1) with the linear operator M = i(ady, — i['dy) and
the operator N = i(|u|> 4+ Vpr). The linear step u, = Mu is solved with the Fourier

transform. Taking the Fourier transform of both sides of
U, = iUy + Luy 5.2)

gives

i, = ia(ike)? it + T(iky)it = —i(ok? — Tk ). (5.3)
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This is an ordinary differential equation (ODE) of # and has an exact solution of
i =Creiok-Thiz . -1 (éle_i(akg_rkx)z> . (5.4)
The step u, = Nu, i.e.
u, = i(|u]* + Ver)u (5.5)

has the exact solution

U = Cyel (U +Ver)z, (5.6)

With the answers to both parts obtained, any splitting scheme can be used to apply the

Split-Step Fourier technique to the equation in Eq. (1.2).

To investigate the nonlinear stability of solitons, the numerically produced solitons are
taken as the initial condition in Split-step Fourier method up to z = 100. The solitons
are evolved, and the maximum amplitude as a function of the propagation distance z

are plotted.

First, to examine the effect of the momentum term on nonlinear stability, an analysis

was conducted with various values of I" in the absence of a potential.

(@) (b)

Figure 5.1 : Nonlinear stability of soliton for ¢t = 1 and I = 0 without an external
potential; (a) Numerically produced soliton (blue dashes) and the soliton
after the evolution (purple solid), (b) Nonlinear evolution of the soliton,
(c) The view from the top and (d) Maximum amplitude as a function of

the propagation distance z.
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Figure 5.2 : Nonlinear stability for 4 = 1 and I' = 1 without an external potential; (a)
Numerically produced soliton (blue dashes) and the soliton after the
evolution (purple solid), (b) Nonlinear evolution of the soliton, (c) The

view from the top and (d) Maximum amplitude as a function of the
propagation distance z.
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Figure 5.3 : Nonlinear stability for 4 = 1 and I = 1.8 without an external potential;
(a) Numerically produced soliton (blue dashes) and the soliton after the
evolution (purple solid), (b) Nonlinear evolution of the soliton, (c) The

view from the top and (d) Maximum amplitude as a function of the
propagation distance z.

In Fig. 5.1, the momentum term and potential are both excluded, thus the nonlinear
stability of the standart cubic NLS equation has been analyzed. It is observed that the

NLS equation exhibits nonlinear stability under these conditions. This implies that the
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equation maintains a stable evolution where small perturbations do not grow over time,

preserving the overall system configuration and indicating stability.

In Fig. 5.2, the I" parameter is increased, and I' = 1 is considered. The analysis shows
that no breakdown of nonlinear stability occurs with this increment in I'. That is, even

with I' = 1, the NLS equation remains stable.

In Fig. 5.3, the I" parameter is further increased to I'=1.8. The analysis reveals that even
with this higher value of I, no breakdown of nonlinear stability occurs. This indicates
that the NLS equation continues to maintain its stability, demonstrating the robustness

of the system against significant increases in the momentum term coefficient.

Furthermore, it is observed in Fig. 5.1, Fig. 5.2 and Fig. 5.3 that as the I value
increases, the amplitude of solitons decreases. This observation is consistent with the
findings from Chapter 3, where a similar conclusion was drawn. The increase in I has

a direct impact on the behavior of solitons, leading to a decrease in their amplitude.

(a) (b)

1.235

ju__ 1225
max'

Figure 5.4 : Nonlinear stability for 1t = 1 and I' = —1 without an external potential;
(a) Numerically produced soliton (blue dashes) and the soliton after the
evolution (purple solid), (b) Nonlinear evolution of the soliton, (c) The

view from the top and (d) Maximum amplitude as a function of the
propagation distance z.
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Figure 5.5 : Nonlinear stability for 4 = 1 and I' = — 1.8 without an external potential;
(a) Numerically produced soliton (blue dashes) and the soliton after the
evolution (purple solid), (b) Nonlinear evolution of the soliton, (c) The

view from the top and (d) Maximum amplitude as a function of the
propagation distance z.

In Fig. 5.4, the nonlinear stability of the NLS equation is investigated for I'= —1. The

analysis shows that no breakdown of stability occurs in this negative regime either.

In Fig. 5.5, the parameter I' is further decreased to I' = —1.8. The system remains
nonlinearly stable, and the soliton amplitude continues to decrease, again aligning with
the findings of Chapter 3. These observations highlight the robustness of the NLS

equation against changes in the sign and magnitude of I".

After investigating the effects of the momentum term, the nonlinear stability of solitons
with the &2.7-symmetric potential are investigated without the momentum term.
Therefore, I' = 0 is set and only the external &?.7-symmetric potential in Figures

5.6,5.7,5.8 and 5.9 are considered.
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Figure 5.6 : Nonlinear stability for 4t =1, I'=0and W; = 0.5,V, = 0.5 with a
P T -symmetric potential; (a) Numerically produced soliton (blue

dashes) and the soliton after the evolution (purple solid), (b) Nonlinear

evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.
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Figure 5.7 : Nonlinear stability for 4 =1, I'=0 and W; =0.5,V, =2 with a
& 7 -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.
In Fig. 5.6, the I" parameter is set to I' = 0, while the potential depths W; and V, are

both chosen as 0.5. During the evolution, a small oscillation in the maximum amplitude

is observed, but the soliton maintains its shape over a long distance (z = 100). This
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implies that despite the minor oscillations, the soliton remains stable, demonstrating

resilience to small perturbations in this parameter regime.

In Fig. 5.7, the real part of the potential depth, V5, is increased to 2, while W,
is kept constant at 0.5. The analysis shows that increasing the real part of the
potential significantly reduces the soliton amplitude. Interestingly, this reduction in
the amplitude coincides with a substantial strengthening of the soliton’s nonlinear
stability. Hence, increasing the real part of the potential leads to a considerable drop
in soliton amplitude, while simultaneously reinforcing the system’s overall stability.
This suggests that as the depth of the real part of the potential increases, the solitons

become more robust.

(a) (b)

Figure 5.8 : Nonlinear instability for y =1, '=0and W; = 1.5,V, = 0.5 with a
P T -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.

In Fig. 5.8, the real part of the potential depth V>, is fixed at 0.5 and the depth of the
complex part of the potential W is increased, and set to W) = 1.5. This setup explores
the impact of increasing the depth of the complex potential while keeping the real part
small. From the figure, it is observed that the maximum amplitude start to fluctuate
just after z ~ 10 and makes a sharp peak at z = 20 leading to nonlinear instability. It is
also shown that the shape of the soliton is deteriorated. This indicates that increasing
the depth of the complex potential while keeping the real part small leads instability of

solitons due to the sharp increment.
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Figure 5.9 : Nonlinear stability for g =1, '=0and W; = 1.5,V, =2 witha
& T -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.
In Fig. 5.9, to balance this instability, the complex part of the potential depth W; =
1.5 is fixed, while the real part of the potential depth is increased to V, = 2. The
analysis shows that when the depth of the real part of the potential is sufficiently large,
it compensates for the instability caused by the complex part. This occurs at the cost of
a significant reduction in the soliton’s amplitude, but nonetheless, the soliton regains its
stability. Therefore, increasing the depth of the real part of the potential to an adequate

level restores the system’s stability and allows the soliton to maintain its nonlinear

stability.

In order to examine the effects of both the &7.7-symmetric potential and the
momentum term, the coefficient of the momentum term, I" is taken as I' = 0.1. In
Fig. 5.10, the potential depths are kept small, with W; = 0.5 and V, = 0.5, while
I' = 0.1 is chosen. In previous cases where no potential was present, the momentum
term in the NLS equation always preserved stability. However, in this case, even with
a small I' = 0.1, the inclusion of the potential causes significant oscillations in the
soliton as it propagates along the z-axis, reaching 100 units. While the soliton can
still be considered nonlinear stable, it is predicted that the wave will eventually break
down and disperse after further propagation. This shows that even a small increase in

I" brings the effect of the potential into play, influencing the soliton’s behavior.
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Figure 5.10 : Nonlinear instability for 4 = 1,I'=0.1 and W; =0.5,V, = 0.5 with a
& T -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.
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Figure 5.11 : Nonlinear instability for u = 1,I"'=0.1 and W; = 1.5,V, = 0.5 with a
& 7 -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.
In Fig. 5.11, the values of I" and the real potential depth V, are kept the same, but the
complex part of the potential depth W, is increased to W) = 1.5. Previous analyses

showed that increasing the depth of the complex part of the potential destabilizes the

soliton. It is observed that even with I = 0.1, this increase in W; causes the soliton’s
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shape to break down before reaching 20 units along the z-axis, leading the soliton
to instability. This further confirms that, despite the small value of I', increasing the
complex potential depth disrupts the stability of the soliton and causes the system to

lose its stability.
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Figure 5.12 : Nonlinear stability for u =1,I"=0.1 and W; =0.5,V, = 1.5 with a
P 7 -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.

In Fig. 5.12, the depth of the complex part of the potential, W; is kept at 0.5, while the
depth of the real part, V; is increased to V, = 1.5. As predicted from previous analyses,
increasing the real part of the potential, even with I' = 0.1, results in only very small
visible oscillations. However, these small oscillations do not destabilize the soliton,
and it remains nonlinear stable. This shows that the increase in the real potential
depth enhances the stability of the soliton despite the small oscillations caused by the

non-zero I value.

In Fig. 5.13, the potential depths W; = 0.5 and V, = 1.5 are kept the same as in the
previous figure, but the I" parameter is increased to I' = 0.2. This small change in
I' immediately causes a noticeable destabilization of the soliton. Observations show
that as the soliton propagates beyond 50 units along the z-axis, its structure breaks
down, and it becomes nonlinear unstable. Despite having chosen a small complex
potential depth and a large real potential depth to stay within the existence region, the

increase in I to 0.2 makes the soliton nonlinear unstable. This finding indicates that
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Figure 5.13 : Nonlinear instability for 4 = 1,I'=0.2 and W; =0.5,V, = 1.5 with a
& T -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.

the &7 -symmetric potential and momentum-term NLS equation becomes nonlinear

unstable for I" values greater than 0.1, regardless of the chosen potential depths.
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Figure 5.14 : Nonlinear instability for ¢ = 1,I'=0.2 and W; =1.5,V, = 1.5 with a
& 7 -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.
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Figure 5.15 : Nonlinear instability for 4 =1, I’ =0.4 and W; =0.5,V, =1 with a
P T -symmetric potential; (a) Numerically produced soliton (blue

dashes) and the soliton after the evolution (purple solid), (b) Nonlinear

evolution of the soliton, (c) The view from the top and (d) Maximum

amplitude as a function of the propagation distance z.

In Fig. 5.14, the depth of the complex part of the potential, Wi, is increased to 1.5, and
the soliton’s structure is analyzed once again for I' = 0.2. As expected, the increase
in the complex potential depth does not restore the soliton’s stability. The soliton
remains nonlinearly unstable, unable to regain its stability. This result highlights how
the system’s stability rapidly deteriorates with the increment in the complex potential

depth, even under a relatively small value of I', indicating that the soliton cannot

maintain its stability in such conditions.

In Fig. 5.15, the I' value is doubled once more, reaching I' = 0.4. The potential
depth values are chosen within the existence region, with W; = 0.5 and V, = 1.
Previous analyses showed that increasing I" plays a detrimental role in the soliton’s
stability, and a similar pattern is observed here. With I' = 0.4, despite selecting a
small complex potential depth and a relatively larger real potential depth, the soliton is
unable to propagate beyond 30 units along the z-axis before its structure breaks down,
rendering it nonlinear unstable. This result further demonstrates that increasing I" to
0.4 significantly destabilizes the system, preventing the soliton from maintaining its

nonlinear stability.
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Figure 5.16 : Nonlinear instability for g = 1,I'= —0.1 and W; =0.5,V, = 1.5 with a
& T -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.

(a) (b)

Figure 5.17 : Nonlinear instability for y =1,I'= —0.2 and W; =0.5,V, = 1.5 with a
P T -symmetric potential; (a) Numerically produced soliton (blue
dashes) and the soliton after the evolution (purple solid), (b) Nonlinear
evolution of the soliton, (c) The view from the top and (d) Maximum
amplitude as a function of the propagation distance z.

In Fig. 5.16, the system is examined for I' = —0.1 under the conditions W; = 0.5 and

V> = 1.5. The results reveal that, for this slightly negative I, the evolution deteriorates

35



faster compared to positive I', though the soliton shape remains relatively stable for

longer durations compared to lower negative values for I'.

In Fig. 5.17, I' = —0.2 is considered with the same potential depth settings. It is
observed that the soliton begins to lose its shape around z ~ 45, whereas for I' = 0.2,
the soliton persists until approximately z ~ 60 under similar conditions. These findings
highlight the increased sensitivity of soliton evolutions to the sign of I, particularly

when I is negative.

All these analyses demonstrated that with the &7 -symmetric potential and the
momentum term, NLS equation loses the nonlinear stability of solitons with increasing
values of I', and the preservation of stability depends on the careful adjustment of
potential depths. Even at small values of I', an increase in the complex part of the

potential can cause nonlinear instability of the soliton.

5.3 Linear Stability

By obtaining and examining the linear spectra of the produced solitons, linear stability

will be examined.

5.3.1 Linear spectrum

The eigenvalues of a soliton’s linear stability operator are known as the linear stability
spectrum, or simply the linear spectrum. These eigenvalues provide details regarding
a soliton’s linear stability properties. Consider the following equation, which contains

nonlinearities of a general kind where F(-) € R and F(0) = 0:
iuz(x,2) 4 Ot (x,2) — iTux(x,2) + F (|u(x,z) |2) u(x,z) + Vpr(x)u(x,z) =0. (5.7

Eq. (5.7) accepts soliton solutions of the form u(x,z) = f(x)e'*. Substituting
u, = i fet
uy = f; )c‘eil‘iZ
. (5.8)
Uyx = fxxeluZ

Ul = w* = fel e = ff* = | f?
in Eq. (5.7) and multiplying by e~"# gives

—uf + & fee—iCf+ F(|fP)f +Verf =0. (5.9)
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The soliton solution is perturbed in the following ways in order to analyze the linear
stability:
u(x,2) = [f(x) +g(x)e” + h* (x)e” e, (5.10)
where g and & are perturbation eigenfunctions and o is the eigenvalue.
— (Ggec’Z + 0 e 4 inf +inge® + i,uh*eo*z> eH=
iy = ( fot gue® h;"e"*1> oz (5.11)
e = (fxx + g€ + hjixe"*z> e,
and |u|? is calculated as
u)? = (f+ ge®* + h*e"*z) eH (f* +g%e% T+ he“z> e iHz

_ |f]2—|—fg*ec*z +f*gecz+ |g’2e(6+0*)z —|—fheaz

: * * (5.12)
+f*h*e° z+g*h*620 z+gh626z+ |h|2€(6+0 )z
~ |f’2+ (g*eo-*z—f—heo-z)f—{— (gecz—l—h*eo-*z)f*.
Using linear Taylor expansion F(x+h) = F(x) +hF’(x) + O(h?),
F(]u|2) —F <|f|2—|—]’l <g*eo*z+hedz)f_|_ <gedz+h*ed*z> f*)
(5.13)
= F(f12)+ [ (8¢ 5+ he) £+ (ge%+-h*e”<) 7] F(1£P).
Thus,
F(|u]?)ue™H:

= F(fP)+ [ (577 +he) £+ (ge 4 e <) | 2] F'(1P)
+F(|f*)ge + F (| f[P)hre”
[(gg elote?) +ghez"z) f+ ( %% 4 gh*elo ) ) ] "(1f1%) (5.14)
[( * % 20" z_|_|h’2 o+0%) )f+ <gh*e(6+0'*)z+(h )2 26* z) } (|f\ )
= F(IfP) |f +ge% e
+F(f) [ (FPh1f126) e+ (Fg" + 1 f12hY) 7]
Substituting Eq. (5.10), (5.11) and (5.14) into Eq. (5.7) gives
i (GgedZ +0*h*e® T inf +inge® + iuh*ec*z> eH=
+o (fxx +gaxe® + hiéxe"*z> e
—ir (fx + g%+ hjeo*z> U
FIF(FP) [f +8e% e
FF (1) (fPhe+ | f17) €74 (f28" + [ Ph7) e <Jets
+Vpr (f—l—gech + h*eo*z> M =0,

(5.15)
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Grouping the terms and multiplying by ¢'#? yields

[—1f + & for— i+ F(|f12)f + Ver f]
+ [iog — ug+ agw—iTg+ F(|f1))g+ (f*h+|f°8) F'(|f1?) + Vprg] €%

+ [i0™h* — k" + ok — iTh + F(|f )R+ (28" +1f1PH) F'(|f1?) +Vprh*] 7= = 0.
(5.16)

Since f is a solution seen in Eq. (5.9), the first bracket is identically zero. The elements
of the exponentials must both be zero at the same time for Eq. (5.16). Therefore, one

has one hand
iog—ug+age—iCg+F(f1*)g+ (fPh+If1%8) F'(If1*) +Verg =0,  (5.17)
which can be rewritten as
) 2 11212\ )2 T e2N 27 e
age —iLge+ [F(If1P) + F (IfP)f1? =+ Ver| g+ F'(|f17)f*h = —icg. (5.18)

and on the other hand

ic*h* — uh* + ah’, —iCh + F (| f|*)h*

2 2 101 £12 (5.19)
+(f58" +|fI"H) F'(|f°) +Vprh™ =0,

which can be rewritten as

ol — iUy + [F(|f12) + F' (PSP =+ Ver] o* 520

+F(f17) 78" = —ic"h".
Taking the conjugate of Eq. (5.20) gives

. 2 11 £12Y] £12 *

Qhye — iThy + [F(|f°) + F'(IFI)If1" =+ Ver| 521)

+F(|f?)(f?) s = ioh.
Multiplying Eq. (5.21) by —1 gives

. 2 ! 2 2 *
— Qe+ iChe = [F(|f°) + F'(IFF)fI° =+ Vpr] b 5.22)

—F'(|[f*)(f*)*g = —ioh.

Writing Eq. (5.18) and (5.22) in matrix form yields

A L1 L g\ (&
(s 5) ()=o) o

L= aaxx—irax+F(|f|2) +F/(|f|2)|f|2_ﬂ+VPT

L=F'(If)f*.

where

(5.24)
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For the cubic nonlinearity,

F(x) = Ax,
(5.25)
F'(x)=A
Using Eq. (5.25) in Eq. (5.24) gives
Ly = 00y — 00+ 2A|f|* — u + Vpr,
(5.26)
Ly =Af>.
If the soliton is real, Eq. (5.26) becomes
Ly = aaxx - irax+2Af2 —Hu + Vpr,
(5.27)

Ly =Af>.

For different values of I, the linear spectrum of numerically produced solitons is found
to investigate the effect of the momentum term on the linear stability of the solitons
of Eq. (1.2). To investigate the linear stability, it is necessary to examine whether the
computed eigenvalues, A have positive real parts. If there are no positive real parts, the

soliton is considered linearly stable.
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Figure 5.18 : Linear spectra of NLS equation for g = 1 without an external potential;
@I'=0,b)I'=1

In Fig. 5.18, the linear spectra with and without a momentum term are shown. Both
cases are studied without any external potential. In Fig. 5.18(a), it is observed that
the NLS equation without a momentum term is linearly stable as a result of all pure

imaginary eigenvalues.
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In Fig. 5.18(b), when the momentum is included, namely taken as I' = 1, the number
of eigenvalues increase. However, this does not affect the linear stability, as no real
parts exist to these eigenvalues. This result shows that even under the influence of
the momentum term, the NLS equation maintains its linear stability. Consistent with
previous analyses of nonlinear stability, NLS equation is both nonlinearly and linearly
stable, demonstrating the robustness of the soliton’s stability even at larger values of

the momentum term.

Im{A}
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Figure 5.19 : Linear spectra of NLS equation for u = 1 without an external potential;
@I'=—-18,(b)['=-1

In Fig. 5.19, the linear spectra for the NLS equation are studied without any external

potential, considering I' = —1.8 on Fig. 5.19(a) and I' = —1 on Fig. 5.19(b).

In Fig. 5.19(a), for I' = —1.8, it is observed that the eigenvalues become more densely
distributed as the magnitude of I' increases. However, no real parts exist for these
eigenvalues, indicating that the system remains linearly stable. This result is consistent
with prior nonlinear stability findings and confirms that the NLS equation retains its

robustness under significant negative momentum contributions.

In Fig. 5.19(b), where I' = —1, a similar trend of eigenvalue clustering is seen.
The absence of real eigenvalues ensures linear stability, highlighting the continued
resilience of the NLS equation. These results demonstrate that the equation remains
both linearly and nonlinearly stable across a range of negative I values, when no

external potential is present.
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Figure 5.20 : Linear spectra of NLS equation for uy = 1, I' = 0 with a
& T -symmetric potential; (a) W = 0.5,V, = 0.5, (b) W; =0.5,V, =2
In Fig. 5.20, the effect of the &2.7-symmetric potential on the linear stability is
examined without momentum term. The potential depths are initially chosen as small
values for both the real and complex parts, and then the real part is increased. In these
analyses, the solitons were found to be nonlinearly stable, and in both cases, they also

retained their linear stability.

These results show that, even as the real part of the potential increases, the solitons
remain both nonlinearly and linearly stable. The &.7 -symmetric potential, even with
small depths and an increased real part, does not have a negative impact on the linear

stability of the solitons.

In Fig. 5.21, the complex depth of the potential is increased to W, = 1.5. In Fig. 5.21(a),
when the depth of the real part of the potential is fixed at V, = 0.5, it is found that,
similar to the nonlinear stability analysis where the soliton was unstable, the soliton is

also linearly unstable, with eigenvalues showing positive real parts.

In Fig. 5.21(b), by increasing the real potential depth to V, = 2.0, this instability is
resolved, and the soliton becomes linearly stable. These results show that the real part
of the potential plays a critical role in stabilizing the system. While an increase in the
complex depth may lead to instability, sufficient enhancement of the real depth can

counteract this effect and restore the soliton’s linear stability.
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Figure 5.21 : Linear spectra of NLS equation for u = 1,I' =0 with a
P T -symmetric potential; (a) W) = 1.5,V, = 0.5, (b) W; =1.5,V, =2
In Fig. 5.22, the momentum term coefficient I" is increased to 0.1. In Fig. 5.22(a), for
small potential depths, the system is observed to be linearly stable. With I' = 0.1 and
small potential depths, the soliton remains linearly stable, with no positive real parts
in the eigenvalues. This shows that the system’s stability is maintained, and choosing

small potential values supports this stability.

However, in Fig. 5.22(b), when the complex potential depth is increased to W, = 1.5,
the system becomes unstable, as seen in the nonlinear stability analysis. The soliton
becomes linearly unstable, and eigenvalues with positive real parts appear. This result
indicates that increasing the complex depth can destabilize the system, leading to both

nonlinear and linear instability.

In Fig. 5.23, the same potential depths Wi = 0.5 and V, = 1.5 are used, and the system
is analyzed for '=0.1 and I'=0.2. In Fig. 5.23(a), for I' = 0.1, the system is observed
to be linearly stable. The real potential depth is sufficient to stabilize the system, and

no eigenvalues with positive real parts are found.

However, in Fig. 5.23(b), with a small increase in I" to 0.2, the system becomes linearly
unstable. Eigenvalues with positive real parts appear, indicating instability. This

behavior is in good agreement with the nonlinear stability results, where increasing
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Figure 5.22 : Linear spectra of NLS equation for y = 1,I"' = 0.1 with a
P T -symmetric potential; (a) W) = 0.5,V, = 0.5, (b)
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I' also led to instability. The linear instability follows the same trend, showing that

even small changes in I can destabilize the system.

This analysis highlights that while the real part of the potential can maintain stability
up to a point, small increases in the momentum term I" can disrupt the soliton’s stability

and lead to linear instability.

In Fig. 5.24, two different cases for the momentum term I" are examined: I" = 0.2 and
['=10.4. In Fig. 5.24(a), with I' = 0.2, the complex depth of the potential W is also
increased. In this case, the soliton is found to be linearly unstable, with eigenvalues
showing positive real parts. The increase in the potential depth and the value of I

contributes to the soliton instability.

In Fig. 5.24(b), with I' = 0.4, a significant number of eigenvalues have positive real
parts, indicating that the system is linearly unstable. This higher value of I" severely

disrupts the system’s stability, making the soliton linearly unstable.

Finally, in Fig. 5.25, the linear spectra of the NLS equation are studied for I' = —0.1
and I' = —0.2, under the conditions W; = 0.5 and V, = 1.5.
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Figure 5.23 : Linear spectra of NLS equation for u =1, W; =0.5,V, = 1.5 with a
& T -symmetric potential; (a) ' =0.1, (b) = 0.2
In Fig. 5.25(a), for I' = —0.1, the eigenvalues are observed to cluster along the
imaginary axis, indicating linear stability. The spectral behavior in this case closely

resembles that of the system with I' = 0.1.

In Fig. 5.25(b), for I' = —0.2, the eigenvalues maintain a similar distribution, with no
real components present. This structure is similar to the spectral behavior for I' = 0.2,
further reinforcing the conclusion that the different signs of I' has almost the same

impact on the linear stability of the system.

Throughout the analyses, the effects of the momentum term I" and the real and complex
potential depths on the system’s stability have been explored. For small I" and low
potential depths, the system is observed to be both nonlinearly and linearly stable.
However, as the value of I" increases, especially with larger complex potential depths,
the soliton’s stability deteriorates, and the system becomes both nonlinearly and
linearly unstable. These results demonstrate the significant impact of the momentum

term and potential parameters on the system’s overall stability.
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6. CONCLUSION AND RECOMMENDATIONS

In this thesis, the NLS equation with a momentum term and an external
P T -symmetric potential is investigated. Using SR Method, solitons of NLS equation
with and without a momentum term and a &.7 -symmetric potential are obtained.
How the coefficient of the momentum term, I, and the propagation constant, u, affect
stationary solitons in the absence of a 7.7 -symmetric potential is examined, an it is
concluded the amplitude of the solitons increase by increasing (t and they decrease by

increasing I

Additionally, by introducing ansatz and defining the structure of the &2.7 -symmetric
potential, exact solutions to this problem is established. The &2.7 -symmetric potential

is viewed as an extended form of the Scarf II potential.

A graphic comparing the two aforementioned solitons are shown to demonstrate the
overlap between the analytical and numerical solutions. The numerical existence
region for this model equation is plotted for a range of potential depths (V>,W;) and
values of I'. It is noted that the existence region is slightly decreased by the additional

momentum term for the increasing coefficient I'.

Additionally, Split-Step Fourier method is used to examine the resulting solitons’
nonlinear stability features. The nonlinear stability cannot be achieved for the
increasing momentum term values. The nonlinear stability properties of some
particular solitons are presented and discussed with various figures for different
potential depths. It is observed that for greater values of the real part of the potential
chosen, the soliton becomes more stable and for greater values of the complex part of

the potential chosen, it becomes unstable.

The linear stability characteristics of the obtained solitons are also investigated in the
final section of this thesis by examining the linear spectrum. To illustrate the results,

the linear spectra of the obtained solitons are plotted in some graphs. The conclusion
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is that the linear stability of the obtained solitons are in good agreement with their

properties.

In future studies, the momentum term, which is not deeply analyzed in the current
literature, can be taken as a function of x instead of a constant, and a third or fourth
order dispersion to the system can also be added. Additionally, quintic nonlinearity can
be considered and computed cubic-quintic nonlinearity can also be investigated. The
effects of various u values can be investigated. Other types of external potentials can
be used instead of the extension of Scarf II potential that is used in this thesis. Other
modifications to address the collapses at higher values of I can also be explored. These
steps aim to analyze the behavior of the momentum term’s effect and different solitons

of the modified NLS equation.
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APPENDICES

APPENDIX A.1 : Fourier Transform
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APPENDIX A.1

For a continuous, smooth, and absolutely integrable function f(x), the integral
transform

F(k kex g (A.1)

is called the Fourier transform of f(x), and conversely, the transform

F(k e kX gy (A.2)

is called the inverse Fourier transform of F (k).

The Fourier transform of f is denoted by .7 (f) = £, and the inverse Fourier transform
of f is denoted by .Z ~!(f), and clearly .Z ! (f) =.Z 1 (Z(f)).

Integral transform methods are very useful for solving partial differential equations
because of their properties such as linearity, shifting, scaling, etc.

Suppose that f(x) tends to zero as x tends to infinity. Then,

F(f'(x) = ikeZ (f(x)) (A.3)

This result can be extended to obtain the differentiation property of the Fourier
transform:

F(f"(x)) = (ike)"(f (x)) = (iks)" f,n € N (A4)
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