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OPTIMAL CONTROL THEORY OF FOURTH ORDER DIFFERENTIAL
INCLUSIONS

SUMMARY

Optimal control theory is a field of study in mathematics and engineering that focuses
on finding the most effective method of controlling a system in order to accomplish
a desired result. The process involves mathematically modeling the system, devising
a control strategy that optimizes a specific objective function, and implementing the
control method. Optimal control theory is applied in various disciplines such as
engineering, economics, biology.

Optimization challenges are prevalent in several fields of research and engineering.
We consistently strive for optimal solutions, maximizing resource utilization and
minimizing effort to get desired results. In the field of classical mechanics, one
example of a problem we may encounter is finding the path that minimizes the
amount of time it takes to go. Nevertheless, traditional differential equations
sometimes encounter difficulties in accurately representing the intricacy of real-world
systems. Fourth-order differential inclusions are introduced as a strong tool to address
optimization issues that include higher-order dynamics.

The fundamental concept behind the use of fourth-order (DFIs) for optimization is
to identify the state trajectory (expressed by a function) that minimizes a certain cost
functional. We use the notion of locally adjoint mappings (LAMs) to deduce optimality
criteria. These mappings establish a connection between changes in the system’s
condition and fluctuations in the cost functional. Mathematicians may determine the
necessary and sufficient conditions for a trajectory to be optimum by examining these
links.

The use of fourth-order (DFIs) in optimization is not limited to mechanics. They are
used in fields such as optimal control theory, where engineers develop control systems
for dynamic processes. In this context, the term "inclusion" refers to the description of
how a system behaves when subjected to different control inputs. The objective of the
optimization issue is to find the control strategy that minimizes a certain cost, such as
fuel consumption.

Fourth-order differential inclusions provide a good framework for addressing
optimization problems that include dynamics of higher order. Due to their capacity
to manage uncertainties and simulate complex systems, they are a handy instrument
for both engineers and mathematicians. As research progresses, we anticipate that this
technique will have even wider applicability in improving other real-world systems.
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In this thesis, we deal with the Lagrange problem of fourth-order differential inclusions
with special boundary conditions. We label it as (PFD) and denote:

T
minimizeJ[s(-)] = /0 h(s(t),s' (1), 5" (¢), 8" (1), 1)t

d*s(t)
dr#
s®(0) = sW(T) = yi, (k=0,1,2,3)

(PFD) € G(s(t),s'(t),s"(t),s"(t),1), ae. t €[0,T],

where A(-,t) : R*" — R! is a proper convex function and G(-,z) : R* = R" is a convex
set-valued function. Further,y; € R"(k =0,1,2,3) are constant vectors and T is any
positive number.

This problem is one of the most difficult and interesting optimization problem with
fourth-order differential inclusions and special boundary value constraints. Indeed,
the obstacle in the problem with fourth-order (DFIs) is rather to establish the
optimality conditions which are in general Euler-Lagrange type higher-order adjoint
inclusions and the transversality conditions. In contrast to Euler-Langrange type
adjoint inclusions which are used to derive sufficient conditions for first order DFIs, we
use Mahmudov’s adjoint inclusions to obtain sufficient conditions for 4-th order DFIs.
Obviously, if kK = 1 Mahmudov’s and Euler-Lagrange adjoint inclusions coincide.
Although our problem problem is convex, without loss of generality we can extend
our results to the non-convex case.

We study how to optimize the Lagrange equation using differential inclusions of the
fourth order with some special boundary constraints. We aim to identify sufficient
conditions for fourth order DFIs using locally adjoint mappings and Mahmudov’s
inclusion. To further accomplish our objectives, we use of the argmaximum sets of
set-valued functions and Hamiltonian function. In fact, we take the subdifferential
of Hamiltonian function to obtain LAMs. Then, we have proven the optimality
of the problem (PFD). Later, we derive the Euler-Poisson equation by using the
problem (PFD) in the absence of differential inclusion. Subsequently, we applied
the fourth-order "linear" optimal control problem to (PFD) in order to identify a
controlling parameter w(t). Lastly, the Weierstrass-Pontryagin maximum principle
and the transversality conditions have been proven for the fourth order optimal control
problem via a semilinear map and a locally adjoint mapping.

XVviil



DORDUNCU MERTEBEDEN DIFERANSIYEL DAHIL ETMELERIN
OPTIMAL KONTROL TEORISI

OZET

Optimal kontrol teorisi, istenilen bir sonucu elde etmek icin bir sistemin kontroliiniin
en etkili yontemini bulmaya odaklanan matematik ve miihendislik alanidir. Bu siirec,
sistemin matematiksel olarak modellendirilmesini, belirli bir objektif fonksiyonu
optimize eden bir kontrol stratejisi tasarlamayr ve kontrol yontemi uygulanmasini
icerir. Optimal kontrol teorisi mithendislik, ekonomi, biyoloji ve finans gibi ¢esitli
disiplinlerde uygulanir.

Optimizasyon zorluklar1 bircok arastirma ve miihendislik alaninda yaygindir. Istenilen
sonuglar elde etmek i¢in kaynak kullanimini en iist diizeye cikararak ve cabayi en
aza indirerek siirekli olarak optimum c¢oziimler icin calisiyoruz. Klasik mekanik
alaninda kargilasabilecegimiz problemlerin bir 6rnegi, gidilecek siireyi en aza indiren
yolu bulmaktir. Bununla birlikte, geleneksel diferansiyel denklemler bazen gercek
diinya sistemlerinin karmasikligini dogru bir sekilde temsil etmede zorluklarla
karsilasmaktadir. Dordiincii mertebeden diferansiyel dahil etmeler, yiiksek dereceli
dinamikleri iceren optimizasyon sorunlarini ¢ozmek icin giiclii bir ara¢ olarak
tanitilmstir.

Optimizasyon i¢in dordiincii mertebeden dahil etmeler (DFIs) kullaniminin ardindaki
temel kavram, belirli bir fonksiyonel maliyeti en aza indiren durum yoriingesini
(bir fonksiyonla ifade edilen) tanimlamaktir. Optimallik kriterlerini ortaya ¢ikarmak
icin yerel eslenik fonksiyonlar kavramini kullaniyoruz. Bu fonksiyonlar, sistemin
durumundaki degisiklikler ile maliyet fonksiyonelindeki dalgalanmalar arasinda bir
baglant1 kurar. Biz bu baglantilar1 inceleyerek bir yoriingenin optimum olmasi i¢in
gerekli ve yeterli kosullart belirliyoruz.

Optimizasyonda dordiincii mertebeden dahil etmeler kullanimi mekanikle sinirli
degildir. Miihendislerin dinamik siirecler i¢in kontrol sistemleri gelistirdigi optimal
kontrol teorisi gibi alanlarda kullanilirlar. Bu baglamda "dahil etme" terimi, bir
sistemin farkli kontrol girdilerine tabi tutuldugunda nasil davrandiginin agiklamasini
ifade eder. Dordiincii mertebeden diferansiyel dahil etmeler, daha yiiksek dereceli
dinamikleri iceren optimizasyon konularini ele almak icin bize iyi bir ¢erceve sunar.
Belirsizlikleri yonetme ve karmagik sistemleri simiile etme kapasiteleri nedeniyle hem
miihendisler hem de matematikg¢iler i¢in kullanigh bir aractir.

Bu tezde, Lagrange denklemininin (PFD), 6zel sinir kosullarina sahip dordiincii mer-
tebeden diferansiyel dahil etmeler kullanarak nasil optimize edilecegi incelenmistir.
Yerel eslenik fonksiyonlari kullanarak dordiincii mertebeden diferansiyel dahil etmeler
icin yeterlilik sartlarim1 tanimlamak amaclanmigtir.  Ayrica, yeterlilik kosullarim
yaratmak icin Euler-Lagrange tipi diferansiyel dahil etmeler kullanilmistir.
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Hedeflerimizi ilerletmek i¢in, kiime degerli fonksiyonlarin argmaximum kiimelerini ve
Hamiltonian fonksiyonunu kullanilmistir. Yerel eslenik fonksiyonlarini Hamiltonian
fonksiyonunun subdiferansiyeli alinarak elde edilmistir. Daha sonra, Euler-Possion ve
lineer optimal kontrol gibi denklemlere uygulanmistir. Asagidaki problem, Lagrangian
fonksiyonuyla 6zel sinir kosullar: sahip sinir deger problemidir. Bu problem (PFD)
olarak etiketlenmisgtir.

T
minimizeJ[s(-)] = /0 h(s(t), 5 (1),5"(1),5" (1), 1)dr

d*s(t)
dr#
s®(0) —s®(T) = i, (k=0,1,2,3)

Burada h(-,¢) : R* — R! fonksiyonu has(proper) konveks fonksiyon ve G(-, 1) : R¥ =
R" fonksiyonu ise kiime degerli bir konveks fonksiyondur. Ayrica, y; € R*(k =
0,1,2,3) sabit vektorler ve T ise herhangi bir pozitif sayidir. G ve h fonksiyonlari
konveks oldugu i¢in verilen problem(PFD) konveks bir problemdir.

(PFD) € G(s(t),s'(t),s"(t),s""(t),1), ae. t € [0,T],

Birinci boliimde, tezde ele alinan problem ile neyi hedefledigimiz ve problemi
nerelere uygulayacagimiz ile alakali gerekli bilgiler verilmistir. Ayrica, tezin amaci
aciklanmistir. Daha sonra diferansiyel dahil etmeler ilgili literatiir taramasi verilmistir.
Son olarak tezin hipotezi sunulmusgtur.

Ikinci boliimde, optimizasyon teorisinde énemli bir rol oynayan konveks kiimeler ve
fonksiyonlar ile koniler hakkinda gerekli temel bilgiler verilmistir. Konveks kiimeler
ve fonksiyonlar ile koniler optimizasyon teorisinde temel unsurlardir. Optimizasyon
problemlerini tanimlamak ve ¢ozmek icin sistematik bir ¢erceve saglarlar. Ozellikle,
has(proper) konveks fonksiyonlar ¢ok dnemlidir. Biz de problemimizdeki fonksiyonu
has secgerek kiiresel minima ve kapali epigraf gibi belirli nitelikleri garanti altina
alinmistir. Koniler ve eg(dual) koniler optimallik kogullarini anlamak i¢in geometrik
anlayis ve teorik temelleri sunar. Problemimizin optimal ¢6ziimiinii ispatlamak i¢in
yararlandigimiz yerel eslenik fonksiyonlar es koniler yardimiyla tanimlanmustir.

Ugiincii boliimde, subdifferansiyel tamtilmis ve ve onunla ilgili tanimlar ve teoremleri
verilmigtir.  Konveks analiz ve optimizasyon teorisinde Onemli bir konu olan
subdiferansiyel fikri, matematiksel caligma alaninda biiyiik ilgi gordii. Subdiferansiyel,
tirev kavramim tiirevlenemeyen fonksiyonlara genigleten, konveks optimizasyon
problemlerinin analizinde ¢ok onemli bir rol oynar. Tiirevlenebilirlik s6z konusu
olmadiginda bile optimallik i¢in hem gerekli hem de yeterli kriterlerin tiiretilmesinde
subdiferansiyel kavramindan yararlamlmistir. Ozellikle bizim c¢alismamzda kritik
role sahip yerel eslenik fonksiyonlar: elde etmek i¢im Hamiltonian fonksiyonunun
subdiferansiyelini alarak Pontryagin’in maksimum esas1 ispatlanmigtir.

Dordiincii boliimde, kiime degerli fonksiyonlar1 ve onlarin 6zellikleri incelenmistir.
Kiime degerli fonksiyonlar, karmasik optimizasyon sorunlarint modellemek, analiz
etmek ve ¢ozmek icin ¢ok yoOnlii bir perspektif sunar. Argmaksimum kiimesini
kiime degerli fonksiyonlar iizerinden tamimlanmigtir. ~ Daha sonra, es koniler
yardimiyla, problemimizin optimalligini gdstermek i¢in kilit rol oynayan, yerel eslenik
fonksiyonlarini ve onlarin 6zellikleri ele alinmstir.
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Besinci boliimde, 6zel sinir deger kisitlarina sahip dordiincii mertebeden diferansiyel
dahil etmeleri igeren problemin(PFD) yeterlilik kosullarini tiiretmek i¢in Mahmudov
tipi dahil etmeler ve yerel eslenik fonksiyonlardan yararlanilmis ve daha sonra
problemimizin optimalligi ispatlanmusgtir.

Altinc1 boliimde, sinir deger problemimizi dahil etmeler olmadan ele aldigimizda
yerel eslenik fonksiyonunun O vektorii oldugu gosterilmisti.  Bu bulgumuzu
problemimize(PFD) uyguladigimizda Euler-Possion denklemi:

G (Y OB\ PO
ds dt \ds di? \ ds" dr3 \ as" )

Ardindan, lineer optimal control problemine ek bir sart koyarak kontrol parametresini
tanimlanmugtir. Son olarak bir yari-lineer kiime degerli ve yerel eslenik fonksiyonlar
yardimiyla Weierstrass-Pontryagin maksimum esast:

elde edilmistir.

(Nw,s*(1)) = mv'zlx{(Nw, s*(t)) :w e D},

ispatlanmustir.
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1. INTRODUCTION

Differential equations are the dominant tools in mathematics for explaining the
behavior of quantities that are undergoing change. These equations represent the
derivative of a variable, which measures its rate of change, with respect to itself
and other variables. Nevertheless, there are circumstances in which a solitary, exact
equation is insufficient. Differential inclusions are used to provide a more adaptable

and intricate method for modeling dynamic systems.

Differential inclusions fundamentally distinguish themselves from traditional equa-
tions by including a function that assigns sets as values. A differential inclusion does
not dictate a certain rate of change, but rather states that the derivative must fall inside

a particular set.

The transition from a single equation to a set-valued function may seem insignificant,
yet it opens up a multitude of potential opportunities. Differential inclusions are
especially valuable for modeling systems that include uncertainty, when the precise
dynamics are not completely understood. Take, for example, the movement of
a vehicle with a defective engine. Although a typical differential equation may
accurately represent the desired behavior, a differential inclusion can accommodate
the unexpected engine problems by integrating a spectrum of potential accelerations.
When analyzing systems that experience quick changes or discontinuities, as a
bouncing ball or a circuit with abrupt switching behavior, differential inclusions

provide a framework for representing these non-smooth transitions.

Differential inclusions provide a potent method for analyzing the problems in which
the solution trajectory must satisfy both the differential equation and the inequality.
The theory of differential inclusions is a complex and diverse field. While classical
differential equations often have clear solution techniques, the study of differential
inclusions may be more complex. Scientists use several methodologies to determine

the presence and characteristics of solutions within the designated set.



Differential inclusions provide a robust expansion to the domain of differential
equations. By integrating a set-valued approach, they provide a flexible tool for
representing elaborate optimization constraints in complex systems that include
uncertainty and non-smoothness. As our comprehension of dynamic systems
progresses, differential inclusions will undoubtedly stay prominent, offering a resilient

structure for encapsulating the complex essence of change.

1.1 Purpose of Thesis

This thesis focuses on fourth order differential inclusions (DFIs) and optimality
conditions for these type of differential inclusions. The another objective of thesis
is reaching the sufficient conditions for the Lagrange problem to have optimal
solution. The minimized function is type of Lagrange function. Furthermore, the
calculations are carried out for the fourth-order "linear" optimal control problem.
The Weierstrass-Pontryagin maximality principle and the transversality conditions are

proved for the fourth order "linear" problem.

1.2 Literature

In the last century, the higher order differential inclusions in optimal control theory has
had a important influence on maths, physics, engineering, etc. The challenge in higher
order optimal control problems is getting optimality requirements. Typically, we need
to use adjoint inclusions of the Euler-Lagrange type, and the appropriate transversality
conditions, However, in the given issue, it is evident that the unique type of adjoint
inclusion, known as Mahmudov’s inclusion, is a necessary condition for the existence

of an optimal solution. In the literature, second-order DFIs has been examined mostly.

According to [9], second-order functional DFIs can have workable solutions when
the inclusion’s defining multifunction is upper semi-continuous compact valued and
contained in the subdifferential of a proper lower semi-continuous convex function. In
the paper [10], the authors explore whether second-order impulsive functional DFIs
in Banach spaces have solutions to initial value problems (IVPs) and boundary value

problems (BVPs).



In the study, Cernea [12] focused on the finite dimensional situation and investigated
the viability result for second-order DFIs in the nonconvex case. The accessibility
of solutions for the differential inclusion s”(z) € g(¢,s(¢),s'(¢)) + G(s(2),5'(¢)) is
addressed in the article [13]. The existence of solutions to issues involving time
optimal control and upper semicontinuous DFIs is demonstrated in the research [14].
The existence of a solution to a second-order DFI with a Cauchy issue is well explained

in the article [11], which contains sufficient conditions.

Mahmudov conducted the initial work on the optimal control theory of HODIs.
[3]-[7,15,16,19,20,27,28]. Mahmudov has studies about Bolza and Mayer problems
in addition to the Lagrange problem. In this thesis, we mostly utilize Mahmudov’s
works and [29,30,33,34]. The Lagrange problem of optimum control theory, with a
particular emphasis on HODIs, is the main subject of the paper [19]. For higher-order
DFIs, optimality conditions are determined. The findings showcased the optimization

of some "linear" optimal control problems.

1.3 Hypothesis

In this thesis, we will establish the sufficient conditions to obtain the optimality of
the Lagrange problem with fourth- order differential inclusions and special boundary
value constraints. It is hypothesized that in the absence of differential inclusions, the
Euler-Possion equation can be obtained. Furthermore, by adding one more condition

to the our problem we can prove the Weierstrass-Pontryagin maximum principle.






2. CONVEX SETS AND FUNCTIONS

In this section, we introduce the convex sets, cones and convex functions which have
a crucial role in optimization theory. Convex sets and functions are fundamental
in optimization theory, providing a systematic framework for defining and solving
optimization problems. Convex optimization is a fundamental aspect of current
optimization practice due to its distinctive geometric qualities. Especially, proper
convex functions are essential in optimization theory and practice, providing
a comprehensive framework for modeling, evaluating, and solving optimization
problems. Their convex nature guarantees certain qualities, such as global minima

and closed epigraphs, which simplify optimization problems.

Cones and dual cones are essential notions in optimization theory, offering geometric
insight and theoretical underpinnings for comprehending feasible sets, solution spaces,
and optimality conditions. Cones are used to establish the boundaries of possible
solutions in optimization issues, while their dual counterparts provide valuable
information on duality theory and requirements for optimality. Proficiency in these
principles enables professionals to address intricate optimization challenges in several
domains, ranging from economics to engineering, and from machine learning to

operations research.

2.1 Convex Sets

Definition 2.1.1. [17] Let 1, o be real numbers where o,y > 0 and o + 0 = 1.

Let S be a subset of R". Then, S is called convex if o] + apt, € S whenever t,1, € S.

We can easily prove that @ and R” are convex.

Lemma 2.1.1. [1] Let d;,d> be real numbers and S;, S5, be convex sets in R". Then,
diS1+dx$S>

1S a convex set.



Proof. Letw € dS1 +d»S>. Then, w is a point of the form dt; + datp, where 11 € §;

and f, € S,. Thus, by the definition of a convex set, d1S| + d»S> is convex. O

Proof. Let {S;: i € I'} be a collection of nonempty convex sets in R”. Here, I is an
index set. Then, we need to prove that
S=(Si
icl
is a convex set where each §; is convex. Let 71, € S. Then by the definition of
intersection, 11, € S;, i € I. Since §; is convex for all i € I, we have d 1| + dstp € §;
where d; and d, are real numbers. Therefore, dit| + dxt, € S, which implies that S is a

convex set. OJ

Definition 2.1.2. [17] Given vy, va,...,v, € R", the sum
m
u=Yy o, (2.1)
i=1

where o; > 0 and a; + o + ..., = 1 for some m € N, is called convex combination

of vi,va,..., V.

Lemma 2.1.2. [1] Let S be a subset of R. If S contains every convex combination of

its elements, then S is a convex set.

k+1 k+1

Proof. Let u := Z o;t;, o; > 0 and Z o; =1. If k= 1,2, then the result follows
i=1 i=1

from the definition of a convex set. Let us fix kK > 2 and that every convex combination

of m € N elements from § belongs to S, where m < k. If o1 = 1 then we have o;; =0

fori=0,1,...,k and therefore u = ;1 € S. If o1 < 1, then we have

¥ y
1
oi=1—-041 = — =1,
i—1 =1 I — oy
k o
. 1 . . .
which means that v := Z — t; € S. This implies that
== Oy
k o
u=(1-aq i+ O,
( k1) Z, 1 —ogs, k41041
i=1

= (1= Oy1)v+ Gi1tiy1 €S

which completes the proof of the lemma.



Definition 2.1.3. [21] A set which contains the intersection of all convex sets including

S is called the convex hull of a set S and denoted by conv S.

Lemma 2.1.3. [1] Let S be a subset of R". Then, conv S is the set of all convex

combinations of points of S.

Theorem 2.1.1. (Carathéodory) [17] Suppose that S be any set in X = R™ and u be
any point in conv S. Then, u can be written as a convex combination of m—+1 or less

points of S. If we write explicitly, there are points uy,uy,...,u; € S such that

u=oquy+ Ouy + - - -+ Oy uy,
(2.2)
o topt- o =1

witho; >0,i=1,2,...,k, where u € conv S and k < m+ 1.

Proof. We must prove that k < m+ 1. Let us pick a point of the form (2.1) and prove
that the number of nonzero terms in (2.1) can be reduced if n > m + 1. Let us assume
that o; > 0. Think about (m + 1)-dimensional vectors (u;,i), i =1,2,...,n. There is a
linear dependence due to by assumption. Therefore, there exists scalars [3;,

i=1,2,...,n such that

D=

Biui =0 (2.3)

1

and

-

B =0. (2.4)
1

1

By the last equation, there must be a positive ;.

Let
.G .
%:mln{—: Bi >0, 1:1,...,n}.
i

Assume that the minimum value occurs at i = iy. Then, it is obvious that for any f3;,
i=1,...,n,

o; = a;—ABi > 0.

Clearly, by (2.3) and (2.4),

n n n
Yo=Y ouwi—Xo Y Bui| =u
i=1 =1 i=1

i



and

Zn:ﬁi: iai_)ﬂ (iﬁz) =1
i=1 i=1 i=1

The @;’s are nonnegative because of the choice of A¢ and at least forone i = 1,2,...,n,
we have o; = 0. Hence, the expression of u as a nonnegative linear combination of less

than n elements. ]

Example 2.1.1. A point in the convex hull of a set in R? can be a point or a line

segment.

Definition 2.1.4. [1] If there is a sequence u; € S which converges to u then u is
called a limit point. The closure of S is the set containing all of §" limit points and it is

represented by S.

Definition 2.1.5. [1] Let S be a subset of R” and u be a point in S. Then, u is said to

be an interior point of S, if 3 A > 0 such thatu+ AD C S.

The set consisting of only by interior points of S is said to be interior of S and denoted
by int S. A set O is called an open set if each point of O is an interior point. Obviously,

if §; € S, then int S1 C int S,.

Lemma 2.1.4. [1] The closure of a convex set S is also a convex set.

Proof. Let S be the closure of S and let uj,u» € S. Then 3 sequences uj,,uy, €S
where u;, converges to u; and up, converges to up. Consider the convex combination

of ojuy + ouy. Then,
klim ((Xlulk + O(zuzk) = aquy + uy € S,
—>00

thanks to otju;, + opuy, € S.

Lemma 2.1.5. [22] The interior of a convex set is also a convex set.



Proof. Let S be a convex set in R”. Then, u; + A1D C S and uy + A,D C S whenever

up €int S and up € int S.
Assume that au; + opu; is the convex combination of #; and u,. Hence, we have
o (u1 +),1D) + Otz(uz —l—ﬂQD) = o u1 + Ouy + (061141 + (quz)D csS,
which means aju; + opuy € int S. ]

Definition 2.1.6. [1] Let ug be any point in S and let S be a convex set in R". The linear
hull for a set S is then defined as the intersection of all feasible underlying subspaces
that contains S — ug and it is represented by Lin S. If we intersect all affine sets we
obtain affine hull denoted by Aff S. Furthermore, we can redefine affine hull as Aff
S =up+Lin S.

Definition 2.1.7. [1] Let S be a convex subset of R". Let S be also a subset Aff S.

Then we define relative interior of S as the interior. We denote that by ri S.

If uy,up € ri S, we have the following property:
|1 —ua[ < &
where € > 0 and u; € Aff S such that u, € § whenever u; € Aff S. Namely,
riS={ucAffS: 3¢ >0, (u+AD)N(AffS)C S}
where D is a closed unit ball.

Note 2.1.1. S D S D ri S and also if i S = S, we say that S is relatively open.

Lemma 2.1.6. [1]riS=riS.

Proof. We know that S C Lin S and also Lin S = Lin S. Obviously, ri SoriS. To

prove reversely, assume that ay,as,as,...,a, is a basis for Lin S and let u be any point
inri S. Then,
vp = u+Aa, — "y 1a) €S, n=12,...,m,
=u— €S
Vo =1u n 1a



where € is so small and a = a; +ay + --- + a,,. Now, v, —vg = Aa; are linearly
independent and

1 1
u_m+1v0+m+1vl+m+m+l

Vm

which implies that u is an interior point of an m-dimensional simple shape with

vertices vi,Vva,..., V.

If v € § close enough to v, u becomes an interior point of a simple shape with
vertices v, which implies u is alose an interior point of S. And hence, ri S C 1i S

which completes the proof. ]

Definition 2.1.8. [1] The closed convex hull of a set S is the intersection of all closed

convex sets including M. It is denoted by conv S.

Theorem 2.1.2. [1] Let S be a compact set. Then convex hull of S is also a compact

set.

Proof. Let u € conv S where S is a compact set. Then,

n+1
a; > 0, Z o =1,
i=1
n+1
U= Q;u;, where u; € S.
i=1

Thus,
n+1

[lull < Y oillul| <k
i=1

where k > 0 is a constant. And hence ||u|| < k for all u € S implies that conv S is a

bounded set. Now, let
n+1

Z oG, = 1
i=1

and
n+1

Up = Z oG Uiy,
i=1
u;, € S. Then o, and u;, are convergent subsequences due to ¢, and u;, are bounded.

Suppose that ¢;, — @;, and u;, — u; where u;; € § since S is compact. Then if we take

10



the limit we have

n+1
lim oy u;, = lim uy
k%ooizi R k—yoo
n+1

Z o, ui; = ug, where u; € S.
i=1

Similarly,
n+1
lim ) o = lim1
k—roo Z:Zi lk k—ro0
n+1
Z o = 1.
i=1
Consequently, we have u; € conv S which implies conv S is a closed set. ]

Theorem 2.1.3. [I]Suppose that uy ¢ S where S is a nonempty convex set. Then we

can find u* and A > 0, such that

(u,u*)y < (up,u™)— A, Yu€S.

Proof. Since S is a closed set we can find a point v € S closest to ug. Then we have,
v —uol| < ||u—uo||, Yues.
Since S is a convex set we have for all a € [0, 1],
au+(l—a)v=v+a(u—v)eS.

Therefore,

||Om—|—(1—oc)v—uo\|2: (v—up+a(u—v),v—uy+o(u—v))
= HV—MOH2+20£<M—V,V—MO>+O£2||u—v||2

> |lv—uoll*.
If we simplify, we get
0<2(u—v,v—ug)+ o|u—v||*.
If we set up o = 0 we obtain

(u—v,v—ug) > 0.

11



Let A = ||u*||> where u* = ug —v. Then, since up ¢ S we have v # uy which means
u* # 0 and therefore A > 0.

Now, we can express the last inequality as following for any u € S :

(u,u™) < (ug,u™) — (u*,u*)
= (up,u" —A).
O]

Theorem 2.1.4. [1] Let uy ¢ S where S is a convex set. Then we can find a point
u* # 0 such that

(up,u*y > (u,u™), YuesS.

Theorem 2.1.5. If'S| and S, are nonempty disjoint convex sets then we can find a point
u* # 0 such that

(ur,u) < (up,u™)
foreveryu; € S and uy € S5.

Theorem 2.1.6. [1] Assume that S| and S, are convex sets with S{ NSy # 0 and S is

compact. Then A > 0 and u* # 0 such that
(uy,u™y < (up,u”) — A
Yu; € S and up € S».

Definition 2.1.9. [17] Let O € int S where S is a convex set. Then the following

function
ro(u) = inf{B: B > o,% e S}
1s called Minkowski function which is defined on R”.

Obviously, rg(u) > 0.

Definition 2.1.10. [17] Let S be a nonempty set in R". Then,
Hg(u*) = sup{(u,u”): u e S}

is said to be support function of S.

12



By using support and Minkowski’s function we can characterize a convex set. Let us

define S as follows:
S={u=(ur,u,...,un) €R": fur|+[uz| + ... |un| <1}
Assume that u* = (uj,u3,...,u;). Then

Hg(u™) = sup{u*,u)
uesS

= sup{ugu] +upus + .. .upuy: |up |+ ua| + -+ uy| < 1}
ues

< sup{[uy|[ut] + |ua|[uz] + -+ |un [ | Jur|+ || + - - + un| < 1}
ues

< sup{ [max ([uf|, [u3],. .., [up )] (foar| + Jua| + - Juan]) 2 foar| 4+ 4 fua| < 1}
uesS
= max {|uj], |u3],...,|u|} (2.5)

Suppose that m is any number between 1 and # such that

[t | = max{fug |, s3], ..., |ugy [}
Let us define u = (uy,uz,...,u,) € M with u}, is either or —1 and u; = 0 whenever
i # m. Then, we have
[t = (" u) = max {Jui], |ui3], ..., [un |}
which implies that
max {|uj], [u3],...,|u,|} < Hs(u™). (2.6)

By (2.5) and (2.6) we have proven that

Hs(u") = max {[uj], [u3],..., |u,|}-
2.2 Convex Cones and Dual Cones

Definition 2.2.1. [17] Let C be a convex set. If au € C for u € C and o > 0, then C is

called a cone.

Lemma 2.2.1. [1] Assume that o; > 0,i=1,2,...,k and u; € C where C is a cone.

Then,
k

Z ou; € C.
i=1

13



k
Proof. Let a = Z ¢;. Then by the definition of a cone and Lemma 2.1.3 we have
i=1

k ko
ZOC,‘M,'ZOC Z—lui eC.
i=1 -1 &

We can deduce that a convex cone encompasses any linear combinations of its

elements. OJ

Note. Unless specified otherwise, we presume the cones under consideration to be

convex.

Definition 2.2.2. [17] C* is said to be dual cone of C if (u,u*) > 0 for all u € C where

u* € X* =R". We can express C* as
C'={u" eR": (u,u™) >0 YuecC}.
Clearly C* is a convex cone.

Lemma 2.2.2. [1] Let C be a cone and C* be the dual cone of C. Then C* is closed.

Proof. Let u}, be an element of C*. Then we have (u),,,u) > 0. If we take the limit of

the both sides as m — oo and u;, converges to u; we get

P
it ) 2 100

(u,up) >0 NYueC
that implies u; € C*. O
Lemma 2.2.3. [1] Let C be a cone and C be the closure of C. Then

C* = (C)".

Proof. Assume that u* € C*. We will show that u* € (C)*. We know that (u,u*) is not
negative since the continuity and also any element in C is the limit point of C which
implies u* € (C)*.

Conversely, suppose that u* € (C)*, then for any u € C we have (u,u*) > 0 where

u € C. Thus, u* € C*. Consequently, C* = (C)*. O

14



Lemma 2.2.4. [1] Let C be a closed cone in R”. Then C = C**.

Lemma 2.2.5. [1] Suppose that C| and C, be convex cones. Then so is C; + C;.
Furthermore, we have

(C1+C)* =CiNG;.

Proof. We know that if C; and C; are convex then d{C| + d>C; is also convex set by
Lemma 2.1.1. Therefore, it is clear that C; + C, is a convex set. Now, assume that
u=uy+uy € Cy +C, where u; € Cy and uy € C>. Then C| + C, must have an element

of the form otu = otu; + ctuy where o > 0. Furthermore,
(U +up,u™) >0 <= u* € (C;1+C)".

Either u; or up can tend to zero, if needed, since u; and u, vary independently.

Therefore, the last inequality implies that

(ul,u*> >0 ui ECl,

(up, u™y >0 up € Cy,
which means that ™ € C} and u* € C;
= u" €C;NGC;.

And hence, (C; +C2)" =C{NG;. H

Lemma 2.2.6. [1] Suppose that C; and C, are cones which are closed, then
Ci+C = (CinGy)".
Theorem 2.2.1. [1] Assume that {Ci}?:] is a collection of convex cones. Then

n
() Ci =0 if and only if
i=1
dul € C;, i=1,2,...,n such that

n
Zuf =0
i=1

where at least for one i =1,2,...,n u; # 0.

15



n
Theorem 2.2.2. [1] Let {C;}_, be a collection of convex cones and C = ﬂ Ci. Then
i=1

n
either 3 u; € C; such that Z u; =0 where at least one u; # 0 for i = 1,n or C* =

i=1

Definition 2.2.3. [17] Let {C;}_, be cones. If we find vectors u; € C/, not all zero,
n

such that Z u; =0, then C,C;,...,C, are said to be separable.
i=1

Definition 2.2.4. [17] The cone defined by cone S = {u: au;, u; €S, > 0} is said

to be cone generated by S where S is any nonempty set in R”.

Lemma 2.2.7. [1] Let S be any convex set in R”. Then cone S is also a convex cone.

Proof. Consider u; and u, where u; € cone S and u, € cone S. Then we can find
oy, 0 > 0 where @, o real numbers such that u; = otjuy, up = cxu; where uy,u; € S.

Let B1, B> > 0 be any numbers. Then we can express:

Biuy + Bouz = Broviy + Broiiny
= (Brou +Brw) |

Bioy o B
Bio + Bao Birou + Broo

ﬁz] € cone S.

Bioy

— B
Brou+pron 1 + Bi

WMZ} € S since S is convex.

O

We utilized convexity of S that is [

Definition 2.2.5. [1] The intersection of finite family of closed half-spaces is a convex

set which is called a polyhedral convex set in R”.

Now, assume that C is a polyhedral cone, then
C={u":u" = wu} + ub+ -+ iy, w; >0, i=12,....m}.

If (u, oy} + Wouy + -+ + Wttly) >0, ;>0 i=1,2,...,m then u € (C)*. That is
(u,uf) >0 i=1,2,...,m which implies u € C and hence we can deduce that C = (C)*.

As a consequence, we obtain C* = (C)** = C because C is a closed polyhedral cone.

n
Lemma 2.2.8. [1]Let {C;}"_, be a collection of polyhedral cones. Then C = Z C;is
=1

1=

also a polyhedral cone.

16



Lemma 2.2.9. [1] Let {C;}}_, be a collection of polyhedral cones. Then

(f) - (£)
(f) - (E)

by Lemma 2.2.5. Moreover, by Lemma 2.2.8 Z C; is a polyhedral cone since each

Proof. We know that

H'Dx

Cr, i=1,2,...,nis a polyhedral cone. Therefore we can remove the bar since the

17

sum of the cones is a closed cone. L]
2.3 Convex Functions

Definition 2.3.1. [17] Let S be a convex set and g : S — R” be real-valued function.

Then g is called a convex function on § if
glosy+ (1 —a)s2) < ag(sr) + (1 —a)g(s2)
for all s1,s, € Sand a € (0,1).

Definition 2.3.2. [17] Let S be a subset of R” and g : S — R be a function where

R = RU{—o0, +oo}. Then domain and epigraph of g defined as follows:

dom g = {s: g(s) < Hoo0,5 € S}

epi g = {(s°,5): s° > g(s), s°€eR,s €S}

We can redefine g by using epi g as follows:

g(s) = i?of{so: (s°,5) €epig} (2.7)

Definition 2.3.3. [17] Let g be a function. Then g is called a convex function if its

epigraph is a convex set.

17



Definition 2.3.4. [17] Let g be a function. Then g is called proper if the following

conditions hold.

(i) g(s) > —oo forany s € domg
(i) g(s) < oo for at least one s € dom g

Lemma 2.3.1. [1] Let g be a function. Then dom g # 0 and g(s) is finite for s € dom g
if and only if g is proper.

Lemma 2.3.2. [1] Let S be a subset of R” and g : S — R be a proper function. Then
glagsy +aps2) < oug(sy) +ong(sa) o, >0, aj+o=1 (2.8)

if and only if g is a convex function.

Proof. Suppose that g is a proper function which satisfies (2.8). Then by definition g

is a convex function by definition of convexity.

Conversely, assume that g is convex. Then, by Definition 2.3.3 we have

o (S(l),sl) + OCz(S%,Sz) = (ocls?,sl -+ OCQSE, o8+ OCQSz) cepig

o,0 > 07a1+a2 =1
whenever (s7,s1),(s5,52) € epi g O
Thus, we have

glags) + apsy) < aps] + as;.

Then

glays) +apsy) < ayg(sy) + ag(sz)

where a1 + o = 1 and ot o > 0, which completes the proof.

Lemma 2.3.3. [1] Let g be a convex function from § C R” to R”. Then dom g is a

convex set.

18



Proof. Let sy,s, € dom g. Then we can find s{ and s5 such that g(s;) < s and g(s2) <

s5. Therefore (s9,s1),(s5,52) € epi g, and hence

al+a2:17 051;05220»

o (S(l)vsl) + aZ(S§752) S Cpl 8

or equivalently,

(Xlscf + OCQSS > g(OClsl + 062S2)

which implies g(oqs| + apsy) # +oo. Therefore, ays; + s, € dom g. In fact, this
lemma tells us that even though f is not proper (improper) function dom g is still
a convex set. Let g be a such a function. Let s € ri dom g and g(u) = +e where
u € domg. Then (s —u) € Lin dom g which implies s; = s+ (s —u) for f > 0.
Obviously,

1
s S1-|—i

— u.
1+ 1+
Lets] > g(s1) and u° is any number. Then since g(u) = —oo, (u°,u) € epi g and (s7,s) €

epi g. Since epi g is a convex set we have

(1 ol B o 1 B )E .
s u’, s u epi g,
1+B8 ' " 1+B8 "1+B ' "1+ pLg

B 1 ) B .. 1 &
s)=g| —5u,——=s1 | < u+ 59
8(s) g<1+ﬁ 1+p') 1+ " 1+p!
Now, if we take the limit we obtain g(s) = —oo since u® — —co. Thus, g(s) = —ooif g

is an improper convex function whenever ri dom g. [

Lemma 2.3.4. (Jensen’s Inequality) [17] Let g be a proper convex function. Then,
n n
8 Z a;si | < Z ;g (si)
i=1 i=1

n
,where Y o =1, o>0, i=1.2,...,n.
i=1

Proof. Lets; € dom g. Then by Lemma 2.1.4, (g(si),s:) € epi g since epi g is a convex
set. Thus,

n n

(Z 04g(si), Y OCiSi) €epig.

i=1 i=1

19



Therefore,
n n
8 Z osi | < Z oig(si)-
i=1 i=1

[]

Lemma 2.3.5. [1] Assume that {g;}"" , be a collection of proper convex functions on

R”. Then
n
g(s) = inf{ Y filsi): sieR", s=5 ~|—sz+...sn}
i=1

is a convex function.

Definition 2.3.5. [21] Let f be a nonconvex function. Then
g(s) = ig(l)f{soz (s°,s) € conv(epi )f}

is called convex hull of f and denoted by g = conv f.

Lemma 2.3.6. [1]Let 1, B, € dom f where f is a convex function with By < B; < B,.
Then

f(Br) = f(Bo) _ f(B2) = f(Bo) 4 f(B2)=f(Br) _ F(Br)—f(Po)
Bi—B — BB B> — B — Bi—B
Proof. Let us set
al_ﬁl—ﬁo _ﬁz—ﬁ1:1_a1_

—= s az —=
ﬁZ - ﬁO ﬁz - ﬁO
Then o 32 + 0By = Bi. Therefore,

f(B1) = f(a1Pr + o2 Bo)
Bi —Bo B> — B

BZ _ﬁOf(BZ) + ﬁZ _ﬁof(ﬁo)
If we subtract f(fp) from the last inequality, we get
ﬁl - ﬁO

f(:Bl) _f(BO) < ﬁZ_ﬁO

Now, since B; — By > 0 by assumption we have the following inequality:

F(B)— £ (Bo) _ F(Bo) — £(Bo)
Bi—B — BB

(f(B2) — f(Bo))-
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which completes the proof of the first inequality. In order to prove the second

inequality, we will use o] + 0 = 1.

B — Bo B — B Bi — Bo B> — B

B (B0 g f(B) < S (B + g (o)
J(B2) = f(B1)  f(B1) —f(Po)
— hBh - Bh
which completes the proof. [

Theorem 2.3.1. [1] Suppose that g is a proper convex function that is bounded above

in a neighborhood of so € dom g. Then g is continuous at s.

Theorem 2.3.2. []] Let g be a convex function and be continuous at so. Then g is

Lipschitz continuous on an open ball with the center sy.

Definition 2.3.6. [21] Let g be a function. If epi g is a closed set then g is called a

closure.

Definition 2.3.7. [21] Let g be a convex function. Let us define g as follows:

g(s) = inf{s": (s°,5) €epi g}, epig=epig.
N

Then g is called the closure of g.

We know that closure of a convex set is also convex. Therefore g is also a convex

function.
Definition 2.3.8. [21] Let g be a convex function. Then g is called closed when g = 3.

Definition 2.3.9. [21] Let g be a function. Then g*(s*) = sup{(s,s*) — g(s)} is said
N

to be conjugate of g.

We can express a closed convex set via its support function
Hg(s*) = sup{(s,s™): s € S}.
N

Let g be a closed convex function. Then we can find the support function of the

epigraph of g. We can express
Hepig = (so*,s*) = sup {(s,5") +s°5° : (s°,5) Cepi g}
(s°5)

since epi g C R"1.
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Lemma 2.3.7. [1] Let f be a function. Then its conjugate function both closed and

convex.

Theorem 2.3.3. [1] Let g be a function. If g is a convex, closed and proper function

then g* is also a closed, proper and convex function.

Definition 2.3.10. Let g be a function. Then g is called positively homogeneous if

g(as) = ag(s) forevery s € S =R" and a > 0.

Theorem 2.3.4. [I] Let g be positively homogeneous, proper, convex and closed

function. Then dom g* is closed and g*(s*) = WHaom ¢+ (s*) where

oo, if's* ¢ dom g*
0, ifs* €domg”.

edom g+ (") = {

Theorem 2.3.5. [I] Let g be a proper, closed, positively homogeneous and convex

function. Then

g(s) = sup{(s,s*): s* € dom g*}
S*

Proof. We have

That is
8(s) = g7 (s) = sup{{s,s") — Haom ¢=(s7) }
5
=g'(s%)
= sup{(s,s"): s* € dom g*}
S*
by Theorem 2.3.4 which is the desired result. [
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3. SUBDIFFERENTIAL CALCULUS

3.1 Subdifferential Calculus

In this section, we introduce the subdifferential calculus. The idea of subdifferential,
a key topic in convex analysis and optimization theory, has received significant
attention in the field of mathematical study. The subdifferential, which extends the
notion of derivative to functions that are not differentiable, plays a crucial role in the
analysis of convex optimization problems. It offers a robust analytical framework
for dealing with functions that lack smoothness. In the field of convex analysis, the
subdifferential is crucial for determining the circumstances under which a convex
optimization problem is optimum. It enables the derivation of both necessary and
sufficient criteria for optimality, even when differentiability is not present. In our work,
we use subdifferential to obtain LAMs. The theory of subdifferential has progressed
in parallel with the advancement of multivalued analysis, which is a remarkable
integration of several fields of mathematics such as point-set topology, measure theory,

and nonlinear functional analysis. .
Definition 3.1.1. [17] Let g : S C R" — R”" be a function. Let g be a vector in R".

Then directional derivative of g at s is defined as:

: +eq) —g(s)
/ :1 g(s
g (s,q) lim .

where € >0 and s € S.

Lemma 3.1.1. [1] Assume that g is a proper convex function. Then the value g'(so,q)

exists whether g'(s0,q) = o0 or not for all ¢ € R” and sy € dom g.

Proof. Assume that 5o + £€g € dom g for every € > 0. Since g is proper and convex,

g(s0+€eq) — g(s0)
€
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is a nonincreasing function whenever € | 0. Thus,

fim g(so+€q) —g(s0)

0
lim . = g'(s0,9)

exists. Now, suppose that so + £€g ¢ dom g. Then we have
8(so+€q) = oo and g'(so+ €q) = co.
[

Lemma 3.1.2. [1] Let g be a function then g'(sg,q) is both convex and positively

homogeneous function of g.

Proof. Assume that m is any real number with m > 0. Then

g(so+&mq) — g(so)

g'(s0,mq) = lim

€l0 €
8 .
 nlig $050 + €m4) — g(s0)
el0 mé&
=mg'(50,9)

which tells us that g’(so,q) is positively homogeneous. To prove convexity, let us

choose o and oy such that o; + ap = 1 and o, ap > 0. Then we have

g(so+€(ougi + 0ng2)) —g(so)

g (s0, 011 + 00q2) = lim
€l0

€
i g(ocl (so+€q1) + aa(so+ qu)) —018(s0) — aag(so)
Cel0 €
_ 8 _
< fim o18(so+€q1) —g(s0) +lim 0 g(s0+ £€492) — &(s0)
€10 € €10 €

< a18'(s0,91) + @28’ (50, 92)
which implies g’(so,q) is a convex function. O

Definition 3.1.2. [17] Let g be a proper convex function. Then a vector s* € R”" is

called a subgradient of g if it satisfies the following inequality,

(s —s0,5%) < g(s) —g(s0)

for every s and sg € dom g.
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Lemma 3.1.3. [1] Assume that g is a convex proper convex function and sg € dom g.

Then for any g € R”
(g:5") < &'(s0,9) 3.1)

if and only if s* is a subgradient of g at the point sy.
Proof. Assume that (3.1) is satisfied for any € with 1 > € > 0. Then

(s —s0,8") < & (50,5 —50)
< g(so+&(s—s0)) —g(s0)
- €
< g(s0+ l(s—so)) —g(s0)
- 1
= g(s) — &(s0)

which means s* is a subgradient of g at the point so.

Conversely, suppose that s* is a subgradient of g at s.

(s —s0,5") < g(s) — g(s0)

= €&(q,s") < g(s0o+€q) —g(50)
g(s0+€q) — g(50)

— (g,5") < .
8 —
— lim(g,s) < lim S50 £4) ~8(50)
el0 el0 )
— (g,5") <&'(s0,9)
which is the desired result. O]

Definition 3.1.3. [17] Let g be a function. The subdifferential of g at the point s is

the set of subgradients of g at 5o and we can express it as :

dg(so) ={s": g(s) — g(s0) > (s—s0,5"), Vs}.

Example 3.1.1. Let g(s) = |s|. Then g is not differentiable at s = 0; however, it is
subdifferentiable and its subdifferential at s = 0 is dg(0) = [—1, 1].

Lemma 3.1.4. [1] Let g be a funtion. Then its subdifferential is a convex and closed

set.
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Proof. By Lemma 3.1.3, we have
948 (50,0) = 9g(s0).
Since g’(s9,0) = 0 we can express equation (3.1) as follows:
(g,5") < &'(s0,9) — &'(50,0)
which implies s* € d,g'(s0,0). O
Theorem 3.1.1. [1] Let g be a function. Assume that g' (s, -) is closed. Then
sup{(g,57): 5" € dg(s0)} = g (50,9)

and dg(so) is not empty set.

Proof. We have following inequality
g'(s0,q) = sup{{g,s*: s* € dom (g'(s0,-))"} (3.2)
S*

since g’ is closed, convex and positively homogeneous where (g’ (so,'))* is the

conjugate function of g’(sg,q) with respect to g. Namely;
sup{(g,s™) — (&'(s0,9))} = (&'(50,"))"(s") (3.3)
q

Now, we know that

oo, if s* ¢ dom (g'(s0,"))"
*

0, ifs*€dom (g'(s0,))

(&'(s0,))"(s") = {
Therefore, the equation (3.3) implies that
(g,5") — &' (50,9)

if and only if s* € dom (g'(s0,-))". So, we obtained the equation (3.1) and hence we
get
9g(s0) = 94 (50,0) = dom (g'(s0,-))".

Now, if we combine last formula and (3.2) we obtain

sup{(g,s"): 5" € dom (&'(s0,7))" = & (50,9)}-
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Proposition 3.1.1. Assume that g is a closed proper convex function. Then
so € dg*(s¥) < 5" € dg(so).
Theorem 3.1.2. [1] Suppose that g is a differentiable convex function at the point sy.

Then dg(so) = {g'(s0)}.

Proof. We have
£'(50,9) = (q,8' (%))

which tells us that g’(so,q) is a closed function of g. Then we have following equality:

sup{(g,s"): 5" € dg(s0)} = (g, (s0))
s*
by Theorem 3.1.1. Therefore, the last formula is true when dg(so) consists of the point

g'(50)- [

Lemma 3.1.5. [1] Assume that g is a convex function and 8 > 0. Then go(s) = Bg(s)
is subdifferentiable and dgo(so) = Bdg(so)-

Lemma 3.1.6. [1] Suppose that gg,g; are proper convex functions and g = go + g1.
Then dgo(so) +dg1(so) C dg(so).
Proof. Let s € dgo(so) and s7 € dgi(so). Then for any s we have
go(s) — go(s0) > (s —50,50)
81(s) —81(s0) = (s —50,57)-
If we add last inequalities we get
so+s71 € dg(so).

Therefore,
dgo+dg1 € dg.
[
Theorem 3.1.3. (Moreau-Rockafellar [17]) Assume that gy and g| are proper convex

functions and g = go+ g1, so € dom gopNdom g;. Suppose that one of the following

conditions hold:
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i) Let go be a continuous function and there exists a point so € dom goNdom gi.
ii) ri dom goNri dom g is not empty.
Then we have

dgo(s0) + dg1(s0) = dg(s0)-

Remark 3.1.1. Let S C R" and sg € S. Consider the indicator function of S. Now, let
us find the subdifferential of dJds(s).

Let s* € dds(s0). Then for any s € S we have
(s —50,8") < ds(s) —dBs(s0)-
We know that dJs(sp) = 0 and dJs(s) = oo when s ¢ S. Let s € S. Then we get
(s —s0,5") <0. (3.4)

Assume that
cone(S—s9) ={q: g=B(s—s0), B>0, seS}.

Then from (3.4) we obtain

—s* € (cone(S—sp))".

Therefore,

—(cone(S —s0))" = dds(s0). (3.5)

Assume that {C;}! , is a collection of convex cones. Then if 0 € C; then we have

cone (C; —0) = C; and therefore
d6¢,(0) =Cy. (3.6)
Also we have following equality:
8¢, (s) + 0c, (s) + -+ + 8¢, (s) = 6y, (5)-

n
Theorem 3.1.4. [1] Let C; be convex cones fori=1,2,...,n. Suppose that ﬂ ri C; #
i=1
0. Then

n * n
(Ne) -Ee
i1 i=1
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Proof. Since the intersection is nonempty we have

ﬁri dom 6(+|C;) # 0.

i=1
Furthermore, C; = dom 6¢,(-). Now, consider the equations (3.5) and (3.6) also

previous theorem we get

Y=Y 966(0)= - (ﬂc) .
i=1 i=1 i

Theorem 3.1.5. [1] Assume that C* is a closed convex set and

sup{(s,s*): s* € C*} = g(s).

S*
Then we have

{s" €C": (s0,5") = g(s0) } = dg(s0).

Proof. Suppose that s; € dg(so). Then we need to show that s; € C*. Assume that

55 ¢ C*. Then we can find a vector ¢ such that
sup{(g,s"): s~ € C"} < (g5)- 3.7
5*
Moreover, we have

(s —50,50) < g(s) —8(s0) < sup{(s —s0,57): 5" € C"}.

s*

Let us set s = sg + ¢g. Then we get

(9,50) <sup{(g,s7): s € C"}.
s*

This is a contradiction to (3.7). Therefore, s; € C*. Furthermore, s € dg(so) and

hence
8(s0) — (s0,50) < &(s) — (s,50)-

Now, fix s = 0. Then we obtain

(s0,50) > g(s0)- (3.8)
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Since s; € C* by assumption we have

g(s0) < (s0,50)- (3.9)
Combining (3.8) and (3.9) we have
8(s0) = {s0,50)-
Conversely, suppose that s* € C* and (so,s*) = g(so). Then
(5—50,5%) = (5,57) = (s0,5") < g(s) — g(s0)
which implies s* € dg(so). O

Remark 3.1.2. Let so = 0. Then dg(sg) = C*. It is not hard to see if 5o = O then
(0,5*) = g(0) for any s* € C* which tells us that C* = dg(0).

Theorem 3.1.6. [1] Suppose that g is a convvex function and {s: g(s) <0} = S.
Further, assume that sy € S where g(s;) < 0. Let g'(so,-) is a closed function and
g(s0) =0. Then

—cone dg(so) = [cone(S —sp)]".
Proof. 0 ¢ dg(so) because
8(s1) <0 = g(s1) —g(s0) = (s1—50,)
for any s* € dg(sp) that is a closed convex set. We need to prove that
cone dg(so) = {s*: s* =€sp, €>0, sy €dg(so)}

is closed.
Assume that g, and s, are sequences where g,s; converges to s* as n approaches to

infinity and also s belongs to dg(so), & > 0.

Then let us show that g, is a bounded sequence. Assume that &, is not bounded i.e. g,
tends to infinity. Then &,||s}|| converges to ||s*|| which implies that ||s}|| converges to
zero which contradicts 0 ¢ dg(sg). Therefore, our assumption is wrong which means

&, 1s a bounded sequence. Now, since g, is bounded we can assume &, converges to
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g0 > 0. Thus, s; — & 's* = g 's* € dg(so) by closeness of dg(s*). Therefore,

s* € cone dg(sp) which means dg(sp) is a closed set. We have that
(q,—€s5) >0, €>0, sp€dg(so)
if and only if ¢ € [—cone dg(sp)]* which tells us that
sup{(g,50): 50 € Ig(s0)} < 0.
Now, by using equation (3.10) and closeness of g’ we obtain

{q: &'(s0,9) <0} = [—cone dg(s0)]"-

Let us set g = 51 — so. Then for any € € (0,1) we have

g(s0+€q1) —g(s0)
&

g'(s0,9) < < g(s1) —g(s0) <0,

since g’ is a convex function we have

g'(s0.€q1 + (1 - €)q) < &g'(s0,q1) + (1 —€)g(s0,9) <O

(3.10)

(3.11)

whenever g’ (so,q) <0. Setg = €(s—so) where s € S and € > 0. Then g € cone (S—sg).

Now,

(s —s0,5") < g(s) —g(s0) <0 and g(s) <0
for any s* € dg(sp).

Thus,

sup{(g,s"): 5" € dg(s0)} = esup{(s —s0,5"): 5" € dg(s0)} <0,

s*
which means

cone(S—s0) € {q: & (s0,q) <0}.

Now, any € > 0 we have

g(so+€q) = g(s0) + &£’ (s0,9) + o(€)

= ¢eg'(s0,9) +o(g) <0

whenever g(s0,q) which means sy + €g € S. Therefore, g € cone (S — s9).
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Now, by using equation (3.11) we have
€q1+ (1 —¢€)g € cone (S—s0)

whenever g € {q: g'(s0,q) < 0}. When € — 0, any point of cone{q: g’'(s0,q) < 0}
becomes a limit point of cone (S —sp). Since g’ is closed with respect to ¢ and the

cone{q: g'(s0,q) <0} is closed we obtain

{q: g'(s0,q) <0} C cone(S—sp),

then
cone(S—s0) = {g: &'(s0,4) <0}.
Since
[—cone dg(s0)]" = {q: &'(s0,q) < 0}
we get

cone(S — s9) = [—cone dg(so)]™

Now, by using closeness of dg(sop) we have following equalities:

[cone (S — s0)]* = [cone (S —sp)]
— [~cone dg(s0)]”

= —cone dg(so)

which completes the proof. ]
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4. SET VALUED (MULTIVALUED) LOCALLY ADJOINT MAPPINGS

In this section we introduce the set-valued mappings and their properties.

Set-valued mappings enhance the theory and application of convex analysis, offering
a flexible framework for representing and resolving complex optimization problems.
Set-valued mappings expand upon the concept of single-valued mappings by include
sets of possible solutions. This allows for a deeper understanding of the structure
of solution spaces and enables the exploration of several optimum solutions. In
our work, we utilize the set valued mappings to construct the sufficient conditions
of our problem(PFD). Further, we use them to prove the optimality and the

Weierstrass-Pontryagin maximum principle.

4.1 Set Valued Mappings

Definition 4.1.1. [26] Assume that U = R" and V =R"™. Then G: U — P(V) is

called a set valued mapping where P(V) is the collection of all subsets of V.

Suppose that W = U x V and S C W. Then we can define G as :
G(u) ={v: (u,v) € S}.
Moreover, the graph of G can be expressed as:
gph G = {(u,v): (u,v) € S}.

Definition 4.1.2. [26] Let G be a set valued mapping. Then

1) G is convex if gph G is convex.

i1) G is closed if gph G is closed.
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iii) G is bounded if 3 a constant M > 0 such that

G ()] < M(1+[[ul]).

iv) G is a convex valued function if G(u) is convex in V.

Definition 4.1.3. [26] Let G be a set valued mapping. Then G is called lower
semicontinuous at so whenever we can find a neighbourhood U; of zero in U for any

neighbourhood V] of zero in V such that
G(s) = G(so) + V)

for any s € 59+ Uj.

Similarly, G is upper semicontinuous when
G(so) CG(s)+V;
for any s € 5o+ Uj.

Definition 4.1.4. [1] Let G be a set valued mapping. Then G is called Lipschitzian
over set A if

o(a(a),a(az)) < Lllar — azll,

where o is defined as follows:

- inf [|u; — inf ||uy — ]| b,
G(U,V) max{sup 1nV||u1 vi||, sup 1réU||u1 v1||}

u €U V1 viEV U

Definition 4.1.5. [17] Assume that G is a convex mapping and 0" gph G is the

recessions cone of G. Namely,

0"gph G = {(u,): (u+€u,v+ €u) € gph G,V(u,v) € gph G, € > 0}.

Now, define set valued mapping G* as:
G*(v") = {u": (u*,—v*) € (0" gph G)*}.

Then G* is called the adjoing mapping to the convex G.
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4.2 Hamiltonian Function and Argmaximum Set

Definition 4.2.1. [1] Let G be a set valued mapping. Define

H(u,v*) =sup{(v,v*): v € G(u),v" € V¥ € R"}.

v

Then H is called the Hamiltonian function. We have H (u,v*) = —co when G(u) = 0.
Furthermore, let us introduce

Nu*v*) = (iunvf){(u,u*> — (v,v*): (u,v) € gph G}.
Then, it is obvious that

N(u*,v") :ir’}f{(u,u*)—H(u,v*)}. 4.1)
Namely, for any u we have
N(u*v*) < (u,u™) — H(u,v").
Moreover, by using the equation (4.1) we obtain
—(—H(-v)) (") = N(u*v").

Lemma 4.2.1. [1] Suppose that G is a convex set valued function. Then G(-,v*) is a

concave function and for any £;,& > 0 with € + & = 1 we have
€1G(uy) +&G(up) C G(euy + &uy). 4.2)
Proof. By using (4.2) we have
H(gju) + up,v') = sgp{(v, vi)iveG(eu +&u)}

> sup{(evi +&v2,v*): vi € G(uy), v2 € G(up)

Vi,V2

= e H(uy,v") + &H(uy,v").

Let us pick a point on the gph G and label it as w and express

Cgph (W) = cone(gph G —w).
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Then we can write Cyph (W) explicitly
Coph (W) = {w: w=¢€(w; —w), w; €gph G, &> 0}.
Now, it is easy to show that
Coph (W) = {W: w+éew gph G for small € > 0}.
O]

Definition 4.2.2. [1] Let G be a set valued function and H be the Hamiltonian function.

Then we can define the Argmaximum set as follows:
Garg(u;v') ={ve Gu): (vyv*) =H(u,v")}.
Remark 4.2.1. Let G be a set valued function. Then
Gyw(@) ={v: (u,v) € Coph r(w)}

is defined entirely by the cone Cgph (W) = gph G,,..
4.3 Locally Adjoint Mapping

Definition 4.3.1. [1] Suppose that G is a convex set valued mapping and Cgph c(u,v)is
the dual cone of Cygpp, (1, v). Furthermore, assume that G*: V* — U™ is a multivalued

function such that
G (viw) ={u": (", —V") € Cqpp (u,v) }-
Then G* is said to be locally adjoing mapping (LAM).

Theorem 4.3.1. [1] Assume that G is a convex set valued mapping from U to P(V)
and d,H (u,v*) = —y,[—H (u,v*)]. Then

* (L%, . 0, ifv%G(M,V*)v
G* (V" (u,v)) = {auH(u,v*), if v e G(u,v").

Proof. It is clear that for any u; € U

H(uy,v*) —Hu,v") < (uy —u,u™)
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since d,H (u,v*) is the set of u*. Assume that u* € G*(v*;w) where w = (u,v). By

using dual cone Cg, (W) we have following inequality:
0 < (u,u")— (v,v")
where (#,7) € Cgpn (W) Which implies that
0 < (uy—u,u*)—(vi —v,v*), (u1,v1) € gph G. 4.3)
Let us fix u = u;, vi € G(u). Then (4.3) implies that
vi,v) < (v, vi € Glu);

which means that

H(u,v*) = (v,v*) and v € G(u,v").
Now, by using the inequality (4.3) and the last inequality we get
(vi,v) —H(u,v*) < (uy —u,u’”).
Let us take the supremum over v; € G(u;). Then we have
H(uy,v*) —Hu,v") < (uy —u,u™)

which implies that u* € d,H (u,v*).
Conversely, suppose that u* € d,H (u,v*) and v € G(u;v*). Then if we follow the

directions reversely above we can find easily u* € G*(v*;w). O
Lemma 4.3.1. [1] Let G be a set valued mapping. Then
Nu*v*) = (u,u™y — H(u,v")

if and only if u* is an element of the locally adjoint mapping to G*.

Proof. Assume that u* is an element of LAM F* and w = (u,v). Then by Theorem

4.3.1 we have

u* € d,H(u,v"), veGxv

which implies that

H(uy,v*)—Hu,v") < (uy —u,u*) Yuy €U
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that can be rewritten as
(u,u™y —H(u,v*) < (up,u”) —H(up,v").

Now, if we take infimum over u;, we obtain

(u,u*y — H(u,v*) < N(u*,v"). (4.4)
Moreover, from the equation (4.1) we have

N(u*v*) < (u,u”) — H(u,v"). 4.5)
By using (4.4) and (4.5) we have

N(u*v*) = (u,u”) — H(u,v").

O

Definition 4.3.2. [26] Let G be a set valued mapping from U to P(V). Then the
function

G '(v)={u:veF(u)}

is called the inverse of G.
It is clear that G~!: V — P(U). Moreover,

1. (G H1=aG.
2. G"'(G(dom G)) =dom G

3. gphG={(vu): uec G 1(v)}
={(vu):veGu)}
={(v,u): (u,v) € gph G}.
Theorem 4.3.2. [1] Assume that G : U — P(V) is a multivalued convex mapping and

G~':V — P(U) is inverse function of G. Then for any (u,v) € gph G we have

(G*I)*(u*; (v,u)) = —(G*)*l(—u*,(u,v)).
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Theorem 4.3.3. [1] Suppose G :U — P(V) is a convex, bounded and closed set valued

mapping. Let Y be a proper convex funtion with dom Y = W. Moreover, assume that
gx) = mvin{‘P(u,v): veG(u)}. (4.6)
Then for every uy € dom G we have
dg(ug) = {ux—G*(—v*;wp): (u*,v*) € 3, ¥ (wp) }

and g is convex where vy € G(ug) is a point which minimizes W in (4.6) with wo =

(uo,vo). In fact, if ¥ is differentiable we have
dg(uo) =¥, (wo) — G* (=¥, (wo),wo),
where V!, and V), are the partial derivatives with respect to u and v respectively.
Remark 4.3.1. Assume that G is a set valued mapping defined as
Gu)={M:ucU}
where M is a closed convex set in V. Then
gph G=U x M.

Thus

Coph G(Wo) = U x cone (M — vo)

which means that

0, if —v* € [cone(M —vp)]*,
0, if —v* ¢ [cone(M —vp)]*.

G*(v',wp) = {
Example 4.3.1. Suppose that M is a convex setin V and G(u) = M for all u € U where
G is a set valued map from U to P(V). Then

H(u,v*) =sup{(v,v"): ve M}
v
=Hy(v")

where Hy, is the support function of N. Moreover,

N(u*,v*) = inf {{u,u™y — (vv*): ue U,y e M}

(u,v)

| =HNOY),  ifur=0,
= if u* # 0.
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Example 4.3.2. Suppose that V; is a convex subset of V and D is an operator from U
to V such that
G(u) =Du—+V.

Then

H(u,v*) = sgp{(v,v*% veGu)}
= (Du,v") —i—sgp{(u,v*): uel}

= (Du,v*) +Hy, (v¥).

Then we can deduce that

0, —v* ¢ [cone(U; — up)|*
D*v*,  —v* ¢ [cone(U; — up)]*.

G*(v:,wg) = {

Theorem 4.3.4. [1] Assume that G is a convex mapping and further suppose that its
Hamiltonian function H is closed.

Furthermore, let uj be a point such that H(uy,v*)is finite. Then

H(u,v") = i;}ﬁf{(u, u*)y —N(u*,v)}.

40



S. OPTIMIZATION OF FOURTH ORDER DIFFERENTIAL INCLUSIONS

5.1 Foundation

Let us introduce the Lagrangian problem with fourth-order differential inclusions and
some boundary constraints. Let &(-,#) : R¥* — R! be a proper convex function and
G(-,t) : R* = R" be a convex set-valued mapping. Further, let y; € R"(k=0,1,2,3)
be constant vectors and 7 is an arbitrary positive real number. Next, we may outline

the problem of differential inclusions of fourth order with certain boundary constraints:

T
minimiize J[s(-)] = /O h(s(t),s' (), 5" (0), 8" (¢), £)dr 5.1)
d4s(t) / /" m
(PFD) e < G(s(1),s'(t),s"(t),s" (t),1), ae. t €[0,T], (5.2)
s®(0) = s (T) =y, (k=0,1,2,3) (5.3)

It is evident that the given problem (PFD) is convex problem as G(-,7) is a convex
set-valued mapping and h(-,¢) is a convex proper function. The problem is to find
an admissible trajectory arc§(¢) of the problem (PFD) that satisfies condition (5.1) on
a time interval [0,T], and the boundary constraints (5.3) that minimizes Lagrangian
cost function J[s(-)]. Let us adjust the definition of the solution of 4-th order DFIs
(2); assume AC? ([0, T],R") is the space of 3 times differentiable functions and s(-) :
[0,7] — R” is a function such that fourth order derivatives and s*)(-) = da;)%(k =
1,2,3,4) is absolutely continuous and L' ([0, T],R") is the Banach space of integrable
functions j(-) : [0, 7] — R” equipped with the norm || j(-)||; = fo |j(t)|dt.

5.2 Sufficient Condition of Optimality for a Problem (PFD)

In this part, let us begin our argue with the presentation of sufficient conditions for
problem (PFD). Initially, we link with the problem (PFD) with the following the 4-th

order Euler-Lagrange type adjoint differential inclusions:
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O (G2 + 5,60+ 52, G 0+ 42,6 ()

€ G (s7(0: (5(0),5'(1),5"(0), (0,79, ) At (50,3 (1),5(0),8" (1), 1), e 1 €
[0,7]
where §(¢) is a feasible solution of the problem (PFD) and s*(¢) and {*(¢) are adjoint
variables and the transversality conditions:
(2) s*M(0) = s*")(T); m = 0,1,2,3.
(3) & (0) =& (T);i=1,2,3.

Afterwards we assume that s*(¢),r € [0,7] is absolutely continuous function

with derivatives until 3-th order and d4;;4(') e L}([0,T]). Moreover, let

§x(t),i=1,2,3,r € [0,T] be absolutely continuous and C () e L1([0,T]),i=1,2,3.

Additionally, in terms of argmaximum set we shall suppose extra condition

@) 30 € Gy (5(0),5(0),8'(1),8"(1),8"(1)35° (),1). . 1 € [0,T]

Theorem 5.2.1. Let G(-,t) : R¥" = R" be a convex set-valued mapping and h(-,t) :
R¥ — R!' U {4} continuous convex function. To have optimal trajectory in
problem (PFD), there is a family of absolutely continuous functions {s*(t), {*(t), i =
1,2,3}, t € [0,T] satisfying a.e. Mahmudov inclusion (1), transversality conditions
(2), (3), and condition (4).

Proof. We know the following from [1]:

G* (s* (1):(5(1),5 (t),5" (1), 5" (1)), 5 (t)),t) — Oy g gy HG (5(2), 5 (£),57(£),8"(£),1)
We will use the following convention for subdifferential:

—s,¢ 5 ymHG (8(t),5(1),8"(t),5"(t),1)) = 9,9 5 9y [=HG (5(2), 5 (¢),5"(¢), 5" (t), 5 (¢)].
Then, after we examine first condition (1) and the Moreau-Rockafellear Theorem, the

following 4-th order adjoint differential inclusion is obtained.

4S>|< *
(S 24480 0+ 0 1500+ 20 )

S a(ss’ s [HG(§(t)7jl(t)ajng)ajm(t)?fm)(t)vs*<t)) —h(f(t%SJ(Z‘L&#(;‘)?E//(I)J)] .
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The equation (5.4) via definition of subdifferential is obtained as follows:
Hg (s(1),'(t),s"(1),5" (t),s*(t)) — Hg (5(r), 5 (¢),5" (1),5" (¢),s* (1))

—h(s(r),s'(t),s" (1),s" (t),t) + h(5(¢),5 (¢),5" (),5" (¢),1)
4s>|< % .
< <d dt4(t) 4 dC3 (1) ,s(t) —§(t)> + <C3*(t) + M,sl(;‘) —§/(t)>

dt dt
G0+ TS0 -5 0) + (G0 +5" 0 -5"0)

Moreover, by using the last condition we obtain following inequality:
Heg (s(1),5'(t),s"(1),5" (t),5* (1))
—Ha (5(0),5 (1),5(1),5"(1),5° (1)) = (s“)(0) = 59(1),5°(1) )

As a consequence, if we plug equation (5.6) into (5.5):

<s*<4> (1),s(t) — §(t)> 4 <s<4> (1) =39 (1),s* (r)>

First part of integral in (5.8) can be the following after some computations:
d

/\
“
*
PAN

T dr

{00500

_4 <—s*<"> (1),5'() — 5’(r)> +
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D(1),s(t) - 5(z)> . <s<4> (1) — 59 (t),s*(t)> - <s*<’”> (1), s(t) — 5(z)>

(5.5)

(5.6)

5.7

(5.8)

(5.9)



If we use (5.9), it is obtained:

i=1
=3 (1) 0(0) +.£7(0),550(0) — 6-9(0))
i=1
3 (O 1 G (7), 0y - #0(r)
i=1

If we take care of boundary constraints of problem (PFD), we can obtain:
s (0) = s")N(T) + 9, m=0,1,2,3,
5 0) = 5"(T) + y,, m=0,1,2,3.

With some simple simplifications, it can be showed:

@ = (5"(0),5"(T) + w3 —5"(T) — )

3
= Y (000 + ¢ (0), 5670 (T) + iy —50(T) — v )
i=1
3 (OO 6 (1),50 ) 5091
i=1
— (57 (T),8" (1) =5(T)) = (57(0),5"(T) (1))
=3 (1004 01,55 0(r) ~ #0(r))
i=1
Y (O (1), 50 ) - 0T
i=1

|
P
o5}
—~
ﬂ
~—
h\
<
—~
~
~—
%
I
—
~
~—
~—
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If we apply transversality conditions:

*

o
|
7~
)
—~~

T),s"(T)=5"(T)(T))

|
™

(=15 D)+ ¢7(7),s37 (1) =507

+
M-I
S S

(=15 D)+ ¢ (1), (1) =547

Il
¥ —

I
7~
)
—~~

T),s"(T)—5"(T))=0

After calculations, following inequality is obtained:

OZ/OT (h(g(t)’jl(t)’gﬂ(t)’S'lu(t)t)_h(s(t)7S,(I),S”(Z‘),sm(z‘),t))dl

Then, we arrived the following inequality:

T

/0 " h(s(0),5(6), 5" (1), 8" (1), 1) > /O h(5(0),5(1),5" (), 8" (1), 1)dr.

so §(t), t € [0,T] is optimal for problem (PFD).
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6. APPLICATIONS OF FOURTH ORDER DFI

6.1 Boundary Value Problem

By using Theorem 5.2.1, we may deduce the Euler-Poisson equation. We investigate
the problem(PFD) the absence of a differential inclusion. Our problem may be
reformulated as a variational problem with a single function that incorporates its
derivatives up to the third order. Let us present the boundary value problem:

T
minimize J (@ / B (s(2), 5 (1),5" (1), 5" (1).1) d,

0
(PEV)  sW0) = 2:s0(T) =T k=0,1,2,3,

where sg,s,{,k = 0,1,2,3 are fixed vectors and the Lagrangian h € C! is a
real-valued function, s(-) € C3([0,T]). Regarding this situation, domG(-,1) = R*"
and G(-,t) = R" and Jh(s,s',s",s" t) = (%,%,%,%>- Therefore, we may
deduce that Cg (s,u;,ua, u3,us) =R and Cf (s,ur,uz,u3,us) = {0} € R>". Therefore,
G* (u; (s,u1,u,u3,u4)) = {0} € R* and u; = 0, which tells us that s*)(t) = 0,k =
0,1,2,3and t € [0,7].

Therefore, we may derive the following equation from condition (1) of Theorem 5.2.1.

dC() di;(t) odh
2’1‘ OC3() czlt Toy =Y 6.1)

G+ % o 0L o=

Let us fix 7 = h(5(t),5(t),5"(t),§"(t),t)). By using the sequential substitution

method, beginning with the last equation, we get the Euler-Poisson equation for (PFV).

oh oh d*> ([ oh d> [ oh
x——(as)+ﬁ(w)—ﬁ(m)zo- (©2
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6.2 Linear DFIs with Boundary Value Problem

Let us suppose that A(-,#) is a function that takes real values and has continuous first
partial derivatives. Additionally, let M and N be matrices with dimensions n X n and
n X r, respectively. Let’s assume that y;,k = 0,1,2,3 are fixed vectors and D is a
compact convex set in R”. The problem at hand is a fourth-order problem that entails

linear differential inclusions with a particular boundary value problem.
minimize J|s / h(s s"(t),s" (t),t)dt

d*s(t)
drt
s®(0) = sW(T) = g,k =0,1,2,3.

€ G(s(t),s'(t),s"(t),s""(t),1), ae. t € [0,T],

3
G (s,uy,up,u3) = Mps+ ZMiui +ND
i=1

We want to identify a controlling parameter w(¢) € D that minimizes J[s(-)] associated

to the arc§(z).

Hg (s,u1,up,u3,uy) = sup{{ug,us) : usy € G(s,uy,ur,u3)}
u4

3
= sup{<Mos—|— ZMiui+ND,uZ> Tw e D}

3
= (s, Mguz) + Y (uj, M; u} —|—max{<Nw,u4> w € D},

i=1

After that, we can obtain:

(M uy, Miuy, M5 u4,M§“uj) , ifus € Gy (s,ur,uz,u3;u})
, ifus & Ga (s,ur,uz,uz;u}).
(6.3)

G (uy; (8,41, 13,104)) = {

if iy = MoS+ Y3 Myii; +Nw,w € D
Applying Theorem 5.2.1 to the case of (PFL) concludes :

4S>;<
(ddﬁ() dCs() oo+ dg()cz() dCl()Cl())

e (35" )35 ). 0,005 ()~ (G 5 90 )
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With a more detailed expression, we obtain:

S5 dGo L kL Ao o d
a4 + dr = Mys (l)_8_s’ G (1) + it —Mls(f)—a—s, 64)
oh oh '

G+ 20 i) G (1) = Mis* (1) — o

dt s
By using the sequential substitution method, beginning with the last equation, we
obtain following equation:

d*s (1) ¢ P— oh d (dh\ d* [ dh d> [ oh
g~ LM Wz*a(w)vm(w)*m(m) (65

Equation (6.5) may be modified to get the following equality by utilizing transversality

conditions (2) and (3) from Theorem 5.2.1.

oh ([ oh
as/// - aS///
=0 t=T
oh d oh oh d oh
(-3¢ drar) & (-3¢ dio¥) ‘ ) (©©
Ok doh d'Jh\| _( Ooh dh d° oh
ds  dtds"  dt?ds" A y ds  dtds"  dt?ds" -

Theorem 6.2.1. The following requirements must be satisfied for the trajectory 5(t)
to be a solution to (PFL) according to the control function Ww(t) when there is an

absolutely continuous function s*(t) that has derivatives up to 3.

3 7 7 2 z 3 7
&' ) _ Ny 00 d (Oh\ d” Ok & [ Jh
(1) Z( 1)'M;s™0() 8s+dt ds’ dr? \ ds" +dt3 as"

i=0
2) s*®(0)=s*®(T); k=0,1,2,3.
oh oh
(3) <8s’" - (W)
t=0 t=T

| (o aan
s’ dtds” t:O_ ds"  dtds” B

b Aok & h\| _( oh doh & ok
os  dtos’  di?os” o os  dtos”  di?os”

=T
(4) (Nw,s*(t)) = max,,{(Nw,s*(t)) :w € D}, (Weierstrass-Pontryagin —maximum

principle [1,8,23]).
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Proof. We have already proved the conditions (1) and (3) in the previous section.(See
(6.5) and (6.6)). In addition, the requirement in Theorem 5.2.1 is similar with the
condition in (2). Thus, proof of the last requirement (4) is needed only.

Let G be a semilinear set-valued mapping such that G = Mys + Z?:l M;u; + Gy, and

assume that Gy (s,uy,up,u3) = ND.

Coming up next, we are in

G* (ujp (577 u~1,u~2,u~3,ft4)) = (MSMZ;,MTMZ,M;MZ,Miuz)

1=

3
—l—GEk) (uz, (§,10) — MoS, 1ty — MoS, 153 — MoS, iig — MoS — ZM,'IZ,‘))
=1
where uy € Gy (s,u1,u2,u3;uy) and Gy is the argmaximum set of G, that implies
3

u— Moys — ZM,‘M,' & G()A (s,ul,uz,ug;uz) .

i=1

Moreover,
3
GS uy; (8,1 — MoS§, iy — MoS, i3 — MoS, iig — MoS — ZMifti)
i=1
= a(s,ul,uz.,u3)HGo (571417”27”37”2)
=(0,0,0,0)
due to

Hg, (s,u1,uz,u3,uy) = max (Nw, uy)
weD

which means G* (u}; (8,u1,u2,u3,14)) # 0. Hence, s € Ga(s,u1,u2,u3;u;) that

implies Nw € Goga (s, u1,uz,u3,u}). Then,
<NVT/,I/£Z> = HGO (x,ul,uz,ug,,uj) = max{<NW7uZ> we D} :
w

Therefore, we are able to get the Weierstrass-Pontryagin maximum principle for the

problem, also known as the PFL. ]

50



7. CONCLUSION

7.1 Conclusion

As a summary, we examined the fourth order differential inclusion with special
boundary conditions and derived the sufficient conditions for Lagrange functional
via Mahmudov’s inclusion being a special inclusion, locally adjoint mappings and
Hamiltonian functions. It is important to mention that for the case when k=1,
Mahmudov’s and Euler-Lagrange type inclusions are equal. Further, we have proved
the optimality of Lagrange cost function. As an application, we obtained Euler-Poisson
equation in the absence of differential inclusion. After that, we have applied the
results to a varitaional and fourth order linear optimal control problemin in order to
obtain a controlling parameter w(z). Lastly, by using a semilinear map and a locally
adjoint mapping the Weierstrass-Pontryagin maximum principle and the transversality

conditions have been proven for the fourth order optimal control problem.

7.2 Future Discussions

As a future study, the necessary conditions can be derived to obtain the optimality
of the Lagrange problem. Moreover, the dual problem can be formulated for the
given problem and its optimality conditions may be investigated. Discrete-approximate
method also can be used to obtain sufficient conditions for optimality of the
fourth-order Lagrange problem with special boundary conditions by transforming our
problem (PFD) to fourth-order discrete approximate problem. Furthermore, sufficient
and optimality conditions of the Lagrange problem can be obtained for the non-convex
case. Consequently, the theorems that are proven for our problem will have profound

impacts on higher order optimal control problems and the techniques that we use to
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solve higher order differential inclusions will contribute to enhancing the mathematical

theory of optimization.
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