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BICONSERVATIVE AND BIHARMONIC SURFACES

IN EUCLID AND MINKOWSKI SPACES

SUMMARY

In 1964, Sampson and Eells formulated the concept of biharmonic maps as an
extension of harmonic maps while investigating the energy functional E between
Riemannian manifolds, a subject of both geometric and physical significance.
Subsequently, numerous mathematicians have shown interest in the study of
biharmonic mappings.

By the definition, the bienergy functional between semi-Riemannian manifolds
(M™,g) and (N", ) is defined by

Ealg) =3 [ I15() Pre

for a smooth map ¢ : M — N, where 7(¢) represents the tension field of . ¢ : M — N
is said to be biconservative if it is a critical point of E,. This condition is equivalent to
satisfying the Euler-Lagrange equation associated with the bienergy functional

() =0,

where 7 is the bitension field defined by

7(@) := At(@) —trR(de, T(¢))d¢.

In the 1980s, B. Y. Chen conducted research on biharmonic submanifolds within
Euclidean spaces as a component of B. Y. Chen’s initiative to comprehend
submanifolds of finite type in semi-Euclidean spaces. B. Y. Chen proposed an other
characterization of biharmonic submanifolds in these spaces. Let x : M — E” be an
isometric immersion. By examining normal and tangential parts of 7, (x), the following
results can be obtained.

Let x : M™ — E” be an isometric immersion of an n-dimensional semi-Riemannian
submanifold M™ into the semi-Euclidean space E!. If x satisfies the fourth-order
semi-linear PDE system given by the equations

AT H +traceh(Ay(-),-) =0
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and
mgrad||H||> + dtraceAy1y(-) =0,

then M™ is biharmonic.

On the other hand, if a mapping ¢ : M — N satisfies the weaker condition

(na(@),de) =0,

then it is said to be biconservative. Mainly, if x : M — N is an isometric immersion,
then the previous equation is equivalent to

where 7(x) " represents the tangential part of T,(x). In this case, M is said to be a
biconservative submanifold of N.

In this thesis, we mainly focus on biharmonic and biconservative surfaces in
four dimensional Euclidean and Minkowski spaces. The first section provides a
concise overview of the historical background and underlying principles concerning
biharmonic and biconservative submanifolds, as well as an overview of the research
conducted far in this field. In the second section, we give some basic notations
and basic facts about submanifolds of semi- Euclidean spaces, the definition of
biconservative submanifolds and we introduce the rotational surfaces. In the
third section, we give biconservative PNMCV surfaces in E*. We obtain local
parameterizations of these surfaces and demonstrate that they are not biharmonic. In
the fourth section, we give biconservative rotational surfaces in IE‘I‘. We study with
three different class of rotational surfaces and obtain the condition for each of them
to be biconservative. In the concluding section, the derived conclusions are presented,
along with recommendations regarding possible future researches.

Xviii



OKLID VE MINKOWSKI UZAYLARINDAKI

BIKONZORVATIF VE BIHARMONIK YUZEYLER

OZET

1960’larin ortalarinda Sampson ve Eels, enerji fonksiyonelinin fiziksel ve geometrik
ozelliklerini arastirirken harmonik tasvirlerin genellestirilmis bir versiyonu olan
k-harmonik tasvir kavramini diferansiyel geometriye kazandirdilar. Bu tanimin
sunulmasinin ardindan bir¢cok geometrici, biharmonik tasvirler iizerine caligmalar
yapmaya basladi.

(M™,g) ve (N",§) yart Riemann manifoldlari arasindaki E; bienerji fonksiyoneli her
¢ : M — N diizgiin tasviri i¢in

Ealo) =3 [ 15(6) Pre

seklinde tamimlanir ki burada t(¢) ile ¢ tasvirinin gerilme alani gosterilmektedir. ¢
tasvirine eger E, bienerji fonksiyonelinin bir kritik noktasi ise biharmoniktir denir. Bu
sart

n(¢)=0

seklindeki Euler- Langrange denkleminin saglanmasina dentir ki burada 7, ile

7(@) :=At(9) — trR(d,7(9))d¢

seklinde tanimlanan bi-gerilme alan1 gosterilmistir.

1980’lerin ortalarinda, B. Y. Chen, sonlu tipteki alt manifoldlarin yapisi lizerine
arastirmalar yaparken, ayrica biharmonik alt manifoldlar1 inceledi ve Oklid
uzaylarindaki biharmonik alt manifoldlarin tanimini sundu. Daha sonra, bu tanim
yar1-Oklid uzaylarina genisletildi. E? yar1 Oklid uzaymdan M™ alt manifolduna giden
bir x : M — E” izometrik daldirmas1 goz oniine alinsin. Bu tasvirin biharmonik olmasi
icin gerek ve yeter kosul

AT H +traceh(Ay(-),) =0,

ve
mgrad| H||? +4traceAy.iy(-) =0
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denklemleriyle verilen dordiincii dereceden yari-lineer kismi diferansiyel denklem
sisteminin saglanmasidir.

Diger taraftan, eger bir ¢ : M — N tasvirine daha zayi1f bir kosul olan

(na(@),de) =0,

denklemini sagliyorsa bikonzorvatiftir denir. Ayrica, eger 6zel olarak x : M — N bir
izometrik daldirma ise bir 6nceki denklem

T (X)T =0
halini alir ki burada 7(x) " ile 7,(x) vektor alanimin teget kismi gosterilmistir. Bu

durumda, M yiizeyi N yiizeyinin bir bikonzervatif alt manifoldudur.

M alt manifoldunun ortalama egrilik vektorii ve ortalama egriligi, sirasiyla,

1
H = —traceh
m

f=VIH H)

denklemleriyle tanimlanir ki burada h ile M alt manifoldunun ikinci temel formu
gosterillmistir.  f # 0 oldugu varsayilsin. Eger £ vektor alani paralel ise M alt
manifolduna paralel normallestirilmis ortalama egrilik vektoriine (PNMCV) sahiptir
denir.

ve

Diger taraftan, E‘f Minkowski uzayindaki hiperbolik, zamansal ve parabolik donel
ylizeylerin parametrizasyonlari, sirasiyla,

Fi(s,t) = (x(5),y(s),w(s) sinhz,w(s) cosht),s € I,t € [0,27],
F>(s,t) = (x(s),y(s),w(s)coshz,w(s) sinht),s € It € [0,27]
ve
F3(s,1) = x(s)N1 4+ V2w (s)Na + (2(s) +2w(s))E +w(s)Es,s € [,t €R

seklindedir.  Burada x,y ve w diizgiin birer fonksiyondur ve 1y,1M2,&,& Ef
Minkowski uzayindaki sozde- ortonormal c¢ati1 alani olusturan sabit vektorlerdir.

Bu tezde oncelikli olarak E* deki bikonzorvatif PNMCV yiizeylerle calisiimustur.
Daha sonra ise ]E‘l‘ Minkowski uzayindaki donel yiizeylerin bikonzorvatif olmasi i¢in
gerek ve yeter kosullar elde edilmistir.

Ik bsliimde, biharmonik ve bikonzérvatif alt manifoldlara iliskin tarihsel arka plan ve
temel ilkelere kisa bir genel bakisin yani sira bu alanda simdiye kadar elde edilmis
sonuglar sunulmaktadir. Ikinci boliimde yar1-Oklid uzaylarinin alt manifoldlari,
bikonzorvatif alt manifoldlar ve donel yiizeyler hakkinda bazi temel gosterimler
verilmisgtir.

XX



Uciincii boliimde, E* uzayinda bikonzorvatif PNMCYV yiizeylerle cahigilmistir. Bu
yiizeylerin lokal parametrizasyonlar: elde edilmistir. Sonug¢ olarak, E* uzayinda
biharmonik PNMCYV yiizey olmadig1 gosterilmistir.

Dérdiincii boliimde, ]E‘l‘ Minkowski uzayindaki donel yiizeyler ¢alisilmistir. Hiperbo-
lik, Zamansal ve Parabolik donel yiizeylerin her biri icin bikonzorvatif olma sartlari
elde edilmistir.

Sonu¢ boliimiinde, elde edilen sonuglar 6zetlenmis ve bu sonuclar1 gelistirmeye
yonelik bazi 6neriler sunulmustur.
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1. INTRODUCTION

In 1964, while examining the energy functional E between Riemannian manifolds—a
topic of both geometric and physical importance—Sampson and Eels extended
harmonic maps to biharmonic maps. In the mid-1980s, following the introduction
of the concept of k-harmonic maps by Eells and Lemaire to classify harmonic maps
between two Riemannian manifolds, [1]. Since then, many mathematicians have

become interested in studying biharmonic mappings.

By the definition, the bienergy functional between semi-Riemannian manifold (M, g)
and (N, g) is given by

Eal9) = 5 [ @), (10
for a smooth map ¢ : M — N, where 7(¢@) represents the tension field of ¢. If a
map @ : (M,g) — (N, &) is a critical point of E, then it is biharmonic. This condition
is equivalent to satisfying the Euler-Lagrange equation associated with the bienergy

functional given by
n(p) =0, (1.0.2)

where 7, is the bitension field defined as

7(p) := At(@) —trR(d@, T(9))d¢. (1.0.3)

In [2-4], during G. Y. Jiang’s program of studying the biharmonic maps and
biharmonic isometric immersions between Riemannian manifolds, G. Y. Jiang
obtained first and second variational formulas of E,. By using these results,

conservation laws for biharmonic maps between Riemannian manifolds were obtained.

On the other hand, Chen defined the biharmonic submanifold M of E!! as a submanifold

whose position vector x satisfying

A’x =0, (1.0.4)



where A is the Laplace operator. In [5], it is shown that this definition is identical to
the definition of Sampson and Eells when x : M™ — [E” is isometric immersion. In [6],

Chen studied on submanifolds of finite type.

It is straightforward to demonstrate that a minimal isometric immersion is biharmonic.
However, in [5], B. Y. Chen asserted that the converse is also true if the ambient space
is Euclidean, and he proposed that a biharmonic submanifold of Euclidean space is

minimal.

Letx : M — [E” be an isometric immersion. Considering normal and tangential parts
of 7,(x) = A%x, one can obtain that M™ into the semi-Euclidean space E”. A direct
computation yields that M" is biharmonic if and only if the fourth-order semi-linear

PDE system given by the equations
AT H + traceh(Ag(-),") =0 (1.0.5)

and

mgrad||H||* + 4traceAy. (-) = 0 (1.0.6)

are satisfied. On the other hand, if a map ¢ : M — N satisfies

(12(@),dep) =0, (1.0.7)

then it is said to be biconservative. In particular, if x : M — N is an isometric

immersion, then the former equation is equivalente to
T _
T(x) =0, (1.0.8)

where 7,(x)" denotes the tangential part of 7(x). In this case, M is said to be a

biconservative submanifold of N.

B. Y. Chen described a submanifold as having parallel normalized mean curvature
vector field (PNMCYV) if the unit vector field proportional to the mean curvature
vector is parallel on the normal bundle [7]. Note that, B. Y. Chen mentioned a weaker

version of B. Y. Chen’s biharmonic conjecture about PNMCV submanifolds in [8].



In [9-15], Several geometers have investigated biconservative immersions to
understand into the geometry of biharmonic submanifolds. For example, Y. Fu and N.
C. Turgay in [15] studied complete classification of biconservative hypersurfaces with
diagonalizable shape operator in Minkowski 4-space. After that the second named
author in [15] kept up pseudo-Euclidean spaces in [16]. S. Montaldo et al. provided
a complete classification of biconservative surfaces with constant mean curvature in
4-dimensional Riemannian space forms in [17]. The comprehensive classification of
surfaces with parallel mean curvature vectors in the product spaces S" x R and H" x R
was detailed in [11]. More recently, the general properties of biconservative surfaces
in arbitrary manifolds, especially those with constant mean curvature, were explored

in [18].

In [19], R. Yegin Sen and N. C. Turgay demonstrated that a PNMCV biconservative
surface is congruent to a specific rotational surface in E*. Futhermore, in [19] it was

shown that there is no biharmonic PNMCYV surface in E*.

In this thesis, biharmonic and biconservative surfaces in 4-dimensional Euclidean and
Minkowski spaces were focused. This thesis is contained in five sections and these are

planned as follows.

The first section presents a brief summary of the historical background and
fundamental principles related to biharmonic and biconservative submanifolds, along

with an overview of the research conducted in this field thus far.

The second section basic notations are given before fundamental concepts concerning
submanifolds of semi-Euclidean spaces, biconservative submanifolds, and rotational

surfaces are summarized.

In the third section, we interest biconservative PNMCV surfaces in E*. We obtain

local parametrizations for these surfaces and show that they are not biharmonic.



The fourth section focuses on biconservative rotational surfaces in IE‘l‘. We examine
three different classes of rotational surfaces and determine the conditions under which

each class is biconservative.

In the final section, we present our conclusions and offer recommendations for future

research directions.



2. PRELIMINARIES
In this section a brief summary of basic facts and definitions is given.

2.1 Submanifolds of Semi-Euclidean Spaces

Let E! be the semi-Euclidean n-space equipped by the canonical degenerated metric

tensor with index r given by:

n—r—1 n
g=(,)= Z dx? — Z a’x?,
i=1 J r

=n—
where (x1,x,...,X,) represents a rectangular coordinate system in E”, the Levi-Civita

connection of E” will be denoted by V.

Let M be a submanifold of E” with Levi Civita connection V, second fundamental
form h, shape operator A and normal connection V. Then, the Gauss and Weingarten

formulas
VxY = VxY +h(X,Y),

Vx& = —AcX +Vxé
are satisfied whenever X and Y are tangent to M and & is normal to M. Note that a

normal vector field & is said to be parallel if V)%é = 0 whenever X is tangent to M.

On the other hand, the mean curvature vector field H of M is defined by

1
H = —traceh (2.1.1)
m

and the mean curvature (function) is given by

f=VIH H)|,

M 1is said to be minimal if H vanishes identically.

Assume f > 0, If the normal vector field % is parallel, then M is said to have a

5



parallel normalized mean curvature vector (PNMCYV). Note that, being PNMCYV is
a weaker condition than being non-minimal and PMCV. Therefore, the notion of
PNMCYV generalizes PMCV submanifolds.

Furthermore, the Gaussian curvature of M is defined by

R(X,Y,Y,X)
(X, X){Y,Y)—(X,Y)?

K =

Now, let M be a surface in [E”. The curvature tensor of M is defined by
R(X,Y)Z=VxVyZ—VyVxZ—Vixy|Z.

For any tangent vector fields X, Y and Z on M, the Codazzi and Gauss equations are
expressed as follows:

(Vxh)(Y,Z) = (Vyh)(X,Z) (2.1.2)

and

R(X,Y)Z :Ah(Y,Z)X _Ah(X,Z)Y (213)

respectively, where the covariant derivative (Vxh)(Y,Z) of the second fundamental

form h is defined by
(Vxh)(Y,Z) = V5h(Y,Z) —h(VxY,Z) — h(Y,VxZ).
On the other hand, the Ricci equation is
RY(X,Y)E =h(X,AcY) —h(AgX.Y) (2.1.4)

whenever X, Y are tangent and & is normal to M.



2.2 Biconservative Submanifolds

Recall that the bitension field 7, is defined by 7»(x) := At(x) — trR(dx, T(x))dx. By

considering tangential and normal parts of 7, (x), the following results can be obtained:

Proposition 2.1. An isometric immersion x : M"™ — N" between two semi-Riemannian

manifolds is biharmonic if and only if the equations

mgrad||H |* +dtrace(Ay1y(-)) +4trace(R(-,H)-) " =0 (2.2.1)

and

traceh(Ay(-),-) — ATH +trace(R(-,H).)") =0, (2.2.2)

are satisfied.

By considering Proposition 2.1, one can obtain the following proposition.

Proposition 2.2. An isometric immersion x : M™ — N" between two Riemannian

manifolds is biconservative if and only if the equation (2.2.1) is satisfied.

Before proceeding, we would like to obtain E” the necessary and sufficient condition
for a PNMCYV submanifold M in the Euclidean spaces E" to be biconservative. Since
the following result was obtained the curvature tensor R of [E" vanishes, immediately

from equation (2.2.1).

Proposition 2.3. Let M be an m-dimensional PNMCV submanifold of Euclidean space

E". Then M is biconservative if and only if

_mf

2

Aem+1 (gradf) - gradf7 (223)

where ey 1 = IT{ and A,,+1 is the shape operator corresponding to e 1.

Proof. Since N =[E", we have R = 0. Therefore, (2.2.1) turns into
mgrad||H||? +dtrace(Ay1y(-)) = 0. (2.2.4)
Moreover, from the definition of e,, 1, we have

H = feni1,VoH = ei(f)ems (2.2.5)

7



and since M is PNMCYV, we have
Vg emi1 =0.

By considering (2.2.5), the second term in the left-hand side of the equation (2.2.4)

becomes
trace(Ay1y(-)) = AVélH(e]) +AV€L2H(€2)
=Ae,(emsr (€1) T Aby(f)en, (€2)
= e1(f)Ae,. €1+ e2(f)Ae,, €2
= A;,,.. (e1(fer +ex(f)ea)
= A, (gradf). (2.2.6)

On the other hand, the first term in the left-hand side of equation (2.2.4) implies

grad||H||* = gradf? = 2 fgradf. (2.2.7)

By combining from equations (2.2.4), (2.2.6) and (2.2.7), one can obtain
0 = mgrad|| H||? +dtrace(Ay1y(-))

=2mfgradf +4A,, . (gradf)
which yields (2.2.3). ]

Remark 2.1. If e,,.1 and the mean curvature f is constant, then H is parallel. In
this case, the equation (2.2.3) is satisfied trivially. Hence, throughout this thesis when
referring PNMCYV biconservative surface, we consider surface with non-constant mean

curvature.

2.3 Rotational Surfaces in E*

In this subsection, the class of rotational surfaces with a 2- dimensional rotational axis
in Minkowski space I[Tfl1 will be studied. There exist three types of rotational surfaces
namely hyperbolic, timelike or parabolic (See for example [20]). These surfaces
remain invariant under hyperbolic rotation, timelike rotation and screw rotation,

respectively.



2.3.1 Rotational Surfaces of Hyperbolic Type
LetB:1— 4,
B(s) = (x(s),y(s),0,w(s))
be a smooth regular curve defined on an open interval I. The curve f(s) lies in the
3-dimensional subspace

E3 = span{ny,m2, N4}

of IE‘I‘. Now, consider the surface defined by
Fi(s,t) = (x(s),y(s),w(s) sinhz,w(s) cosht),s € I,r € R. (2.3.1)

This represents a surface whose points are fixed by {n;,n,}, leaving behind a
space-like plane under the influence of orthogonal rotation in E¥, centered at B(s).
The surface Fj is called a rotational surface of hyperbolic type, and it is regular and
timelike if w(s) > 0. Note that the profile curve B(s) is timelike. Without loss of

generality, one can assume that 8 is parametrized by its arc-length, i.e,

/2_ /2:1

x/2 +y w

2.3.2 Timelike Rotational Surface

Consider the curve B in IE'fl1 given by,

where 7 is an open interval. The curve B(s) lies in the three-dimensional subspace

E3 = span{n,n2,Mm3} of ]E‘l‘. Consider the surface given by the parametrization
F>(s,t) = (x(s),y(s),w(s)coshz,w(s) sinht),s € [, € R (2.3.2)

in E]. This surface is as a timelike rotational surface when w(s) > 0 and the profile
curve f(s) is spacelike on the interval . This surface represents the orbit of 3 (s) under
the action of the orthogonal transformation of E* that pointwise fixes the spacelike
1-plane spanned by {n;,m,}. Moreover, F, is regular and timelike. Without loss of

generality, one can assume that 8 is parametrized by its arc-length, i.e,

xl2 +y/2+W,2 — 1



2.3.3 Rotational Surfaces of Parabolic Type

Now, consider the pseudo-orthonormal basis {n1,12,&3,E4} of E} such that & =
"4;\/5”3 and & = Mﬁ"“ Note that (£3,&) =0, (&4,&4) = 0and (&3, &) = —1. Consider

a smooth regular curve

Y(s) = x(s)M +2(s) &3 +w(s)&s,

s € 1, lying in the subspace E3 = span{n;,13,M4}. Since 13 = 54;\/253 and Ny = 53\}?4,

y@:x(smﬁ(ngM;@)@, sel (233

Now, put z(s) = W(Y)—\E(Y) and w(s) = % Then y(s) = x(s)N1 +2(s)& +w(s)&s.

Consider the surface defined by
Fs(s,1) = x(s)N1 + V2tw(s)Ma + (z(s) +2w(s) &+ w(s)Es,s € [t R, (2.3.4)

The orbit of ¥(s) under the action of the orthogonal transformation T of E* defined
by T(m1) =M1, T(12) = Mo+ v2t&3, T(&3) = & and T(&4) = /2112 + 1783 + &4 that
continues the degenerate plane spanned by {n;,&3} pointwise fixed. The surface F;
retains screw invariante and is also referred to as a rotational surface of parabolic type.

It remains regular and timelike if w(s) > 0 and the profile curve y(s) is timelike on /.

10



3. BICONSERVATIVE PNMCYV SURFACES IN E*

In this section, we are going to consider biconservative PNMCYV surfaces in E*. Note
that the results obtained in this section taken from [19]. Firstly, we obtain the following
lemma which provides a necessary and sufficient condition for being biconservative of

such surfaces.

Lemma 3.1. Let (M, g) be a PNMCV surface in E*. Then, M is biconservative surface
if and only if there exists an orthonormal frame field {e|,ey;e3,es} satisfying the

following conditions:

(1) The Levi-Civita connection V and the normal connection V- of M satisfy

Veer =V e =0, (3.0.1)
—3e 3e

Vezel = %627 V62€2 = j-](tf) €l, (3.0.2)

Vies=V&te, =0 (3.0.3)

for a function f satisfying e;(f) # 0, ea(f) = 0.

(2) Shape operators along e3 and e4 have matrix representation given by
Aoy = and A,, = . (3.0.4)

for a constant ¢ > 0.

Proof. Let the mean curvature vector of M be denoted by H with (H,H) = f>. We
suppose that M is biconservative. Let {e3,e4} be the local orthonormal frame field for
the normal bundle of M such that e3 = 1% is parallel. Since M is biconservative , the

equation (2.2.3) satisfied for m = 2.

Now, consider the orthonormal frame field {ej,e>} of the tangent bundle of M such

that e; = ngg%. From (2.2.3) one can get A,,(e1) = —fe;.

11



Since the co-dimension is 2, e4 is also parallel. Therefore, the equation (3.0.3) is

satisfied.

Since H is proportional to e3 , the equation 2 fe3 = traceA,,e3 + traceA,, e4 implies
traceA., = 2f (3.0.5)

and

traceA,, = 0. (3.0.6)

Now, the first equation in (3.0.5) gives

(Aes (e1),e1) +(Aes (e2),€2) =2f
Therefore, A., satisfies
Ae,(e2) = (Aey(€2),e1)e1 + (Aey(e2),€2)e2 = 3fer
On the other hand, the second equation in (3.0.6) implies
(Aey(e1),e1) = —(Aey(€2),€2) = 4
for a smooth function A. Thus, the matrix representations of A,, and A,, take the form
as the following:
— and A,, = (3.0.7)
for A and y. Moreover, by using the Ricci equation (2.1.4) for X = ej, ¥ = e and
& = e3 we obtain
Rt (e1,e0)es
= h(e1,Ae;e2) —h(Aeser,e2) = hier,3fez) —h(—feq,e2)
=3fh(e1,e2)+ fhier,er) =4fh(ey,er).
Since e3 is parallel, R (e1,e3)e3 = 0 implies
4fh(er,er) =0.

12



Because of f # 0, we obtain h(e;,e;) = 0.

Morever, ¥ = (A, (e1)ez) = (h(e1,e2),e4) = 0. So, (3.0.7) turns into

—f 0 A 0
Apy = and A, =
0 3f 0 -2
from which one can get
(h(e2,€2),€3) = (Ac(e2), €2) = 3f
(h(e2,€2),e4) = (Ac,(e2),€2) = —A

which yields
h(€2,€2) = 3f€3 — 164. (3.0.8)

Now, the Codazzi equation (2.1.2) for X = e, Y = Z = e, implies;

(Ve,h)(e2,2) = (Veyh)(e1,€2)
which is equivalent to
Voh(ez,e2) —h(Ve ez,e0) —hler, Ve e2) = Vo h(er,e2) — h(Veyer,e2) — (e, Veyea).
By using (2.1.4), the above equation implies
le (3fes —Aeq) —2h(wi(e)er,ex) = —h(wia(er)er,e2) — her, m(e2)er)

which gives

e1(3f)es + 3fVeile3 —e1(A)eq— lveﬁe;; = w2(e2)(—h(ez,e2) +h(er,er)). (3.0.9)
Since e3 and ey4 are parallel, (3.0.9) implies

3ei1(f)es —e1(A)es = wia(er)(—4fez+2Aeq).

By using the last equation, we have

—3e1(f)
af

From the above we obtain

= 6012(62). (3.0.10)




If the integration both sides of the above equation is taken, we have
er(In(f?)) = e1In(2)
and we find
A =cf?,

where c is a smooth function satisfying e;(c) = 0.

On the other hand, from the Codazzi equation (2.1.2) for X = e, Y = Z = ¢ implies;

(Ve,h)(e1,e1) = (Ve h)(e2,€1)
which is equivalent to
ijh(el,el) —2h(Ve,er,e1) = leh(ez,el) —h(Vee2,e1) —h(ea, Ve e2).

Note that (3.0.8) implies h(e;,e1) = —fe3 + Aes. So the equation becomes

Velz(_f% +7L€4) —2h(a)12(62)€2,81) = —h(—a)lz(el)el —h(ez, (1)12(61)62)
Velz(—feg + des) —2w12(ex)h(er,e2) = @i2(er)h(er,er) — w1a(er)h(er,er)
VLi(—fes+Aes) = onaer)((—fes+ hes) — (3fes — dey))

which gives

—ez(f)e3 + 62(1)64 = le(el)(—4fe3 + 2164). (3.0.11)

Since f is not constant and e is proportional to V f. By using the definition of V f, one

can get

gradf = e1(f)er +ea(f)ea. (3.0.12)

Since f # 0, we find e;(f) # 0 and e3(f) = 0. Therefore, the coefficient from ez of
(3.0.11) implies

wlz(el) =0.
Also, by considering the coefficient of e4 gives

er(A)=0. (3.0.13)
14



By replacing e4 with —e4 if necessary can be assumed to be positive.

Therefore, M satisfies the condition (1) of the Lemma. On the other hand, the second
equation in (3.0.7) and the first equation in (3.0.13) give the condition (2) of the
Lemma. Thus, the proof of the necessary condition was completed. Conversely,
assume the existence of local orthonormal frame field {e;,es;e3,e4} on M satisfiying

condition (1) and (2). Because of condition (2) implies
H= %(traceA%eg +traceA,, e4) = fe3.
From (3.0.3) then M is PNMCV. If e;(f) # 0 and e, (f) = 0 then
gradf = e1(f)er.
By condition (2)
Ag, (gradf) =ei(f)Ae e

=—fei(f)er

= — fgradf.
Consequently, M is a biconservative PNMCYV surface. [

Remark 3.1. For the satisfied conditions for ¢ = 0 in Lemma 3.1, one would have
A, = 0 which leads to §Xe4 = 0 whenever X is tangent to M. Hence, e4 is a constant

vector which yields that M is a surface lying in E>.

Corollary 3.1. In E*, no biharmonic PNMCV surface exists.

Proof. Consider that there exists a biharmonic PNMCYV surface in E*. Then M satisfy
the equation (2.2.2). By considering condition (2) of Lemma 3.1, it is computed the
left-handside (2.2.2) to obtain

traceh(Ap(-),) = h(Afe, (e1),e1) + h(Afe, (e2),e2)
= fh(Aes (81)761) +fh(A€3 (62)762)

= fh(—fer,e1)+ fh(3fer,e2)

traceh(Ag(+),-) = —f*h(er,e1) +3f*h(es,e2). (3.0.14)
15



By substiting h(e,e1) = —fesz + cf%e4 and h(ey,ez) = 3fes — cf%e4, the equation

(3.0.14) turns into
traceh(Ap (), ) = 10f3e3 — 4f2cfes.
If the above result is substituted into equation (2.2.2), the following equation is found:
traceh(Ag(-), ) — A*H +trace(R(-,H).)*) = (10> — Af)es —4cfies.  (3.0.15)

By combining (2.2.2) and (2.2.3) we are obtained ¢ = 0. By Remark 3.1 , M is minimal

which yields a contradiction. ]

As an immediate consequence of Lemma 3.1, it would like to state the following

corollary:

Corollary 3.2. If the surface M admits a biconservative PNMCV immersion into
E*, then the Gaussian curvature K of M and the mean curvature f of ¥ satisfy the

following condition:
K=_3 fz ) f3
for a constant ¢ > 0.

Proof. The definition for the Gaussian curvature K of the surface is found as follows;
K= (R(X,Y),Z,W) = (h(Y,Z),h(X,W))— (h(X,Z),h(Y,W)).
ForX =ey,Y —e>,Z = e and W = ¢, obtain;
K = (R(e1,e2),e2,e1) = (h(ea,e2),h(er,e1)) — (h(er,e2),h(er,e1))
= ((—fes+Aeq),(3fe3 —Les)) —0
= —3f%(e3,e3) + fA(e3, ea) +3fA(es, €3) — A*(eq, €4)
_ 32 22— 322
for a constant ¢ > 0. O

By utilizing Lemma 3.1 and Corollary 3.2, we arrive at the following rigidity result.
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Proposition 3.1. Let (M,g) be an abstract surface. If x1,x2 : (M,g) — E* are two
biconservative PNMCV isometric immersions, then there exists an isometry P : E* —

E* such that x; = ®oxj.

Proof. Let ‘T+M, 'H and 'V are denoted the normal bundle, the mean curvature and

the normal connection of ;, respectively and f; = (({H,'H >)% fori=1,2.

By Corollary 3.2, the Gaussian curvature K of M is satisfied;
—K=3ft+32f} =35+ (3.0.16)

for some nonnegative constants ¢, ¢. Thus, we have

XK = (=6f1 =3 D)X (fi) = (~6/2 =3 )X(2)
whenever X is tangent to M which is implied

gradf; gradK 12
= — 7[ = 1,4.
lgradfil|  [|gradK]|

For this reason, the tangent vector fields e, e; described in Lemma 3.1 do not depend

on the biconservative immersion but only the surface M.

Let {el,ez;ie3,ie4} denote the frame field corresponding to y; described in Lemma

3.1. Then, it is satisfied e, (f;) = 0. Furthermore, (3.0.2) is implied

_ Bea(fi) Be(f2)
Vel = qn 2= g,

which is given f| = { f> for a function { satisfying e;({) =0, { > 0. As ex(f;) =0,

p)

{ is a constant. Moreover, considering (3.0.8) one can get { = 1 and ¢ = ¢é. So that,
f1 = f> is satisfied. Consequently, the shape operators A; for e3 and e4 are made to

satisfy the following conditions:

Ay, =4y, and A, = A (3.0.17)

3 Z

Now, it is considered the vector bundle isomorphism W : TILM — TZLM given by

W('H) =2H and W('e,) = 2e4. Then, because of f| = f», it is obtained;

(P('ea), ¥('ep)) = (Cea, ep);a, p=3,4

17



and (3.0.17) implies
Yooy, = ony,.
Moreover, in order to ¥ and ¥, are PNMCY, it is satisfied;
Yo (IViey)=0=2vH(¥(le,)), 00 =3,4.

Accordingly, by the uniqueness part of fundamental theorem of submanifolds, there

exists an isometry ¥ of R* such that P o ¥| = ¥,. [l

Let f be a mean curvature and (gradf)(m) # 0 where m € M with f(m) # 0. By using
Lemma 3.1, I would like to construct a local coordinate system on a neighborhood of

m € M for a biconservative PNMCV surface M in E*.

Lemma 3.2. Let M is a proper biconservative PNMCV surface. And so, around any

point of M, there exists a local coordinate system (s,t) such that

EISN]

yje

f=1(s), ex Z%andesz(S)

Proof. Let {e},e;e3,e3} be a local orthonormal frame field given in Lemma 3.1.
—3ei(f) 3ei(f)

Because of V. ey =0 and V,,e; = —Zr e then [e],e;] = e which implies
le1, Ee;] = 0 for any function E satisfying
—3e1(f)
E)y=—"""F. 3.0.18
e1(E) v ( )

Therefore, there exists a local coordinate system (s,¢) such that e; = % and Eep = %

This is a proper PNMCYV biconservative then by Lemma 3.1 there exists {e},e2;e3,e4};

3e1(f)
4f

le1,e2] = Ve 00— Ve,e1 = e

[el,Eez] = el(E)€2 —|—E[e1,e2]

=e (E)ez —I—E3e;](‘,f) )
~(a(®)+ )

18



JE : [e1,Eez] = o by the way 3(s,1): e = % and Eey = % Owing to ex(f) =0
f=17().

JE(s,t) 3f B
85‘ +WE(S,Z')—O

The equation is found as;

Es(g,f) _ _431{/ then E(s,1) :f%

Furthermore, e;(f) = 0 which yields f = f(s) and due to (3.0.18) it can be chosen E
asE=f (s)%. O

Corollary 3.3. Let M be a proper biconservative PNMCV surface in E*. Thus, the

mean curvature of M implies the following ordinary differential equation.

/ 2
9f'(s) () 197 () = &, (3.0.19)
16(s)?

for a positive constant cp, which s is the local coordinate given in Lemma 3.2.

Proof. Considering a local orthonormal frame field {e},es;e3,e4} given in Lemma
3.1 and local coordinate system (s,7) given in Lemma 3.2, if the equation (2.1.3) is

considered for: Y = dt and X = Z = ds gives

R(e1,e2)e1 = Ape, o)) €25

R<€1762)el = V¢, Ve,e1 — V[elveﬂel - _A—fe3+cf%e4€2

If the previously found results are substituted in the equation above, the result below

is obtained

VA:%%Q

At that point one can obtain

3
62) - V[el,ez]el = fAe3€2 - Cf2A34€2.

—3f

fatefa=(Zr)a=Viqe
_12f”f+12f/2
- 162 €2 = Ve, e)€1
_12f”f+12f/2
= 16f2 € — VVelez—VEZelel .

19



If the previously found results are substituted in the equation above, the result below

1s obtained

—12f"f+12f"7

2, 243 \V
- - e

Bf +cf e 162 €2 3i;f)62€1

_ffef? Bf)?
I TT YOtk

which is equivalent to;

_3f//f+3f/2 9f/2
42162

374+ =

By multiplying both sides by —%, one can get the following equation
4c? f3 r

0
3

7
ff =g At

By multiplying this equation with 9—]2

812

9f/f// B 63f/3 N 9f/ +362f/f%

= 0.
8f2  32f7 2f2 2

Then, by integrating this equation, one can get (3.0.19) for some constant ¢, which can

be assumed to be positive. ]
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4. BICONSERVATIVE ROTATIONAL SURFACES IN I[-Z‘lt

In this section, some classifications of biconservative rotational surfaces are obtained.

Note that these results are presented in [21].

4.1 Rotational Surfaces of Hyperbolic Type

Let M be a surface in E} given by (2.3.1) for given functions x(s), y(s) and w(s)
satisfying x> +y? —w?> = 1. Let N = (ny,n3,n3) and B = (by,b,b3) denote the

binormal vector and normal vector fields of curve § = (x,y,w) in E3. Then, since

i.)—};l = (¥'(s),Y'(s),w (s) sinhz,w' (s) cosht)
% = (0,0,w(s) coshz,w(s) sinhz)

F = Fy satisfies, (F,,F,) =w?, (F,,F,) = (Fy,F;) =0 and (Fy, F;) = x? +y? —w'? =1

are obtained. So, M is a Riemannian surface. Next, consider the vector fields

0
e = — = (¥',y,w'sinht,w’ cosht)
ds
10
=——=(0,0 ht,sinhz
Q= (0,0,cosht, sinht)

which from an orthonormal base for the tangent bundle of M. Note that the
e3 = (ny,ny,n3sinhz,n3cosht)
eq = (by,by,b3sinht,bycosht)

satisfied

(e1,e3) = x'ny +y'ny +w'n3(sinh#? — cosht?) = (T,N) = 0.
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(e2,e3) = 0+ 0+ n3(sinhscoshz — sinhzcosht) = 0,
(e3,e3) = (N,N) =1,

(e3,e4) = (N,B) =0,

(eq,e4) = (B,B) = —1.

Therefore, {e3,e4} is an orthonormal base for the normal bundle of M.

The coefficients of the second fundamental form are determined as follows.

_on

@elel =3, (x',y’,w'sinht,w’ cosht)

= (x”,y",w" sinht,w" cosht) = (] ,;,t; sinht,#; cosht).

By considering the Frenet equation 7/ = kN one can obtain.

V. e1 = (kny, kny, knzsinht, knz cosht) = Kes.

Therefore / and V satisty h(e;,e;) = ke3 and V,,e; = 0.

- 0
V2= a(0,0,cosht,sinht) = (0,0,0,0) = h(ej,ez) + Vejer

from which one can obtain

h(61,€2) =0and VeleZ =0
d

V., e3 = =(n1,nz,n3sinht,n3cosht) = (n},nh,nf sinht, nj cosht)

ds
By considering the Frenet equation N’ = — k7T + 7B one can get.

V6163 = (—K‘tl +th|,—Ktr + Thy, (—KZ‘3 + ’L'b3) sinht, (—Kl‘3 + Tb3) COSht)
= —K(t1,tp,t3 sinht,t3cosht) + ©(by, by, b3 sinht, b3 cosht)
= —Kej| + Tey.

By combining this equation and

1
V€1e3 = _A€3el +Vele37
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one can obtain

Ae3e1 = Keq and Vj‘] e3 = Tey.
By a similar way, the equation

d
Vele4 = —(bl,bz,b3 sinht, bj COSht)

ds
implies
Ac,e1 =0and lee4 = Tes
"/ 10 A ’ w
Ve2€1 = wa—t(x VW sinhz,w cosht) = ;ez
gives

W/
h(ez,e1) =0and V,,e; = —es.
w

Furthermore, the equation

- 10
Ve, €2 = ;E(O,O,cosht,sinht)

implies
/

1
(0,0,sinhz,cosht) and V,,er =

h(ez,ez) = ;

On the other hand, by considering Weingarten equation and

~ 10 )
Ve,e3 = ;E(m,nz,ng sinht,n3 cosht),

one can obtain

A63€2 = —Wez and V62€3 =0.

Similarly,
% Lo (b1, by, b3 sinht, b3 cosht)
e4 = ——=
e €4 W 9t 1,092,03 ;U3

implies

Ag ey = —@62 and VJ‘64 =0.

4 w ey

By summing up (4.1.1), (4.1.2), (4.1.4) and (4.1.5), one can get

Kk 0 0O O

Ay = and A,, =
b
0 —% 0 -3

el.

4.1.1)

4.1.2)

(4.1.3)

4.1.4)

4.1.5)

(4.1.6)



Consequently, the mean curvature vector of H takes the form

1 njy b3
H=—-|(k—— —ey]. 4.1.7
5 [( " Jes + " es) 4.1.7)
In another case, the Gaussian curvature of M is
K
K = detA,, —detA,, = ——2. (4.1.8)
: w

Now, let M be a biconservative surface, i.e, (1.0.6) is satisfied. Then (4.1.7) implies

1 n3

1 _ vl
V,H=V, (5[(;<— W)eg + (;)e4])
1 n3 bs 1 n3 bs
= E(K/—(—)/)e3+(ﬁ)/€4+§(1€——)Vj‘l +5Vie4

By combining this equation (4.1.1), (4.1.2) and (4.1.6) one can obtain Ay . ye; as
el

Avsner= 5~ (2 )Awer + (22 Agger+ 5 (k= )Ag, e+ D Ag, e
= %(KJ b (%)/)Kel + %(K— %)Amel + %Aresel
— %(K‘l = (%)/)Kel + %(K— %)TAMI + %7A3el
—d %(K’— (%)/)Kel +§—3VTA3€1
_ %(KK' B [(Kngww—Z Kn3w’])e1 N 5_;7’(61'

By using the Frenet formulas, one can observe that the last equation implies

1 K2t3 Kngw’
AVELIHel = EK'K'/el + o e+ 2 el.
Furthermore, since
1 n b
1y _ ol 3 3
VAH = VA= Ze) + (D)ed))
1 n b3 1 n3 n b
— ez(E(K— —))es +ez(ﬁ)e4 + E(K_ )V, e+ Eveze“ =0,

one can conclude that

On the other hand, since



H satisfies gradf = A(s)e; for the function A computed as

1 n3 1 bj
A/ e N2 T YON2y
Oer(ly0e -2 2 Bypey
1 ny., , nmyw+nsw' by biw—bzw
= (—(K— — _ -
(Le- My Ty s v Ba,
(1 i+ K2t3 kthby kmw'  kK'ny  Kkmit (b% —n%)w’ ‘L'n3b3)
=\ - - - er.
2 2w 2w 2w? 2w 2w? 203 w2 /1

Now, by combining the equations above one can conclude that (1.0.6) is equivalent to;
2
, K%t

! / 2 2\,
3 Knzw K'nj3 (b —n )W KTh;3 Knsty  Tnzbjs
KK+ —+ -3 — =

0. 4.1.9
w w2 2w 2w3 2w 2w? w2 ( )

Thus, we have the theorem below:

Theorem 4.1. Let M be the rotational surface in E? parametrized by (2.3.1). Then M

is biconservative if and only if the equation (4.1.9) is satisfied.

4.2 Timelike Rotational Surfaces

Let M be a surface in E} given by (2.3.2) for given functions x(s), y(s) and w(s)
satisfying x> 4+y? +w? = 1. Let N = (ny,ny,n3) and B = (by,by,b3) denote the

binormal and normal vector fields of the curve 8 = (x,y,z) in E3. Then, since

% — (¥(5),y/(s),w'(s) cosht,w/(s) sinh)
% — (0,0,w(s)sinh#, w(s) cosht).

F = F, satisfies (Fy, Fy) = X2 +y?+w? =1, (F,,F,) = —w? and (F,,F,) = (Fy,F,) =0

are obtained. So, M is a Lorentzian surface. Next, consider the vector fields

0
e =5 = (x',y’,w' cosht,w’sinht)
10
=5 = (0,0,sinhz,cosht)

which from an orthonormal base for tangent bundle of M.
(e1,e1) =1,
(e2,€2) = —1,
(e1,e2) =0.
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In another case, the vector fields
e3 = (ny,n,n3cosht, n3sinht)
and
eq = (b1,by,b3cosht,bssinht).
satisfy
(e1,e3) = xX'n| +y'ny +w'nysinht? +w'nzcoshr®> = (T,N) = 0,

(e2,e3) = n3(sinhzcosht — sinhz cosht) =0,

(e1,e4) =0,
(e2,e4) =0,
(e3,e3) =1,
(eq,e3) =0,
(eq,e4) = 1.

Therefore, {e3,e4} is an orthonormal base for the normal bundle of M. The coefficients

of the second fundamental form are found as follows.

?elel = —(«',y',w coshz,w’sinht)

%
ds
= (x",y",w" cosht,w” sinht) = (¢],2;,t; cosht,#; sinht).

By considering the Frenet equation 7/ = kN, one can obtain.

Ve e1 = (kny, kny, knzcosht, kn3sint) = Kes.

Therefore, h and V satisfy h(e;,e;) = ke3z and V., e; = 0.

~ 0
Ve €2 = g(0,0,sinht,cosht) =(0,0,0,0) = h(ey,e2) + Ve, e2

which implies
h(el,ez) =0and Ve1€2 =0.
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Furthermore, one can find

)

Ve,e3 = = (n1,ny,n3cosht, nysinht) = (n,nb, nfcosht, ny sinht).

ds
By considering the Frenet equation N’ = —kT + TB, one can obtain

V. e3 = (—kt| + th1,—Kt2 + Tha, (—Kt3 4 Tb3) cosht, (— k13 + Tb3) sinht)

= —«(t1,tp,t3cosht,t3sinht) + ©(by, by, b3 cosht,bysinht) = —Ke| + Tey

By combining this equation and

1
Ve163 = —Aze] +V€163’

one can obtain

Ae3el = Kej and Vj‘leg = Tey.

By a similar way, the equation

~ 0
Ve eq = a—(bl,bz,b3 cosht,bssinht)
S
implies
and
~ 10 /
Ve,e1 = ;E(x’,y',w’cosht,w’ sinh7) = %6’2
gives

W/
h(ez,el) =0and V6261 = —€7.
w

Furthermore, the equation

~ 10
Ve,e2 = ;E(O,O,sinht,cosht)

implies
/

1
h(ez,e2) = —(0,0,cosht,sinht) and Vesep =
w
In another case, by considering Weingarten equation and

~ 10 .
Ve,e3 = ;E(m,ng,m cosht,n3sinht),
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(4.2.1)

(4.2.2)

(4.2.3)



one can obtain

Aser =y and Vies =0. (4.2.4)
w
Similarly,
Y law by, b3 cosht, by sinhr)
e,€4 = ——=—(b1,b2,b3cosht, b3 sin
5 €4 wor 1,02,03 3
implies
b
Ager=——eyand Vieq =0 (4.2.5)
w

By summing up (4.2.1), (4.2.2), (4.2.4) and (4.2.5), one can get

k 0 0 O
Ay = and A,, = r (4.2.6)
b
0 _% 0 -3

Consequently, the mean curvature vector of M takes the form

1 b
H:ﬂm—%m—iay (4.2.7)

On the other hand, the Gaussian curvature of M is

Kns

K = —detA,, —detA,, = — (4.2.8)
w

Now, let M be a biconservative surface, i.e, (1.0.6) is satisfied. Then (4.2.7) implies

Ly _ gl
VelH_Vel(E[( —5)63—(5)64])
1 n3 bs 1 n3 b3
= 5[("'/ - (;)/)63] - (ﬂ)leﬂr E(K_ ;)le@ - E}leez;.

By combining this equation (4.2.1), (4.2.5) and (4.2.6) one can obtain Ay ye; as
el

Ay, per = %(K’— %)’A@el — 61(5_:;)/146461 + %(K— %S)Avgl@el - ;%Avélmel
— %(K‘/ - (n—vj)’)xel + %(K— n_vj)Are4el - f—ijreael
= Y ke + 2 (5~ B tcier + e
= %(K’ — (%)/)K‘el + s—jv’L’A@el
_ %(KK,_ [(1<11'3WW—2 Kng.w'])e1 +§_3V7Ke1'
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By using the Frenet formulas, the last equation implies

K213 Knyw'
e1+ 5
2w 2w

1
/
AVellHelziKKel-'_ el.

Furthermore, since

One can conclude that
Avé_zHez - 0

In another case, since

f=(H,H) = gl =2 - (22,

H satisfies gradf = A(s)e; for the function A computed as

b3

w

1 n3

A(s)er = ([ 0c="27 4+ L2 PY)ey

1 n3 .o, nyw —n3w' b3

= E(K——)(K T)el + 2W(

KT b3
e
2w

bgw—b3wl

T)el

K'ny  Knst (b3 +nd)w'
3 kn3n3 3+ n3

Kknyw' K213
e €| —
2w 2w? 2w3

w2 T,

1= 1= el.

By considering biconservative equation by (1.0.6); one can get
A'(s)ey +traceAy. H =0
which implies

2 / / 2 2\1
K°t3 KThy Knzw K'n3 Knstz b5 +n3)w
K‘K‘I—f— . + . . _( 3 3)

=0. 429
w 2w w2 2w 2w? 2w3 ( )

Therefore, we have the theorem below:

Theorem 4.2. Let M be the rotational surface in I['E‘lt parametrized by (2.3.2). Then M

is biconservative if and only if the equation (4.2.9) is satisfied.
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4.3 Rotational Surfaces of Parabolic Type

Let M be a surface in E{ given by (2.3.4) for given functions x(s), y(s) and w(s)
satisfying x> 4y> —w'?> = 1. Let N = (n1,n2,n3) and B = (b1, b,,b3) denote the normal
and binormal vector fields of the curve(x,y,w) in E% Consider 1 = (1,0,0,0),m, =
(0,1,0,0),n3 = (0,0,1,0) and M4 = (0,0,0,1) and the rest as accordingly &; =
) — (0,0,—1,1), & = M) — 4(0,0,1,1) which satisfy (m1,m) =

72 V2

(M2, M) = 1, (M1, Mm2) = 0 and (&3, 83) = (&4, &) = 0 and (£3,E4) = —1. Then since
JOF
=2 =X )M AV (& W) G+
% — \/Ewnz —|—2tW§3.

F = F; satisfies, (Fy,F,) = x> = 27w = E, (F,F) = 2w? and (F,,F) = (F,F,) =
0. Define y(s) = x(s)n; +z(s)&3 + w(s)Es which satisfy ¥ (s) = X' (s)n1 + 2/ (s)& +
w(s)& and (Y,7) = x> — 27w’ = E. There are two different cases depending on

whether E is positive or negative.

Case 4.1. Let E be positive. In this case, by re- defining s properly, one can assume

E=1.

Case 4.2. Let E be negative. In this case, by re- defining s properly, one can assume

E=-1.

Then, the surface F3, vector fields (ey,e;,e3,e4) given by

. 1 a o / / 2.7 /
el_TEa_s_xn1+\/§twn2+(z +w) &+ W'
b L 9 +V/21&
2T awar PV

—1
e3 = X/Th + \/EIW,T[Q + (W +l‘2W, +Z/)§3 +W’§4

xl
e =—&+M
w
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form an orthonormal frame field on M because they satisfy

1
(x/z + 2t2W/2 . 2w/ (ZI + t2w/)) -1

(e1,€1) =

b

(er,e2) =1
(er,e2) = (M + V2w + (£ +2w)) &5 +w'E4), (2 4+ V21E3)) = 0
/
(e3,e3) = x> 4+ 20w + ZVL, —2°w? = 27w =x?—2/w +2=1
w

(e3,e1) =0

(e3,€2) = (XM +V2tw'ma + (;—,1 +2W + )G+ WE), (M +V2tE)) =0

fene) = (S8 +m). (S& +n) =1

x/

(earer) = (& +m), (m + V2w + (F + 2w E +WE)) =0

/

(e4,€2) = ((%53 +1M1), (M + V2t&)) =0

/

|
(e4,€3) = <(%53 + M), (m1 V2w m + (7 +2w )&+ W) =0.

The coefficients of the second fundamental form are determined as follows:
equation

- a / / / 2.1 /

Ve er = a(x m +2tw M+ +tw)E&+w'éy)

:x//n1 +\/§tw”n2+(z”+t2w”)§3+w’§4
implies

h(el,el) = h?leg, —|—h‘1‘164,

from which one can get

w
<h(€1,€1),€3> == h?] - W7

! — !
(h(e1,e1),e4) = hf} = ———.

In another case, the equation

~ d
Velez = a(nz + \/Etég) =0= h(el,ez) +Vejer
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implies
h(el,ez) =0 and VeIEQ =0.

Furthermore, by a direct computation one can get

- d —1
Ve e3= a(x'm + V2w + (—, +2wW + )6 +w'Ey)

= (¥ n1+\/_tw n2+(—+t2w”+zﬂ)§3 +w"&y)

w'2
_ _ B ol
= —(Veez,e1)er + (Ve,ez,ex)er+ (Ve e3,e4)eq = —( " e +0es + (
By combining this equation and
Ve e3=—Ase +Veﬁ€3,
one can obtain
W// x//W/ _x/W//
Ae3el = —Wel and Vj‘leg, = —/64.
By a similar way, the equation
~ d x
Vee4 = m(;@ +M1)
= —(Veeer)er + (Ve eq,er)er+ (Vo eq,e3)e3
W —xw" W —xw
(Y 0y + Y
w w
implies
"nor /B
Aese1 = _Mel and V2 ey = M%,
w w
and
~ d
Veer = — (V2w + ()& +WE)
w\/_ 81
w w2 w w
=—m+ E=—(m+1V2&) = —e;
w w w
= h(ez,e1)+ Ve,eq
gives

h(ez,e1) =0and V,,e; = Kez.
w
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Furthermore, the equation

1 0 1
\Y =—— tV2E3) = —
€2 wﬂat(nfr V2&3) W53
implies
w/
h(ez,ez) = /’l%2€3 +/’l§2€4 = —;€3 + Oey
which gives
3 w
(h(e2,e2)e3) = hyy = RV

<h(ez,ez)€4> = h%z =0.

On the other hand, by considering Weingarten equation and

1 4
\4 —
€2e3 W\/iat

w w w w
=M+ V2a—E=—(m+V2&)=—n
w w w w

one can obtain
/
w
(%) and VeL263 =0.
w

Aper = —
Similarly,

1
Veze4 = —Ae4€2 + V62€4

implies

A4€2 =0and Vj‘ e4 = 0.

2

By summing up (4.3.1)- (4.3.5), one can get

/! " /!
w X W —w )C/
- Wl O 7 0

w

Aey = and A, =
0o - 0

Consequently, the mean curvature vector of M takes the form

1w w Y — "
H=—-[(Y 4%
2[(W + W,)€3+(

In another case, the Gaussian curvature of M is

/!

K = —detA; —detAy = —w—.
w
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— (XM +V2tw'n, + (V + 2w + )&+ wEy)

ek

(4.3.3)

4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)



Now, let M be a biconservative surface, i.e, (1.0.6) is satisfied. Then (4.3.7) implies

1w w xX'w —w'x
Lo vl
V H= Vel(i[(;er)% +(T)e4])

1w w
A —e(=(Z
viHel el(z(w' +

x//W/ _ W//x/ x///w/ +xllwll _ W///W/ + W// ))
€1

+(( )

Furthermore, since

1w W xX'w —w'x
Ly ol
VAH =V + Dyt (2
1 W// W/ x//W/ _ W//x/ 1 W// W/
—ellg et ety

v

L X' —w'x
S Ve =0
One can conclude that
AvélHez — 0

In another case, since

f=(HH) = (S My (g

45w w w

H satisfies gradf = A(s)e; for the function A computed as

Als)er = (10

1 w"wW'w — W//3 w

2 ( W/3 W2
1 W///W/Z - W//ZW/ W”W’W . W’

+ 5( ww'2 w3 )

1 "W —w'x (x/// 4 x//)w/z _ (W///x/ + ZXNW//)W/ + W//Z v ))

2 ( w )( 2W/2

W// W/ ) x//W/_x/W// )
WJFW) +(T) ]

2W _ W//le )
3
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Now, by combining the equations above one can conclude that (1.0.6) is equivalent to

; W — W ww —w'w W —=w'x XMW W — W W
S () - () () _ )
( W —w x/)z , o1 W' —w W — w2 w2 — w2y
+(T>W + 5[( w3 w2 )+ w2
W — w2 + W2 — W w — 2w + w2y ww'w — w3
+( W ) /2 )]+ W3 =0.
(4.3.9)

Hence, we have the following theorem:

Theorem 4.3. Let M be the rotational surface in I[:?fll parametrized by (2.3.4). Then the

equation (4.3.9) is satisfied if and only if M is biconservative.
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S. CONCLUSIONS AND RECOMMENDATIONS

In this thesis, biconservative and biharmonic surfaces in Euclid and Minkowski spaces
were studied. In section three, we aimed to achieve a complete local classification
of biconservative surfaces with a parallel normalized mean curvature vector in the
Euclidean 4-space. First, in Lemma 3.1, we determined the form of shape operators
and the Levi-Civita connections of a biconservative PNMCV surface in E*. Then,
we demonstrated that there are two necessary and sufficient conditions for M to be
biconservative PNMCV. In Corollary 3.2, we showed that there are not biharmonic

PNMCYV surface in E*.

In section four, we obtained the classifications of biconservative rotational surfaces of
hyperbolic, timelike and parabolic types. In Theorem 4.1, Theorem 4.2 and Theorem
4.3, we examined the necessary and sufficient conditions for such surfaces to be

biconservative.

Studies about the generalization of the results appearing in Section 4 have been
completed in several articles. However, it would be crucial to study higher

dimensional submanifolds.

On the other hand, classifying biconservative rotational surfaces in the arbitrary

dimensional space forms is still an open problem.
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