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AN EXPONENTIAL WAVE INTEGRATOR SINE PSEUDO SPECTRAL
METHOD FOR THE HIGHER ORDER BOUSSINESQ EQUATION

SUMMARY

In this thesis, it is aimed to derive a new scheme for the numerical solutions of the
higher-order Boussinesq equation on a bounded domain Q = (a,b) with initial and
homogeneous boundary conditions given by

Ut = Uyy + M1 Uxxrr — M2Uxexr + (f(u))xm X e Q, t>0,
u(x,0) =up(x), u(x,0)=u(x),
u(a,t) =u(b,t) =0, t>0,

where u(x,t) is the unknown function, 1; and 1, are real positive constants and
feCc?(R,R).

The higher-order Boussinesq equation reduces to the improved Boussinesq equation
when 11 = 1 and 1, = 0. Although there are many analytical and numerical studies
for the improved Boussinesq equation in the literature, there are few studies because
the higher-order Boussinesq equation includes the sixth-order derivative term uyyys;-

The thesis includes the following sections:

In Section 1, the purposes of the thesis, the literature review and the hypothesis of the
thesis are presented.

In Section 2, some definitions related to sine pseudo-spectral discretization and
Sobolev Spaces are provided. In addition, inequalities used in the proof of the
main theorem, such as the discrete Gronwall’s lemma and Young’s inequality, are
introduced.

In Section 3, a new exponential wave integrator sine pseudo-spectral method for the
higher-order Boussinesq equation is derived. The sine pseudo-spectral discretization

M-1
up (x,t, +5) = Z u(ty+s)sin(y(x—a)), x€Q;seR
I=1
is used to find the numerical solutions of the higher-order Boussinesq equation.
Here, ii(t, + 5) is the continuous sine coefficient and t; = ;... The higher-order
Boussinesq equation is reduced to the second-order non-homogeneous ordinary
differential equation by using this discretization. iu;(t, + s) is obtained by solving the

second-order differential equation. Then, the approximate solution u;(x,¢) is found.

In Section 4, we rigorously carry out error analysis and establish error bounds in the
Sobolev spaces. The main theorem shows that the method has fourth-order accuracy
in time and spectral accuracy in space.

XVvil



In Section 5, the scheme is tested by the exact solution of the higher-order Boussinesq
equation. The performance of the scheme is illustrated by examining the propagation
of the single solitary wave, single wave splitting and head-on collision of two solitary
waves.

In Section 6, the outcome of the thesis is summarized.
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YUKSEK MERTEBE BOUSSINESQ DENKLEMININ SAYISAL
COZUMLERI ICIN USTEL SINUS SOZDE SPEKTRAL YONTEMI

OZET

Bu tezde yiiksek mertebe Boussinesq denklemi icin tanimlanmis baglangic ve sinir
deger probleminin

Ut = Uyy + MUxxrr — M2 Uxexr + (f(u))xm DS Q, r> 07
u(x,0) =up(x), u(x,0)=uy(x),
u(a,t) =u(b,t) =0, t>0,

¢Ozlimlerinin sayisal olarak bulunmasi i¢in yeni bir yontem bulunmasi ve bu yontemin
yakinsaklik analizinin yapilmas: hedeflenmistir. Burada u(x,#) bilinmeyen fonksiyon,
M1 ve My pozitif sabitler ve f € C*(R,R), Q = (a,b) olarak goz 6niine alinacaktir.

N1 = 1 and 1 = 0 oldugunda yiiksek mertebeden Boussinesq denklemi diizgiinlesti-
rilmis Boussinesq denklemine indirgenir. Literatiirde diizgiinlestirilmis Boussinesq
denklemi ile ilgili bircok analitik ve sayisal calisma olmasina ragmen, yiiksek mertebe
Boussinesq denkleminin altinci mertebeden tiirev terimi iy, ic€rmesi sebebiyle az
calisma bulunmaktadir.

Tez asagidaki boliimleri icermektedir:
Boliim 1°de tezin amaci, literatiir arastirmasi ve tezin hipotezleri sunulmustur.

Bolim 2°de siniis sozde-spektral ayriklagtirmasi ve Sobolev uzaylar ile ilgili bazi
tanimlar verilmistir. Buna ek olarak, ana teoremin ispat1 i¢in gerekli ayrik Gronwall
esitsizligi ve Young esitsizligi gibi bazi esitsizlikler de bu boliimde sunulmustur.

Boliim 3’te yiiksek mertebe Boussinesq denkleminin sayisal ¢oziimlerini elde etmek
icin yeni bir siniis sOzde-spektral yOntemi tiiretilmistir.  Sinilis sozde-spektral
ayriklastirmasi kullanilarak yaklagik ¢oziim

M—1
up (x,t, +5) = Z u(ty+s)sin(y(x—a)), xeQ;seR
=1

olarak yazilabilir. Burada u;(t, + s) siirekli siniis Fourier katsayilari ve p; = %

olarak verilmistir. Siniis sozde-spektral ayriklastirilmasi yiiksek mertebe Boussinesq
denklemine uygulandiginda

d> 2 27 n>

Wul(tn—l—s)—i—el u(ta+s)+ 67 (fyy),(s) =0, seR

denklemi elde edilir ~ Bu sayede iki degiskenli kismui diferansiyel denklem
problemi her zaman adimi i¢in ikinci-mertebe homojen olmayan adi diferansiyel
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denklemler problemine indirgenir. ~ Burada f};(x,s) = Puf(um(x,t, +5)) ve

0=/ \/ 1+ nLuZ2 + 772N14 olarak tanimlanmustir. Ikinci-mertebe homojen olmayan
adi diferansiyel denklemler parametrelerin degisimi yontemiyle c¢oziilebilir. Elde
edilen ¢oziimler ve coziimlerin tiirevi dogrusal olmayan terimle iligkili bir integral
icermektedir. Zamanda dordiincii mertebeden dogruluk elde edilebilmesi icin
integraller Simpson yontemi yardimiyla ¢coziilmiistiir. Siirekli siniis Fourier katsayilari,
ayrik siniis Fourier katsayilari ile yer degistirilerek

o T in(26;7) .
Wt = cos(291r)u?—1_|_sm(9 I )u7—1
I

o .
—5% [sin (26,7) /" +4sin (6,9) 77

Wt = —0ysin (26,7)u) " +cos (26, 7)) !
07t — a
—ZT[COS 207)f) +4cos(91’c)fl +fr }

semas! tiiretilmigstir. Buna gore n 4 1 zaman adimindaki sayisal ¢oziim ve tiirevi n ve
n — 1 zaman adimlarindaki ¢coziimler ve tiirevleri kullanilarak hesaplanabilir. Yontem
n = 1 icin kullanilamadigindan, Taylor ac¢ilimi yardimiyla » = 1 zaman adiminda
¢Oziim ve tiirevinin

ul = iflwl U ] - S @

b= (G ) )+ (7 7)

seklinde hesaplanabilecegi gosterilmistir. n = 0 ve n = 1 zaman adimindaki ¢oziimler
kullanilarak iterasyona baslanabilir. Siniis Fourier katsayilarinin her zaman adiminda
elde edilmesi ile up(x,1,) yaklagik ¢oziimii ingaa edilmistir.

Boliim 4’te tiiretilen sayisal yontemin kullanilmasiyla elde edilen yaklasik ¢oziimler
icin Sobolev uzaylarinda hata ic¢in bir iist simir Teorem 1’de verilmistir. Bununla
birlikte, elde edilen yontemin en genel dogrusal olmayan terime sahip yiiksek mertebe
Boussinesq denklemi i¢in zamanda dordiincii mertebeden, uzayda eksponansiyel
mertebeden dogruluga sahip oldugu gosterilmistir.

Bolim 5°te bazi sayisal Ornekler sunulmustur.  Yiiksek mertebe Boussinesq
denkleminde bulunan dogrusal olmayan terim f(u) = u” seklinde kuvvet tipinde
oldugunda yalmiz dalga ¢dziimleri analitik olarak bilinmektedir. B6liim 5.1°de tiiretilen
sayisal yontem kullanilarak p = 2 ve p = 3 icin yalniz dalga ¢6ziimleri elde edilmis ve
bulunan sayisal ¢oziimler analitik ¢oziimlerle kiyaslanarak yontem test edilmistir. Elde
edilen hatalarin Teorem 1°de verilen teorik sonuglar1 destekledigi goriilmiistiir. Buna
ek olarak tiiretilen yontem yiiksek mertebe Boussinesq denkleminin ¢éziimlerinin uzun
zaman davranig incelenerek hatalarin zaman icerisindeki degisimi ve korunan kiitle
biiyiikliigliniin degisimi sunulmustur. Boliim 5.2 ve 5.3’te tek dalganin ayrilmasi ve
iki yalniz dalganin carpigsmasi problemleri kuvvet tipinde dogrusal olmayan terime

XX



sahip yiiksek mertebe Boussinesq denklemi icin sayisal olarak elde edilmistir. Bu
problemler i¢in analitik ¢oztimler bilinmediginden hatalar hesaplanamamig, korunan
kiitle biiyiikliigiiniin degisimi sunulmustur.

Bolim 6°da tezden elde edilen sonuglar sunulmustur. Tezde tiiretilen yontemin za-
manda dordiincii mertebeden dogruluga sahip olmasi daha az hesaplama kapasitesiyle
daha dogru sonuclar bulunmasi saglamaktadir. Ayrica tiiretilen yontemin acik
olmas1 hesaplama maliyetinin diisiik olmasini saglamaktadir. Bununla birlikte tiiretilen
yontemin sadece yiiksek mertebe Boussinesq denklemi icin degil siniis sozde-spektral
sema yardimiyla ikinci-mertebe homojen olmayan adi diferansiyel denklemlere
indirgenebilen diger denklemler i¢in de kullanilabilecegi ongoriilmektedir.

XX1






1. INTRODUCTION

1.1 Purpose of Thesis

In this thesis, we study the higher-order Boussinesq (HBq) equation

Urr = Uxx + N1 Uxxrr — M2Uxnner + (f(u>)xx (11)

with initial and homogeneous boundary conditions. Here, u(x,t) is the unknown
function, 11 and 1, are real positive constants. We consider a single power-type
nonlinearity as f(u) = u”. The purpose of the thesis is to derive a new numerical
method for finding numerical solutions to equation (1.1) and to establish error bounds

in the Sobolev spaces.

1.2 Literature Review

Rosenau first derived the HBq equation for modelling the continuum limit of a dense
chain of particles with elastic couplings in [1]. The propagation of longitudinal waves
in an infinite elastic medium with nonlinear and non-local properties is also described
by the HBq equation in [2]. Choosing the parameter 1, = 0, the equation (1.1) reduces

the improved Boussinesq equation

U = Uxx + Milhyxtr + (f(u))xxa (1.2)

which models the water wave problem with zero surface tension [3]. The most

well-known classical Boussinesq equation [4] is given by
Ut = Uyy + Ol + (uz)xx- (1.3)

When o = —1, (1.3) is referred as the "good" Boussinesq equation, and when o = 1,
it is referred as the "bad" Boussinesq equation. Bogolubsky revealed that contrary
to the "good" Boussinesq equation, the "bad" Boussinesq equation is unstable under

short-wave perturbation and has no local well-posedness result in [5]. The improved



Boussinesq equation has been shown as an approach for the "bad" Boussinesq equation

by replacing the term iy With ., which is physically stable [5,6].

Regarding the existence of local/global solutions of the Cauchy problem concerning
(1.1), the authors in [2] used the fixed-point technique for the initial data in H* with
s > 1/2. The local and global existence of solutions to the initial and boundary
value problems corresponding to the initial data in (i) the Sobolev space W3’°°(O, 1)
for the nonlinear function f(s) € C'(R) with f(0) = 0 and (ii) the Sobolev space
H™3(0,1), m > 1 for the nonlinear function f(s) € C™(R) with f(0) = 0 are
established in [7]. Considering a general nonlinearity, the group classification and

exact solutions of the HBq equation are obtained in [8].

From the numerical point of view, a variety of numerical schemes for approximating
the time evolution of the solutions of the "good" Boussinesq equation have been
proposed including the finite difference methods [9,10], pseudo-spectral methods
[11,12], splitting methods [13] and the exponential wave integrators [14]. There
are also a large number of studies in the literature on the IBq equation involving
finite difference methods [9,15], finite element methods [16,17], spectral methods
[18], meshless methods [19], Runge-Kutta type exponential integrators [20], energy
preserving methods [21,22] and exponential wave integrators [23]. To the best of our
knowledge, there is only one numerical study [24] in the literature considering the HBq
equation. The convergence of the semi-discrete scheme is only proved in [24] and the

authors focus on the quadratic nonlinearity.

The exponential wave integrator pseudo-spectral method has recently become very
popular for solving time-dependent PDEs due to its superior properties. The
method can be implemented efficiently by applying the fast discrete Fourier or
Sine transform for the spatial discretization combined with an exponential wave
integrator based on some efficient quadrature rules. Bao and Dong proposed
a method based on the Fourier pseudo-spectral approach to spatial discretization
followed by a Gautschi-type exponential integrator for the Klein-Gordon equation
in the non-relativistic limit regime [25]. Zhao studied an exponential wave

integrator sine pseudo-spectral method for solving the Klein-Gordon-Zakharov system



in [26] and an exponential wave integrator Fourier pseudo-spectral method for
solving symmetric regularized-long-wave equation in [27]. The numerical method
is based on a Deuflhard-type and Gautschi-type exponential wave integrator for
temporal integrations, respectively. Exponential wave integrator methods are also
applied successfully for the nonlinear Schrodinger equation [28], the extended
Fisher-Kolmogorov equation [29]. As far as we know, the methods given in above
mentioned studies have second-order accuracy in time and spectral accuracy in space.
A fourth-order exponential wave integrator Fourier pseudo-spectral method for the
nonlinear Dirac equation and the nonlinear Schrodinger equation are proposed in
[30] and [31], respectively. For approximating the integral terms, the authors in
[30,31] use the Simpson quadrature formula. However, the proposed schemes are
implicit schemes that require solving a nonlinear system for each step. Ji and Zhang
presented a fourth-order exponential wave integrator Fourier pseudo-spectral method
for solving the Klein-Gordon equation in [32]. The scheme is explicit and the corrected
trapezoidal formula is used for approximating the integral term. They proved the
fourth-order convergence in time under the restriction 7 < 3\/%’ where 7T is
the time step and £ is the spatial step size. Wang and Zhao introduce a group of
symmetric Gautschi-type exponential wave integrators for the Klein-Gordon equation
[33] in nonrelativistic limit regime. The scheme has fourth-order convergence in
time. However, this scheme involves a rather complicated procedure due to the

approximation of the second-order time derivative of the nonlinear function.

1.3 Hypothesis

To the best of our knowledge, the exponential wave integrator methods applied to the
"good" Boussinesq equation [14] and the improved Bousinesq equation [23] are both
second-order accurate in time. In order to demonstrate higher-order calculations for the
Boussinesqg-type equations, we derive a new fourth-order accurate scheme in time. The
scheme is easy to implement since it is explicit. We also avoid the approximation of the
time derivative of nonlinear function only except for initial time. Most of the studies in
the literature focus on the only convergence of the semi-discrete scheme, conservation

properties and stability analysis. Our aim is to prove error analysis of the exponential



wave integrator sine pseudo-spectral method for the higher-order Boussinesq equation
involving the higher-order effects of dispersion. We obtain optimal error estimates of

the fully-discrete scheme in the Sobolev space H".



2. PRELIMINARIES

In this section, we start introducing some notations and propositions employed

throughout the thesis.

2.1 Discretization

M and N being positive integers, let us divide the interval [a,b] into M equal
sub-intervals with grid spacing & = (b — a)/M and the interval [0,7] into N equal
sub-intervals with time step T = T'/N. The spatial grid points are x; = a + jh,

j=0,1,2,....M and temporal grid points t, =nt, n =0,...,N. Denote

XM:: {u: (I/l(),ul,...,uM) ERM+1’L£O:MM:0}’

Yy :=span{sin(y;(x—a)), [=1,2,....M -1},

with y; = bl—

2.2 Sine Transform

Let u(x) be a general function on Q = [a,b] and u € Xj;. Define Py : L*(Q) — Yy
as the standard Lz—projection operator and Iy : Co(ﬁ) — Yy or iy : Xay — Y as the
trigonometric interpolation operator

M-1 M-1

(Pyu) (x Z usin(w(x—a)),  (Iyu)(x Z usin(w (x —a)), (2.1)
=1 I=1

where 1; and u; are the sine and discrete sine transform coefficients, respectively, given

R b ' RSN
u = b—a/a u(x) sin(y (x — a))dx, =Y Z (] 71')7 (2.2)

with uj = u(x;).



2.3 Sobolev Spaces

The following theory from [34] serves as a basis for the apprehension of the work to

be presented.

Let Q = (a,b) be a bounded interval of R and L*(Q) the space of the measurable

functions u : Q — R such that | f |u(x)|dx < oo. The norm

b
gy = | lux) P

is induced by the inner product
b
(u,v) = / u(x)v(x)dx.
a

Let m > 0 be an integer. The Sobolev Space H™(Q) is defined as

dk

H™(Q) = {vELZ(Q) T

€ L*(Q),0<k< m}

with the inner product
b dku dk

”V”’_Z/ dnk ki

which induced the norm

e ey Z dek

L2

Dirichlet conditions are one of the most generic boundary conditions related to a
differential operator. Functions which satisfy the homogeneous Dirichlet boundary
conditions that span the subspaces of the Sobolev spaces H™ are significant. We
know that the functions of H'(Q) are continuous up to the boundary by the Sobolev

imbedding theorem. We introduce the following subspace of H! (Q):

H}(Q) = {v € H'(Q) : v(a) = v(b) =0}.

We define the subspace H™ N H(% of the Sobolev space H™ as

H"(Q) = {uc H"(Q):u®(a) =u®(b) =0, keN, 0<2k<m},



for some integer m > 1. For any function u(x) = ¥, @ sin(i;(x —a)) € H™(Q), the
I=1

norm is defined as

(o)

lullz =Y (14 )" . (2.3)
=1

To attain the convergence of the fully discrete scheme, we need the following lemmas.
Lemma 1. [26] For any 0 < u < k with k > 1/2, there exists a constant C such that
ot~ Pugully < CHE e [lu—Iyully < CHHllull, Vu€ BYQ). (24)

Lemma 2. [35] For m > 1/2, H"(R) is an algebra with respect to the product of
functions. That is, if u,v € H™(R) then uv € H™(R) and

vl < Cllualla [ ]| (2.5)

Lemma 3. [36] For any function g € C*(C,C) and o > 1/2, there exists a

nondecreasing function ), : R — R such that

lg)lle < 118(0)lo+ 25 (llull=) [lulls,  Vu e HE. (2.6)

For all v,w € Bf :={u € H : |lu||c < R}, we have

18(v) —gW)llo < (g, R)[[v —wllo, 2.7)

where o(g,R) = ||¢'(0) |l + RXg (cR) is nondecreasing with respect to R, with ¢ >0

being the constant for the Sobolev imbedding || - ||1= < c|| - || -

Young’s Inequality. [37] For every € > 0 and two non-negative numbers a and b, the

following inequality holds

which gives

(a+b)* < (1+€)a*+ (1+%)b2.

Discrete Gronwall’s Lemma. [34] Let u,, and v,, be non-negative sequences satisfying

k

U1 < 00+ Z UpVp
n=0



for all n. Then for all n it holds

k
Upr1 < otexp < Z vn>.

n=0

Throughout this thesis, the notation A < B is used to state that there exists a generic

constant C > 0 such that |A| < CB. Here, C does not depend on the time step T or

spatial step size h.



3. DERIVATION OF THE NUMERICAL METHOD

In this section, we solve the HBq equation by combining a sine pseudo-spectral method
for spatial derivatives with the fourth-order exponential wave integrator for temporal
derivatives. We consider the HBq equation on a bounded domain Q = (a,b) with initial
and homogeneous boundary conditions given by
Urr = Uy + Mlhxrr — Mot + (f(U) ), X €Q, >0,
u(x,0) =up(x), w(x,0)=u(x), 3.1
u(a,t) =u(b,t) =0, t>0,
where f € C*(R,R). The space interval is chosen large enough so that the truncation

error is negligible.

The sine pseudo-spectral approximation

M—1
up(x,tn+5) = Y Ui(tn+s)sin((x—a)), xeQseR (3.2)
=1

for the solution of (3.1) satisfies

as'suM(xatn+s) = axxuM(xatn+s)+nlaxxssuM(x>tn+s)

_nZaxxxxssuM(x; In +S) + axxPM(f(uM(xa Iy —I—S)). (3.3)

Substituting (3.2) into (3.3) and noticing the orthogonality of sin(u;(x — a)) for

[=1,...,M—1, one gets

d* . —
ng@ﬁ4y+@%x%+@+4#gﬁ%@yzm sER (3.4)

where ffy(x,5) = Py f(unt (.10 +-5)) and 6 = gy /\ /11107 + 1ot

By using the well-known variation of the parameters formula, the general solution of

the equation (3.4) is given by

Bi(tn+s) = cos(0s)iitn)+ Smg’”) (1)
_elfossin(e,(s—w))(?l';,\),(a))da). (3.5)



Differentiating (3.5) with respect to s, we obtain

Uty +s) = —06;sin(0ps)uy(t,) + cos(6;s)u)(ty)
_o? /0 “cos (6(s — @) (1), (@)do. (3.6)

Plugging s = 27 and replacing n by n — 1, one gets

(i) = cos o)1)+ 0N, )
1
27 —
g /O sin (8;(27 — ) (/1) (0)do. 3.7)

In order to obtain the fourth-order accuracy method, we approximate the integral term

in (3.7) by the Simpson rule as

/Omsin(el(%—a)))(f,@/_\l)[(co)da) ~ gsin(Zeﬂ)(/ﬁ}_\l)l(O)
+4sin (6,7)(f7,),(0) (3.8)

—
—_

noticing that (i) (7) = (f3y),(0). Similarly, plugging s = 27 and replacing n by

n—11in (3.6), we obtain

it\;(tn+1) = —Glsin(zelfﬁl\l(l‘nfl)—|—COS(91S)Z/4\;(Z‘,1,1)
27 —
_o? /0 cos(8(27 — @) (£ 1), (w)do. (3.9)

Applying Simpson’s rule for approximating the integration in (3.9) yields
> T v T

| eos (87— 0) (i (@) ~ X [eos(267) (5 ), 0
405 (67) (f3),(0) + (f35),(0)].3.10)

In practice, computing the continuous sine coefficients in (3.7)-(3.10) is difficult.

Therefore, we replace the continuous sine coefficients with the discrete sine

coefficients as in (2.1) and (2.2). Now, we introduce the fourth-order EWI-SP scheme:

Let /} and u;’(] =0,1,...,M,n=0,1,...) be the approximations to u(x;,t,) and

u;(xj,1,), respectively. Setting u? =ug(x;), u? = u;(x;), the numerical approximations

n+1

u" 1t € Xy are computed as

M—-1 — . M—-1 — .
1 Lo (I ] N il (I
Ll;l = Z M;l+ sin <ﬁ) N Ll}; = Z Ll;H_ sin (ﬁ N (311)

=1

10



where the discrete sine coefficients are computed as follows forn > 1 :

Ny =1  sin(26;T
Wt = cos(291r)u;’—1+sm(9 I )u;,—l
!

0 ~
—g [sin (20,7) ! +4sin(91r)fl”] ,

u?“ = —0;sin(26;7)u; 't cos (26,7)u]
92
—ITT[COS (291r)f +4cos(6ﬂ)fl +f”+1},

(3.12)

with

~n
U

l =

M— M—1 .
,Z ( ) ir= L ()

M— .

Z ) sin <ﬂﬁn) (3.13)

In order to start the iteration, we need the initial values u! and i!.

2
-2
M

Computation of u;(t)): If we differentiate the equation (3.4) with respect to s, we

obtain
3

ds Pk
By using the equations (3.4) and (3.14) in Taylor’s expansion, the fourth-order

0ty +5)+ 67 diul(r,,+s)+6, 7 (fM) (s)=0, seR. (3.14)

approximation can be written as

2.2 —
an) = @0)+72(0)~ L [(0) + (o)
2 3 4
O [a(0) + (0] + S 1), 3.15)

—

where 5,1 € (0,7). Since f € C*(R,R), the sine coefficients (fy),(0) for

[=0,1,...M — 1 are computed as

—

(F9),(0) = { £ (1pr (x,0)) Aytaps (x, 0)} . (3.16)

l

Computation of u(t): Approximating u;(fo) and u;(r2) by using Taylor’s expansion

around 71, and taking their difference, one can get

3 5

(1) — @ (0) = 270, (1) + %ﬁ}”(rl) @ (51.), (3.17)

11



where ;5 € (0,27). Using

' (1) =

where s; 3 € (0,27), the equation (3.17) becomes

—u; (s13), (3.18)

72 7> 7>
i (12) = (0) = 2ty (1) + o [ (12) = (0)] + " (s12) = 151" (s13)- (3.19)
By (3.4)
it (12) — 1 (0) = —67 [ (12) — (0) + (£37),(0) — (£, 0)]
we obtain
a) = (5o 9122 ) i) —a(0)] + "1’—2; [(£320,(0) = (£30,0)]
+%ﬁ/’”(s,,4), (3.20)

where ;4 € (0,27).

By replacing the continuous sine coefficients with the discrete sine coefficients, the
discrete sine coefficients at the first time step are obtained as follows:

~ ~ ~ 2.2 ~ ~

= o= i ) - O ),

u:l:<$+i>< §) + L (7 19)

(3.21)

where

f Mg [ }sm (’g) (3.22)

To summarize, the scheme is based on the following steps:
Step 1: The discrete sine coefficients I:t? , L;? , ﬁ) , ]:ZO are found by using the formulas
(3.13) and (3.22).
Step 2: l:t;] is computed by using (3.21).
Step 3: ]51 is calculated by using (3.13) after constructing the approximate solution
1

u .

Step 4: 12 is evaluated by using (3.12).

12



Step 5: fl2 is obtained by using (3.13) after constructing the approximate solution

u?.

Step 6: b:ll and L;z are evaluated by using (3.21) and (3.12), respectively, and then
u! and #? are constructed.

Step 7: u" and 4" can be found for n > 3 by using (3.11)-(3.13).

13






4. ERROR ESTIMATE OF THE EXPONENTIAL WAVE INTEGRATOR
METHOD FOR THE HIGHER ORDER BOUSSINESQ EQUATION

In this section, the error analysis for the fully discretized scheme (3.12) and (3.21) is
presented. For simplicity of notation, the interpolations of the numerical solutions are
given by

up () = I (") (x), i (x) = D (@") (%), x € (a,b),

and the error functions by
"(x) = u(x,t,) —uj(x), €"(x)=adu(x,t,)—1uj(x), x¢€(a,b).

Theorem 1. Let the solution of the HBq equation (3.1) satisfy the regularity properties
ue Cl([O,T];I-NIm+G) ﬂCS([O,T];PNIm)(m >1.,6>0). Then there exist hy > 0 and
0< 19 <1 such that when v < 19 and h < hgy, the numerical solutions u" and "
obtained from the EWI-SP scheme (3.11)-(3.13) with (3.21) and (3.22) converge to

the solution of the problem (3.1) with the convergence rate
1"l +l1€"lm < *+A%, n=0,1,....N, (4.1)

with HazkuHLm([O,T];Hm) S Kk for (k = O, 1,,5) and Halku||Loo([07T];Hm+6) S Rk for

(k=0,1). Furthermore, we have

lupllm < Ko+1, [l [lm < Ky +1. (4.2)

Proof. (4.1) and (4.2) are proved by mathematical induction. For n = 0, noticing that

e = ug —Iys(up), €° = uy — Iy (uy), applying Lemma 1, one gets

€2 )lm+11€°llm S O (4.3)

There exists a constant #; > 0 such that, when 0 < h < hy, the inequality (4.2) is valid

for n = 0. Assuming (4.1) and (4.2) are true for n < k < T/, we show that (4.1) and

15



(4.2) are valid for n = k+ 1. The projected error functions are introduced by

<

—1

ey (x) = Pu(e" (x)) &) sin(py (x—a)),

ol g

N:)

sin(p (x —a)),

ey (x) = Pu(é"(x))

-
I
_

where the corresponding coefficients in the frequency satisfy

~ o~ ~

e =u(ty) —ul, &=y (tn) —ul.

We define the local truncation errors

M—
Z ‘g’l sin(W(x —a)), Z sin(W (x —a)),
where
& = i) —cos20mail1) - T Vi, )
—|—% [sin(ZOlr) ?1 (0) —|—4sin(91T)]?ln(0)] )
/'l; = W(tyr1)+6;sin(26;7)uy(t,—1) — cos(26,7)it) (t,—1)
671 o 5
-1-17[cos(201‘c)fl"’1(0)+4cos(0ﬂ)fl”( )+ £ )]
4.4)
forn > 1 and
P 92 2 ~
E0 = my(ry) — i (0) — Ty (0) + l; [ﬁz(O)M‘)(O)}
92 3 —
= [7(0)+ () )
— . 1 62 R 62 ~
b = - (s + ) e-m0] - £ 0 - 0],
4.5)

16



If we subtract the equations (3.12) and (3.21) from the equations (4.4) and (4.5)

respectively, the resulting error equations for n > 1 become

—_— —_ - 29 _ o~
e;‘“ = cos(29ﬂ)e?1+sm(9—ﬂ)é?l+§l”
I
0t .
_T[sm(ZOﬂ:)nl +4sm(6ﬂ)nl] (4.6)
&l = —0;sin(207)ef ! +cos(26,7)¢l 1+<§,”
07t
—ZT[COS(ZQIT)HI +4cos(9ﬂ)nl+n"+l]. 4.7)
and
~ 02114 1 0Ty
el = 7l —T[e,oﬂtn?}— > [é?+n,°], (4.8)
~ 1 02t /5 %\ =5 0t 5
o = (5+p)(@-a)+&+5 P, (49
where the nonlinear errors are
M—1 M—
n"( ZTIZ sin(py (x —a)), Z sin(; (x —a))

with 0" = f7(0) — f7* and 70 = () (0) — f°.
Step I: Estimation of Local Truncation Errors

Substituting (3.7) and (3.9) into (4.4), (3.15) and (3.20) into (4.5) respectively, the

resulting truncation errors for n > 1 become

o 27 o
gln — _91/0 sln(el(QT CO)) T l(a)>dw
O 20,0071 (0) + 4sin(00)77(0)].
7 — _912/027(:03(91(2r—w))j£?\1(w)dw
2

O [cos(20,2) 77 (0) + dcos(@7)71(0) + 77 0]

(4.10)
and
4 — 4
- T : T
510 — ﬁﬁl,//(sl,l)a 510 — %%////(51,4)'
It is clear that
I1E°12,+ 11E°117, < =°. (4.11)

17



The local truncation errors in (4.10) actually come from the error using the Simpson
rule. Using the standard error formula of the Simpson rule for a general function

v(s) € C*0,21]

27 8 5
/ v(s)ds—g[v(0)+4v(r)+v(2r)} z—%v(4)(c), ¢ e (0,27),
0
the local truncation errors (4.10) become
= 86, 5[ a* 1. —
n _ %Y o« _ n
& = =t (dw4[31n(el(2r ) (ff~")(@)] .
86, . S
= 4—51175 {9148111(9[(2”5—&75))]7' 1(S175)
—

+46; cos (6,27 —s15)) (fln_1> (s15)

—

—667sin (6,2 —515)) (f71) (s1.5)

—n

—46;cos (61(2’5 - Sl,s)) (fzn_l) (s15)

—n
b

+sin (612t —s15)) (7 ") (s15)

“n 867 5[ d* 1)
iy T <dw4[cos (91(21'—60))(]3 )((D)} D,
8612 5| p4 in—1
= ET 91 CoS (91(21’—.?176))](1 (51,6)

—

—467 sin (6,21 —s16)) (f7~") (s16)

—

—667 cos (6,(27 —516)) (fl"*l) (s16)

—n

+40;sin (6,27 —s516)) (1) (s16)

—
+cos (61(21' — S176)) (fln_l) (SM,)
where ;5,516 € (0,27). Since 1y and 1, are positive real numbers, we have
16;| < 1/+/M1. Applying Young’s inequality to the above equations, we deduce

"

|81;’2 < CT]O“J?I"_](SZ,s)\Z-F|(?[1\1)I(S175)\2+|(7f\1) (&5)\2

— — "
)

Y )P+ Y ()]

\EE’Z < Crloﬁfzn_l(slﬁ)’z*'|(71n\1)/(sl,6)’2+|(?f\1) (51,6)‘2

H(l"/_\l)m(sm) |2 + |(J71/_\1)W(S1,6) }2} :

18



Using the assumptions [|0fu||z= (o 71.m) < K for (k=0,1,...,4) and f € C*(R,R),

it follows that
1EM2,+ €12 < C(f, Ko, K1, K2, K3, Kq)T'0 < 110 (4.12)

forn > 1.
Step 2: Estimation of Nonlinear Errors

Now, we show that 1 and 1" are bounded in H™ with m > 1/2. We use Lemmas 1-3

and uj,u(-,t,) € By, .| to obtain

10 = |t (i) = Po (F (-, 0)) (-, 0) |
< e £ @y = g 0t |
o £ 0 = (-, 0)) -, 0)] |

{1 (£ w0010 ,0) = Par (£ w(-,0) -, 0))|

m

b

< C|\f"(uf)ip = f (u(-,0)) iy
+C f’(u(-,O))u?—f’(u(- ))8tu(-,0)Hm
+Ch® | £ (u(-, ))8,u H,M
< Cllln|[ £ () = £ (uC,0))||
0|l (-, 0) | [~ a0
+00 a0 HM -0,
< Ca(f Ko+ 1) il = u(-0)|L
+C 1O+ 25 (-, 0) =) - 0) ] 18 = Oy, 0)
+CH[1/(0) It
2 (I 0)=) 1, 0) s | 142, 0)
< ca(f Ko+ 1) lllnllelln
+C (I (O) I+ 251(cKo) Ko 1€}l
O [1£/(0) o + 2 (cR)Ro Ry,
< C(f.Ko)(llehs llm + l1ehllm) +C(f,Ro, R1)A°. (4.13)
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On the other hand,

1"l = e (7)) = Prr(F o)) |

bl st ]

(s u(»tn)))—PM(f(u(»tn IR
rtm),
Cor( Ko+ 1)l = u(-st0)lln +Ch (1L£(O) s
27 (st =) e 20) o)

Ca(f. Ko+ 1) Iehllm+CLf R

IN

VAN

C|£(u) = ()| +cn

IN

IN

n+1|,,, we need to find an upper bound for [|u™1|,,.. It follows

In order to estimate ||n

that

1 1 n—
e N < Mgy ™ o+ 2~

€T (a0 o+ (1) )

< Ko-+20K1+Co( ™)l + 1)l

< Ko+zu<1+cf(z||f(o>nm+xf<c||u';—l||m>||u7—lHm
+xf<c||u7||m>||u;'||m)

< C(f,Ko,Ky).

Therefore, we deduce that

10"l < Ny lm +1°. (4.14)

Step 3: Error Equations
From the equation (4.8), one gets
el < (12241402 + (224 74+ %) (0> + | €0 + P

+T6|Tll |2
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Substituting (4.6) with n = 1 into (4.9) yields

~ 671? 1 —cos(267) ,, 5 sin (26;7) \
;1 1 - 0 50
3= () |- (SRed ()’

Lo el%(sin(ze,z))@ 29,%(5111(9,@)7]
1 0

2t T 3 \ 207 3 o )

This implies that
o~ 1 o~
. 02 2 2
AP S (1P QP+ IR + 1P+ (5 +1+72)IE]
H2 e+ )0 + (P4 + 10 ) P+ 2.
Hence,
27012 1A 24 6\ (a2 012 1 1012\ 12012 | 1£012
6lel > +1e}l” S (1+72+78+17°)(67e)]> + [eD]7) + &0 +1&)]
l —~
(o 14+ 2) G P+ (24 o4 ) )P
(24 )P+ 22 P+ 0
o~ T\ —_~ . 2
(67191 + ¢ 2)+|§,°|2+!é,°|2+—2|éﬁ|

+7 (’rll ‘2"‘ ml |2+ !771 ‘ )+T6|711 ’2

AN

(4.15)

for T < 1. Applying the triangle and Young’s inequalities to (4.6) and (4.7), we obtain

/\ —

]91 cos(26;7)e) ! +sin(26;7)¢] 1‘2
912
N[ = — —
(o) @R
!€l+]|2 (1+7)|—6 Sln(29ﬂ') ' +cos(26,7)e! ‘

1 n— n n
+C(1+;) EP+ (I P g \2+Inz“\2)]

|el+1|2 (1+

for n > 1. Hence,
GG < (D)8l PG )
1
+C(;+1)(!51"\2+\51”!2)

+<r+r2)(lm 24 |ny |2+m,"+’|) (4.16)
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Moreover, we define

M-1
= X (1+1uf) " (621 +16712). (.17)

It is easy to see that
&0 < el + lleba 7 < 1€l + 11€°15 < 12, (4.18)
by Lemma 1 and equation (4.3). Combining the inequalities (4.11), (4.12) and
1% < 2%, lIn"l5 < 6" +h2, (4.19)
one can estimate

Cga]

N

. 1
5°+||§°||i+||§°|li+;|l§'lli
Z(In° I+ I 15 + 12 115) + 2115
r8+(1+12+r6)h26+rz(51+é"2)

AN

< B4R 428 (4.20)
for 0 < 7 < 77. Using (4.16), we obtain
et < (ansm (3 +1) (181 +1ER)
(o) (I Il + 15
for n > 1. This implies that
e S e (18R 1€TR)
(" "+ I 5).- @.21)
Substituting (4.12) and (4.19) into (4.21), we get
gntl _gn-1 < T(éan—l+éan+gn+l)+r9+rh2c.

Summing the above inequalities from n = 1 to n = k such that k < T'/7, one can find

k+1
k-1 -8 < kP +kth* 4T 6"
n=0
k
< 8 20 o n
S RO+ T) N
n=0
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In view of (4.18), (4.20), one may estimate

k+1
éak—i-] 5 éaO_f_éa]_i_TS_’_hZG_{_TZém_éak
n=0

k
< T8+h26+TZ£n+T2(§2+T£k+1

n=0
k
S TP+t 6" (4.22)
n=0

for 0 < 7 < 7. When the discrete Gronwall’s Lemma is applied to (4.22), we finally

show that
k

EM < (T84 120 exp ( y 7:) < 78 4 p20, (4.23)
n=0
Moreover, using Lemma 1 and the equation (4.23), we deduce that

1 N+ 1 N S Nlebs " lm+ [ tern) = Pur (i) |,
+leag llm
+|| Qe tx4 1) — Por (Grue(-, ty1)) Hm

< s,

~Y

There exist sufficiently small 4, and 73 such that the following inequalities hold

+1Hm

IA

ey e lm -+ (st < Ko+ 1,

1yl < Ny 1ot < Ky + 1,

when 0 < h < hp and 0 < T < 73. The proof of the Theorem 1 is completed by choosing

h():min{hl,hz} and T():min{l,fl,fz,fj;}. L]
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S. NUMERICAL EXPERIMENTS

To investigate the performance of the proposed EWI-SP method, we now consider the
propagation of a single solitary wave, the single wave splitting, the head-on collision
of two solitary waves. The nonlinear function f(u) = u” with p =2 or p = 3 is chosen
for all the numerical experiments. To quantify the error, we use the following error

function
eT,h(tn) = Hur‘éﬁ - u('vtn)Hl + Hu’%h - 8tu('7tn)H 1’

where 7 , and i’ , are the numerical solutions obtained by the EWI-SP method. We

also examine the change in the conserved quantity (mass) given in [24] as
M (1) = / v; dx, (5.1

where u = v,.

5.1 Single Solitary Wave

The exact solitary wave solution of the HBq equation is given in [24] as

w(x,t) = A [sech (B(x—ct —xo))] . (5.2)
where
_ n%c2<p+1><p+3><3p+1>]p‘—' _{ m(p—1) F
A= 2Mm(p?+2p+5)2 , B= A (p2+2p+5)| (5-3)
-1
o [, [ 4mip+1)? ]
‘ _<1 {nz(p2+2p+5)2 ' 64

Here, A is amplitude, B is the inverse width of the solitary wave and c represents the

velocity of the solitary wave at xo with ¢® > 1.

The problem is solved on the space interval Q = (—400,400) for times up to 7 = 10.
We choose the parameters 17 = 1, = 1 with xg = 0 taking the initial condition

corresponding to the exact solitary wave solution in (5.2)-(5.4). To validate that the
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M(t) — M(0)

—p=2 .

10*6 ———p= ////
10°
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10 A
10°°
10-12 10—12 L7 ‘ ‘

025 0.5 1 2 4 8 16 102 107"

h T

Figure 5.1 : The spatial errors (left panel) and the temporal errors (right panel) of the
EWI-SP method for the solution under different grid spacing and time steps.
EWI-SP method yields the expected convergence rate in the space, some numerical
experiments are performed for various values of step size /& and a fixed value of time
step 7. We take a tiny time step T = 0.005 so that the temporal error is negligible.
In the left panel of Figure 5.1, we present the variation of the error with different
values of h. As is seen from the figure, the error decays very rapidly when the spatial
step size h decreases. This numerical experiment shows that the EWI-SP method
converges rapidly to the accurate solution in space, which is indicative of exponential
convergence. In order to confirm the temporal error bound given in Theorem (1), the
computations are performed for fixed value 2 = 0.5 and various values of the time step
7. The right panel of Figure 5.1 shows the temporal errors of the EWI-SP method.
As we expected, the scheme has fourth-order accuracy in time, which agrees with the

theoretical result in Theorem 1.

11 -12
5><1O ‘ ‘ ‘ : 5><10 ‘
—Dp=2 —Pp=
---p=3 —-p=3 .

€r.h

5 ‘ ‘ ‘ ‘ 0
0 20 40 60 80 100 0
t t

Figure 5.2 : Conservation of mass (left panel) and long-time errors (right panel) of
the EWI-SP method by choosing 7 = 0.5 and 7 = 0.005

100
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= 30

The evolution of the change for the conserved quantity .# is depicted in the left panel
of Figure 5.2. This figure illustrates that the EWI-SP method preserves conserved
quantity very well. Next, we investigate the long-time behavior of the EWI-SP method
up to T = 100. The right panel of Figure 5.2 shows that the error is about 10712, even
for the cubic nonlinearity. It can be observed that the EWI-SP method is reliable for

long-time dynamics.

5.2 Single Wave Splitting

In these numerical experiments, we set 11 = 12 = 1. The initial data

15 4, (V13
— “gech® [ 2= —
u()(x) 33 sec < 26 X), ul(x) 0

are chosen for quadratic nonlinearity. We take the following initial data

uo(x) = \/g sech? (%x), up(x) =0

for cubic nonlinearity.

lu(z, t)]

50 0.38 E——
0.4 St =20
t =40
45 t=60
019 E02
3
15
O ,%_‘_;;/__J#\ R
0 a . . .
-100 -50 0 50 100 -100 -50 0 50 100
x T

Figure 5.3 : The contour plot of single wave splitting for the quadratic nonlinearity
(left panel), snapshots of the solitary wave at different times (right panel).

The computations are performed on the domain Q = (—400,400) up to T = 60 with
h =0.5 and 7 = 0.005. In the left panel of Figure 5.3, we show the dynamics of
the solitary wave with amplitude A = g and the null initial velocity for quadratic
nonlinearity. Snapshots of the solutions at different times are illustrated in the right
panel of Figure 5.3. We observe that the initial stationary wave splits up into two
smaller diverging waves, one traveling towards the left and the other one to the right

and the splitting leads to the creation of secondary solitary waves.
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Figure 5.4 : The contour plot of single wave splitting for the cubic nonlinearity (left
panel), snapshots of the solitary wave at different times (right panel).

/5
The dynamic of the solitary wave with the amplitude T and the null initial velocity

is depicted in Figure 5.4 for cubic nonlinearity. We observe that the dynamics are
similar to quadratic nonlinearity. However, the secondary waves between the two main

splitting waves become more discernible when the power of nonlinearity increases.

Since an analytical solution is not available for the single wave splitting experiments,
we cannot give the errors for this experiment. However, the evolution of the change
in the conserved quantity .# is presented as a numerical validation of the proposed

scheme in Figure 5.5. As expected, the conserved quantity remains constant in time.

%107

15 30 45 60
t
Figure 5.5 : The evolution of the change in the conserved quantity .# for the single

wave splitting.
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5.3 Head-on Collision

In these numerical experiments, we use the initial data

w(x) = Es,ech“( [ ]) —sech4(\£—l_63[x—40]>
V13

38 i
w(x) = 152512;2 (é—_[x+40 )tanh (—6 x+4o])
152?? ch? (\2__3 [x—40]>tanh (@ [x—40]>

for quadratic nonlinearity and

uo(x) = \/gsech2 (‘l/—g[x+4o])+\/§sech2 (\l/—g[x—40]>

w(x) = %w (\/—(;[x+40}>tanh(l—§[ +40]>

V6 (% [x 40 )tanh <\/—; x 40D

for cubic nonlinearity by taking n; = n, = 1.

08" ‘ ‘ ——

50 72 -100 -50 0 50 100

Figure 5.6 : The surface plot of the head-on collision of two solitary waves for the
quadratic nonlinearity (left panel), snapshots of the solution at different times (right
panel).

The computations are performed on the domain Q = (—400,400) up to 7 = 72 with
h=0.5 and 7 = 0.005. In the left panel of Figure 5.6, we show the head-on collision
of two solitary waves with equal amplitudes for quadratic nonlinearity. We see the
oscillating secondary waves. Therefore, the interaction is inelastic. The numerical

solution at different times is shown in the right panel of Figure 5.6. The collision
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Figure 5.7 : The surface plot of the head-on collision of two solitary waves for the
cubic nonlinearity (left panel), snapshots of the solution at different times (right
panel).
occurs at around ¢t = 35.08 with the largest amplitude which is smaller than the sum of
the two initial amplitudes. We observe that the small secondary waves are emitted after
collision time. We also compute that the amplitudes of secondary waves are smaller

than 0.006.

The head-on collision of two solitary waves for cubic nonlinearity is illustrated in
Figure 5.7, we see that the collision is inelastic and the interaction is similar to
quadratic nonlinearity. We observe that the amplitudes of secondary waves are smaller
than 0.0098. We also observe that the amplitudes of secondary waves which occur
after the collision are less than 2% of the amplitude of the waves at the initial time for
both quadratic and cubic nonlinearity. Figure 5.8 shows that the conserved quantities
for the head-on collision of two solitary waves remain constant in time for both cases.

These results provide a valuable check on the numerical results.

x10"

5 s s s
18 36 54 72

t
Figure 5.8 : The evolution of the change in the conserved quantity .# for the
head-on collision of two solitary waves.

30



6. CONCLUSION

6.1 Conclusion

As a summary, we derived a new exponential wave integrator sine pseudo-spectral
(EWI-SP) method for the higher-order Boussinesq equation. It was shown that the
method is fully-explicit and has fourth-order accuracy in time and spectral accuracy
in space. We rigorously carried out error analysis and established error bounds in the
Sobolev spaces. The performance of the EWI-SP method is illustrated by examining
the long-time evolution of the single solitary wave, single wave splitting and head-on

collision of solitary waves. Numerical experiments confirm the theoretical results.

6.2 Future Discussions

In this thesis, we showed how we obtain the numerical solutions of the higher-order
Boussinesq equation but we didn’t generalize the method for similar problems.
The EWI-SP method may also be implemented for the other equations that are
reducible to second-order ordinary differential equations by the sine pseudo-spectral
approximation. Furthermore, we presented the numerical solutions for the higher-order
Boussinesq equation which is (1+1) dimensional equation. The EWI-SP method may
be arranged for higher dimensional equations. Lastly, we solve single equation in the
thesis. The EWI-SP method may be generalized for the numerical solutions of the

system of equations.

Briefly, future studies may focus on generalizing the EWI-SP method to the cases

described above.
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