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CONTROL OF HOPF AND BAUTIN BIFURCATION
IN A MODIFIED GOODWIN MODEL OF GROWTH CYCLE

SUMMARY

In this thesis, we conduct a comprehensive analysis of regulating key bifurcation
features, such as the stability of the equilibrium and the stability and orientation of
the limit cycles, in Desai et al.’s modified Goodwin model of growth cycle, which
elucidates the dynamics of class struggle in controlling economic systems. The
study systematically manipulates model parameters to position the economy within
the desired regions of both the Hopf and Bautin bifurcation diagrams.

The original Goodwin model comprises two dynamic equations:
i(t) = (pv(r) — (@+) Ju(r),

(0= (- @+ o)

where u(t) is the share of labour in national income, and v(¢) is the proportion of
labour force employment. Solutions of the system exhibit clockwise closed cycles,
each centered at the singular point (i, V) where

@)= (1-¢larn, 2.

i may exceed one for o 4+ ¥y < 0 whereas it is inherently less than one for ot + 7y >
0. Similarly, ¥ may surpass one. It implies that the singular point (&, V) may extend
beyond the unit area, leading to trajectories that partially or entirely exist outside that
area. Even if the singular point remains within the unit box, trajectories could extend
partially outside its boundaries. As a result, values surpassing one produce impractical
outcomes for both the labour share and the employment rate. The modified Goodwin
model proposed by Desai et al. satisfies this requirement, and all trajectories lie inside
the unit square. This modified system is as follows

(1—v)? —k)u,

i
v:l(lnﬁ_bf—m)v
1—i
+Y

o+ o

where 6 = 1, k= and m =

>
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1
The equilibrium (ug, vo) of this system is (ﬁ —e"(1—i),1— %> and the substitutions

1
u—X —e"(l—i)+idandv—Xo+1— z transform the equilibrium to the origin.

The system takes the following form

. X,
H{(X)=X; = —pk*( ™(ii—1)+ii+X
1(X)=X1=-p <e (@—1)+i+ 1>kX2—1’

Hy(X) =X, :A(1—1+XZ> (—m—f—lnM).

k 1—id

The Jacobian matrix of the modified system at the origin

0 Pk (e™(ii—1) + i)
Alk—1)
ke™(i—1) 0

has a pair of purely imaginary eigenvalues A, = %i@y. An equilibrium with a pair
of complex conjugate eigenvalues may lose its stability at a parameter exceeding a
threshold value and transition to a small amplitude limit cycle called Hopf bifurcation.
In the supercritical Hopf bifurcation, the limit cycle emerges at the bifurcation
parameter greater than its critical value. In the subcritical Hopf bifurcation, the
limit cycle is observed at the parameter values less than its critical value. The sign
of the first Lyapunov coefficient at the critical value of the bifurcation parameter
determines the type of the Hopf bifurcation. The second Lyapunov coefficient is
evaluated where the first Lyapunov coefficient vanishes. The system undergoes another
bifurcation, incorporating families of stable and unstable limit cycles coexisting,
with one nested within the other, colliding, and eventually disappearing through a
saddle-node bifurcation. It is called Bautin bifurcation, and it influences the stability
of the equilibrium and the orientation of the resulting limit cycle. Understanding
the behaviour of such systems is crucial, as they often exhibit fascinating bifurcation
diagrams.

Recently, a range of control laws were proposed to manipulate the bifurcation features.
In this study, we will utilise the control law offered by Braga et al. in 2010 to generate
controllable Hopf and Bautin bifurcation. The control law depends on two bifurcation
parameters /i1, > € R and four control parameters S, B>, B3, tr (dG(0)) € R.

Let us define the modified Goodwin model with the control law G(X)U (X, u,):
Xl/:Hl(X>+Gl(X)U(X7“7B)7 i=1,2

where tr (dG(0)) # 0 and U (X, ut, B) = Bipts + (Ba + o) (X2 +X2) + Bs (X2 + X2)?.
Its Jacobian matrix at the origin

Bis  pk? <€m(ﬁ— 1)+ﬁ)

Alk—1)

k@m(ﬂ—l) ﬁl.u'ls

gives a pair of complex conjugate eigenvalues A; » = B 115 £ ia.

XX



The transversality condition of the Hopf bifurcation indicates that the derivative
of the eigenvalue’s real part with respect to the Hopf bifurcation parameter is
non-zero. Considering that the Hopf bifurcation necessitates a pair of purely imaginary
eigenvalues and the transversality condition, we fix the Hopf bifurcation parameter t;
to zero when evaluating the Lyapunov coefficients. We calculate the first and second
Lyapunov coefficients as presented by Kuznetsov et al. The first and second Lyapunov
coefficients of the modified Goodwin model with the control are, respectively,

2(Ba+ p2)s (A(1 = K) 4+ pken (@~ 1) (e (a— 1) +17) )
Awy(k—1)

ll (07“2) =

and

1(0,0) = % <3/12(k— 12—

24pk> (k—1)e™ (i — 1) (€™ (@ — 1) +it) +
3p2kOe?™ (i — 1)* (e (i — 1) + a)2> :

The first Lyapunov coefficient vanishes at 3 it ({2) = — 2, and the second Lyapunov
coefficient is then calculated and vanishes at 33 = 0.

Here, )¢ is the critical value of 3, for which the first Lyapunov coefficient vanishes
at the Hopf bifurcation parameter (1 = 0; B3¢y is the critical value of B3 for which the
second Lyapunov coefficient vanishes at the Bautin bifurcation parameters (| = u, =
0. Braga et al. state that the stability and the direction of the limit cycles emerging
near the origin are controllable by selecting B # 0, tr (dG(0)) # 0, B2 # Brcrit and

ﬁ3 5& B3 crit-

Following Braga et al.’s control law, the control parameter values and the initial
conditions are carefully selected. For various values of the bifurcation parameters
u; and up, all possible Hopf and Bautin bifurcation diagrams are plotted using
NDSolve command of Mathematica, with a specified accuracy and precision goal of
10 digits. We observe that minor alterations in parameter values lead to variations in
the behaviour of the modified model, resulting in different types of bifurcations.

Through this interdisciplinary analysis, we have advanced and expanded the findings
regarding the Goodwin model’s controllability and aimed to bridge theoretical insights
with practical applications, thereby offering valuable contributions to policy decisions
and strategic interventions to navigate the complexities of economic management.

This thesis is organised as follows. Chapter 1 includes the purpose of the study,
literature review, and hypothesis research questions. In Chapter 2, bifurcation
theory and stability in nonlinear dynamical systems are explained. The theorem and
accompanying proof of both Hopf and Bautin bifurcation are given in Section 2.1
and Section 2.2, respectively. Section 2.3 introduces Braga et al.’s control law, and
Section 2.4 presents the original Goodwin model and Desai et al.’s modified version.
In Chapter 3, we perform the bifurcation analysis of the modified model for Hopf in
Section 3.2 and Bautin in Section 3.3. Numerical simulations are also presented in this
chapter. The last chapter is devoted to some concluding remarks and potential future
studies.
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DEGISTIRILMIS GOODWIN BUYUME DONGUSU MODELINDE
HOPF VE BAUTIN CATALLANMASININ KONTROLU

OZET

Goodwin biiyiime dongiisii modeli ilk olarak Richard M. Goodwin tarafindan 1967°de
one siiriilmiis, yillar boyunca bilhassa matematikgiler ve ekonomistler tarafindan ilgi
gormiis ve cesitli analizlere konu olmustur. Lotka-Volterra’nin klasik av-avci modeli
esas alinarak tasarlanmistir. Lotka-Volterra modelinde, av ve avci popiilasyonlari arasi
etkilesimin zamana gore degisimi degerlendirilirken, Goodwin modelinde, istthdam
orani ve iicret pay1 gibi ekonomik dinamikler arastirilmaktadir.

Orijinal Goodwin modeli iki diferansiyel denklemden olusur:
() = (pv(6) — (a4 ) u(r),

V(1) = <1 _Cu(t) — (o + y)) v(r).

u(t), emegin milli gelirdeki payimni ve v(t), isgiicti istihdam oranini temsil etmektedir.
Sistemin c¢oziimleri saat yoniinde kapali dongiiler sergiler. Bu dongiilerin merkezi
(i1, V) tekil noktasidir:

@n=(1-¢larn, 22,
P
Burada, @, a + y’nin negatif degerleri icin 1’den biiyiik olabilirken, o 4 ¥’ nin pozitif
degerleri i¢in 1’den kiigiiktiir. Bu, ¥ i¢in de gecerlidir ve (i&,V) merkezine sahip
yoriingelerin bir kisminin veya tamaminin birim alanin 6tesine uzanabilecegi anlamina
gelmektedir. Tekil nokta alanin icinde yer alsa bile sistemin davranisin1 belirleyen
yoriingelerin bir kismu birim karenin siirlarini asabilir. Dolayisiyla, (i, V) nin 1’
asan degerleri hem emek payr hem de istihdam orani agisindan elverisli olmayan
sonu¢lar dogurabilmektedir. Bu sorunu gidermek iizere literatiirde cesitli ¢calismalar

mevcuttur. Desai tarafindan degistirilmis Goodwin modeli bu gereksinimi karsilar
o+

ve tiim yoriingeler birim karenin i¢inde yer alir. Bu model, 6 = 1, k = ve

4 olacak sekilde asagidaki gibidir:

m =

A
u:p((l—v)_‘s—k>u,

v:l(lnu_bf—m)v.
1—1i

Bundan sonraki iglemler bu sistem icin gerceklestirilecektir.
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. 1
Ik olarak, sistemin denge noktasi (ug,vo) = (ﬁ —e"(1—1i),1— %> , u yerine Xj —

e™(1 —ii)+i ve v yerine X, + 1 — z yazilarak orijine tagiir ve sistem agagidaki gibi

sekillenir:

. X
Hi(X)=Xi=—pk*( "(i—1)+ii+X
1(X)=X;=-p <€ (@—1)+i+ 1)kX2—1’

H>(X) =X, :)L(l—%-f-Xz) (—m+lne(1;¢).
—Uu

Sistemin Jacobian matrisinin orijindeki degeri asagidaki gibidir:

0 pK*(e™(ii—1) + i)
A(k—1)
ke™(i—1) 0

Bu matris bir ¢ift tamamen imajiner 6zdegere sahiptir:
1172 = tiay.

Bir cift karmagik eslenik 6zdeger ile denge, parametrenin kritik degerinde kararliligim
kaybedebilir ve Hopf catallanmas1 adi verilen kiiciik genlikli bir limit dongiisiine
gecis yapabilir. Bu limit dongiisii, catallanma parametresinin, kritik degerinden
biiyiik veya kiiciik oldugu degerlerde goriilebilir. Limit dongiisiiniin ortaya ciktigi
bolge, parametrenin kritik degerindeki birinci Lyapunov katsayisinin isareti ile
saptanmaktadir.

Birinci Lyapunov katsayisit sifirlanir ve ardindan ikinci Lyapunov Kkatsayisi
hesaplanirsa, sistemde bagka bir catallanma tiirii meydana gelir. Bu, bir arada
var olan, biri digerinin i¢inde yer alan, carpisan ve sonunda bir eyer-diigiim
catallanmasiyla ortadan kaybolan kararli ve kararsiz limit dongiilerini barindiran
Bautin catallanmasidir. Bautin c¢atallanmasi, hem dengenin stabilitesinde hem de
ortaya ¢ikan limit dongiilerinin yoniinde etkilidir. Bu tiir sistemlerin davranisini
belirleyebilmek ¢ok 6nemlidir. Ciinkii bu sistemler biiyiileyici ¢atallanma diyagramlari
sergiler.

Son yillarda catallanma oOzelliklerinin manipiilesi tizerine bir dizi kontrol yasasi
geligtirilmigtir.  Bu calismada, kontrol edilebilir Hopf ve Bautin catallanmalar
gozlemleyebilmek icin 2010°da Braga tarafindan onerilen kontrol yasasini takip
edecegiz. Bu kontrol yasasi iki ¢atallanma parametresi ve dort kontrol parametresine
bagl olacak sekilde tasarlanmugtir.

Desai tarafindan degistirilmis Goodwin modeli, tr(dG(0)) # 0 ve U(X,u,B) =
Bip + (Bo+ o) (X +X3) + B3 (X7 +X3) ? olacak sekilde asagidaki sisteme doniisiir:

X! =H;(X)+Gi(X)UX,u,B), i=1,2.

i, o € R catallanma parametreleri ve By, B2, B3,tr (dG(0)) € R kontrol parame-
treleridir.
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Kontrol yasas1 uygulanmis yeni sistemin orijindeki Jacobian matrisi su sekildedir:
Bitus Pk2<€m(ﬁ— 1)+ﬁ>

Alk—1)

kem (i@ —1) Prus

Bu matris ise reel kismi sifirdan farkli olan bir ¢ift karmagik eslenik 6zdegere sahiptir:

A2 = Brugs iay.

Beklenen stabilite gecisi, 6zdegerlerin reel kisminin catallanma parametresine gore
tiirevinin sifirdan farkli olmasimi gerektirir. Bu kosul ile Hopf catallanmasina ugrayan
bir sistemin tamamen imajiner dzdegere sahip oldugu gerce8i gbz Oniine alinarak,
Lyapunov katsayilar1 hesaplanirken Hopf ¢atallanma parametresi y; sifira sabitlenir.

Birinci ve ikinci Lyapunov katsayilarmmi hesaplarken Kuznetsov'un catallanma
teorisine dair kitabindaki adimlari takip ettigimizi belirtmek isteriz. Bu dogrultuda,
birinci Lyapunov katsayisi

2(B> +u2)s(/1(1 — k) + pRem(ii— 1) (&M (ii— 1) +a))

ll (07.u'2) i

Aay(k—1)
ve ikinci Lyapunov katsayisi
2Pss 2 2
1(0,0) = —5——|3A°(k—1)"—
2( ) ) 120 (k—1)2< ( )

240k (k—1)e™(ii— 1) (€™ (@ — 1) + i)+

3p2K0e2 (@ —1)2 (" (T —1) + a)2>

olarak hesaplanir.

Hopf catallanmasi pt; parametresine baghdir. t; = 0’da birinci Lyapunov katsayisi
hesaplanir. ~ Bautin catallanmas1 ise p; ve Up parametrelerine bagli olarak
gerceklesir. Uy = Up = 0’da ikinci Lyapunov katsayis1 hesaplanir. Ikinci Lyapunov
katsayisinin elde edilebilmesi i¢in 6ncelikle birinci Lyapunov katsayisinin sifirlanmast
gerekmektedir.

Braga’nin kontrol sisteminde, 3, nin kritik degeri 3 rit, birinci Lyapunov katsayisinin
W = 0’daki degerini sifirlarken, fB5’tin kritik degeri B34 ise, ikinci Lyapunov
katsayisinin (; = tp = 0’daki degerini sifirlamaktadir. Boylelikle, Desai’nin kontrol
yasasi eklenmis Goodwin sisteminde birinci Lyapunov katsayisi, Bocit(2) = — o
iken sifirlanir ve ardindan ikinci Lyapunov katsayisi hesaplamir. Ikinci Lyapunov
katsayisini sifira esitleyen deger ise B3¢ = 0 degeridir.

Braga, B;’in sifirdan ve 3, nin 3, i degerinden farkli olacak sekilde belirlenerek Hopf
catallanmasinin kontrol altina alinabilecegini belirtmektedir. Bautin catallanmasinin
kontrolii i¢in ise B ve tr (dG(0)) sifirdan ve B3 degeri B3t degerinden farkli olacak
sekilde secilebilmektedir.
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Calismamizda kontrol parametrelerinin degerleri ve baslangic kosullar1 6zenle
belirlenmis ve catallanma parametreleri (; ve Uo’nin cesitli degerleri igin tiim
olas1 Hopf ve Bautin ¢atallanma diyagramlar1 Mathematica’nin NDSolve komutu
kullanilarak ¢izilmigtir. Parametre degerlerinde yapilan ufak degisiklikler, sistemin
davramiginda Onemli degisimlere yol acabilmekte ve farkli catallanma tiirlerinin
olugmasina sebep olabilmektedir.

Bu ¢alisma, simif miicadelesinin dinamiklerini belirleyen Desai tarafindan degistirilmis
Goodwin biiyiime dongiisi modelinde, denge noktasimin kararliligit ve limit
dongiilerinin kararhiligi/yonii gibi temel catallanma ozelliklerinin diizenlenmesine
iligkin kapsamli bir analizi icermektedir. Ekonomik dinamikleri Hopf ve Bautin
catallanma diyagramlarinda arzu edilen bolgelere konumlandirmak igin model
parametrelerinin sistematik manipiilasyonuna odaklanmaktadir.

Analiz, Goodwin modelinin kontrol edilebilirliine iligkin bulgular1 gelistirmis ve
genisletmistir. Boylelikle, catallanma teorisinin teorik temellerine ve ekonomideki
uygulamalarina yonelik ileri arastirmalar gerceklestirilebilecek, uygun politika karar-
lar1 ve stratejik miidahaleler ile ekonomi yonetimindeki sorunlar iyilestirilebilecektir.

Boliim 1°de, tezin amaci belirtilmis, literatiir taramasi yapilmig ve hipotez arastirma
sorular1 belirlenmigtir. Boliim 2’de, lineer olmayan dinamik sistemler i¢in ¢atallanma
teorisi ve stabilite analizi anlatilmaktadir. Boliim 2.1°de Hopf ve Bautin catallanmasina
yol acan kosullar irdelenmektedir. Boliim 2.2°de Braga tarafindan onerilen kontrol
yasasi, Bolim 2.3’te orijinal Goodwin modeli ve Desai tarafindan degistirilmig
versiyonu tanitilmaktadir.  BoOlim 3’te, degistirilmis modelin Hopf ve Bautin
catallanmasi analizi gergeklestirilmis ve ilgili simiilasyonlar sunulmugtur. Son bolim
sonu¢ degerlendirmelerine ve gelecekteki potansiyel caligsmalara ayrilmigtir.
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1. INTRODUCTION

1.1 Purpose of Thesis

This thesis aims to conduct a comprehensive analysis of controlling Hopf bifurcations
on the modified version of the classical Goodwin model by Desai et al. in 2006,
focusing on determining the dynamics of class struggle in controlling economic
systems. The investigation aims to systematically manipulate model parameters
to position the economy within the desired regions of both Hopf and Bautin (the
generalised Hopf) bifurcation diagrams. Additionally, the purpose involves developing
the necessary steps to identify conditions for producing controllable Hopf and Bautin

bifurcation by employing a specific control law proposed by Braga et al. in 2010.

1.2 Literature Review

Goodwin model of growth cycle [1], put forward by Richard M. Goodwin in 1967,
was rooted in the classical Lotka-Volterra predator-prey model, as outlined in works
by Lotka [2] and Volterra [3]. Both models explore the dynamics of groups.
Dynamic equations of the Goodwin model formulate time-dependent potential states
of economic activities such as capital, wages, unemployment, and labour and have

been the subject of various analyses by mathematicians and economists over the years.

Focusing on the interplay between inflation and unemployment, Desai’s study [4]
elaborates on the classical Goodwin model to examine the actual price inflation, its
expected state, and the overcapacity. Contrary to customary analyses, Wolfstetter
coherently interprets and evaluates short-term fluctuations arising from income and
employment dynamics [5]. Ploeg examines the relevant models in detail [6]. Choi
explores the implications of the Goodwin system undergoing a Hopf bifurcation,
specifically considering scenarios where employee exertion depends on the real wage
[7]. Foley obtains a growth model with capital, labour, and land inputs, combining

several models, including Goodwin’s, and receives results that underline land pricing



[8]. Tavani and Zamparelli study the role of policy-making in structuring the economy
through a government sector change and the impact of public capital accumulation
on employment, wage growth, labour productivity, and share [9]. Atkinson examines
three diverse economic development models, taking into account the time scale and its

relevance to the real economy, whether it is distinct or obscure [10].

An extension of the Goodwin model that aims to regulate its dynamics to confine
the state variables within the unit square is introduced by Harvie et al. [11]. A
similar attempt is also undertaken in [12]. One of the main assumptions in the
Goodwin model of non-saving behaviour among workers is relaxed in [13] by
incorporating the proportion of capital owned by workers as an additional variable. By
introducing variable capacity utilisation and actual capital coefficients, Glombowski
et al. formulate a four-dimensional model encompassing Goodwin’s framework as a
specific case [14]. Based on Minsky’s financial instability hypothesis, Minsky and
Keen integrate a banking sector into the Goodwin model of growth cycle [15, 16].
Consequently, the long-term existence of stable limit cycles in the model becomes
uncertain, potentially leading to instabilities. The stability assessment of the model
in [16] is conducted by Grasselli et al. in 2012 [17], while Grasselli et al. [18]
further analyse the same dynamics in 2015. They incorporate an inflation term and
construct a four-dimensional system that covers the flow of speculative money into the
economy. Tebaldi et al. introduce modifications to the Goodwin model by changing
the assumption of technical progress and introducing a memory variable that influences
the behaviour of both workers and capitalists [19]. The proposed model exhibits a
Hopf bifurcation at a critical value associated with the memory effect. In the realm of
delayed dynamical systems, [20] is worth mentioning as it investigates the finite time
delays between investment orders and the delivery of finished capital goods, coupled

with a delayed response of real wages to unemployment levels.

A range of control systems were developed to generate different types of bifurcation
and to regulate key bifurcation features such as the stability of the equilibrium and
the stability and orientation of the limit cycles [21-26]. Hamzi et al. focus on the
local bifurcations rather than the global bifurcations and work on the analysis and
control of the Hopf bifurcation in [21]. Verduzco et al. reduce the analysis to the

second dimension with the center manifold theory and derive the necessary conditions



to control the Hopf bifurcation [22]. Wen et al. present a control law to develop a
desirable oscillatory behaviour in the high-dimensional systems by the center manifold
theory and the normal form reduction [23]. They carry out the applications on an
eight-dimensional chaotic system. Braga et al. aim to control the Hopf bifurcation in
the linear systems [24] and the nonlinear systems [25]. Braga et al. design a control
law depending on two bifurcation parameters and four control parameters in [26] and
determine the conditions to control both Hopf and Bautin bifurcation in the nonlinear
systems. In our study, we will utilise this control law [26] to regulate the bifurcation

features in a modified Goodwin model.

1.3 Hypothesis & Research Questions

The hypothesis of this study posits that through systematic manipulation of model
parameters and application of appropriate control strategies, it is possible to position
an economic system within the desired regions of both Hopf and Bautin bifurcation
diagrams. Specifically, it is expected that by employing the control law proposed
by Braga et al. [26], controllable Hopf and Bautin bifurcation can be induced in
the modified version of the classical Goodwin model presented by Desai et al. [27],
thus enabling effective management of dynamics related to class struggle in economic

systems.
The research questions can be summarized as follows.

1. How does systematic manipulation of model parameters influence the positioning of

an economic system within desired regions of Hopf and Bautin bifurcation diagrams?

2. What essential conditions are required to induce controllable Hopf and Bautin

bifurcation in the modified version of the classical Goodwin model?

3. How effective is Braga et al.’s control law [26] in managing dynamics related to

class struggle within economic systems?






2. NONLINEAR DYNAMICAL SYSTEMS, STABILITY AND CONTROL

A dynamical system is a formulation of all potential states related to a phenomenon,
including an initial condition and its progress over time. The set of all possible
states is defined as the state space or phase space. The fundamental concepts related
to the system in consideration are determined at the beginning of the analysis and
remain unchanged throughout the analysis. Through this approach, we predict the
time-dependent behaviour of the system within the context of predefined principles

and frameworks.

In a dynamical system, we can distinguish between two kinds of time: continuous
(real) time and discrete (integer) time. Orbits of a continuous-time dynamical system
are continuous curves in the state space oriented by its direction of increase. These
orbits reflect the system’s evolution as time progresses. On the other hand, orbits
of a discrete-time dynamical system are sequences of points in the state space
enumerated by increasing integers. Unlike continuous-time orbits forming continuous
curves, orbits in discrete-time systems are typically represented as discrete sequences
advancing in discrete steps as time progresses. Let us define an orbit, also called a

trajectory, starting at the initial state x( as an ordered subset of the state space x:
Or(xg)={xe€y:x=y'x,Vt €T}

where the map ' : y — Jx is the evolution operator parameterised by the time. Note
that y' transforms the initial state xo € ) into a state x, € ¥ where x; = Y'xy. Let
X0 € X be an equilibrium where xo = W'x, for all € T. The equilibrium is the most
prevalent orbit used for the continuous-time systems. Another phrase, the fixed point,
is used for the discrete-time systems. Another common orbit is a cycle. A cycle of
a continuous-time dynamical system, in a neighborhood of which there are no other

cycles, is called a limit cycle or an isolated closed orbit.

The phase portrait of a dynamical system is a partitioning of the state space into orbits.

Consider a set S C y with the equilibrium xp € S. The subset S, consisting of the



orbits of the dynamical system, is called an invariant set of the system and informs
us about the behaviour of a dynamical system as the phase portrait. A system can
always be restricted to its invariant set. Moreover, each orbit can be identified as an
invariant set of the system. Equilibriums, fixed points, and cycles are the most common
exemplifications of invariant sets. A stable invariant set attracts the orbits around it.

The stability will be detailed in Section 2.1 by relating it to the bifurcation theory. [28]

2.1 Bifurcation Theory and Stability

A differential equation is mostly convenient to define a continuous-time dynamical

system [28]. The evolution of the system is given by

dx,-

~n =% = fi(x1,%0, s X, 1), i=1,2,...,n

where the velocities x; are the functions of the coordinates (xj,x, ..., xy).

Consider a system of two differential equations:

X1 = filx,x, 1) = pxy —x2 —x (x% +X%)»
y (2.1)
Xp = fo(xr, X0, 1) = x1 + oy — xo (X7 +x3),
depending on one parameter 1 € R!. An equilibrium exists at the origin such that

X1 = 0 and X, = 0. The Jacobian matrix, composed of the partial derivatives of the

system, at the equilibrium (x;,x2) = (0,0) has the eigenvalues A; o(u) = u £ 1.
Now, let us introduce a complex variable z = x; + ix; where Z = x| — ixo and |z|2 =
2z = x} +x3. The derivative of z with respect to ¢

. dz
T
. dx1 dXQ

= a T ar
= X1 +iXp

= UX] — X2 — X| (x% —l—x%) + i(x1 + 1x2 —xz(x% ‘HC%))
= [1(oxg + ixp) iy + ix2) — (xp + i) (o + 13)
= (U +i)z—2z|z*

results in the complex form of the system (2.1):

2= (u+i)z—zlz- (2.2)
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By the representation of z = ce'?,

2= (H+i)z—zlzf,
6e” + cive’® = (u+i)oe” — cel’|oe”|?

= Geiv(”+i_ 62)7

we get

6=0(u+i—oc’—iv).
By substituting ¥ = 1, the complex form (2.2) transforms into the polar form:

6=o0(u—0°),
2.3)

v=1.
Here, ¥ represents a rotation with a constant velocity. Therefore, we can only take
into account the first equation of (2.3) for the stability analysis. We note that o (1) is
considered to be greater than or equal to zero since the stability requires a decreasing
function that attracts trajectories towards the equilibrium at the origin. There exist two
equilibrium points op(u) = 0 and op(i) = /i such that & = 0. The equilibrium
oo(u) = /1 is stable for all u > 0. The behaviour of the system (2.3) at the
equilibrium op(u) = 0 is in Table 2.1.

Table 2.1 : Stability of the equilibrium oy (ut) at the origin.

Bifurcation Parameter Stability Type of Equilibrium
u<o Linearly Stable Stable Focus
u=20 Nonlinearly Stable Weakly Attracting Focus
u>0 Linearly Unstable Unstable Focus

As in the case above, a parameter exceeding a threshold value can alter the system’s
stability and lead to periodic solutions. For instance, an equilibrium of the system,
manifesting as a pair of complex conjugate eigenvalues crossing the imaginary axis of
the complex plane with a non-zero velocity, may lose its stability and transition to a
small amplitude limit cycle. This phenomenon, called Hopf bifurcation, is revealed in

two forms: supercritical and subcritical.

In the supercritical scenario, an unstable equilibrium is surrounded by a stable limit
cycle. Conversely, in the subcritical Hopf bifurcation, a stable equilibrium is encircled

by an unstable limit cycle. To classify the Hopf bifurcation, we need to examine the

7



sign of the first Lyapunov coefficient at the critical value of the bifurcation parameter
[28,29]. We will address the details regarding the first Lyapunov coefficient in Section
2.1.1.

It is clear that the system (2.1) undergoes a supercritical Hopf bifurcation since the
bifurcation occurs when the limit cycle emerges at the parameter values > 0. When
we change the sign of the nonlinear terms, this change would be reflected in the
complex and polar forms of the system. In a system where the sign of the cubic terms
is positive, the bifurcation is classified as subcritical because it occurs when the limit

cycle emerges for u < 0.

2.1.1 Hopf bifurcation

In this section, we will explore the Hopf bifurcation as outlined in [28] using the

subsequent theorem and accompanying proof.

Theorem 2.1.1 Let f be a smooth function and consider a planar nonlinear system
x=f(x,u), x= (xl,xz)T € R? 2.4

which depends on the parameter |t € R! and has a non-hyperbolic equilibrium at the

origin with a pair of purely imaginary eigenvalues for all sufficiently small ||:

Aip(p) =n(p) tio(u) (2.5)

where 11(0) = 0 and ®(0) = @y > 0.

If the system satisfies the following conditions at the bifurcation parameter i = 0:
(h.i) '(0) #0,

(h.ii) 1, (0) # 0, where 11 () is the first Lyapunov coefficient,

then, by a linear and nonlinear complex coordinate shift, a linear time scale, and
a nonlinear time reparametrisation, the system can be transformed into the complex
form

it = (1 + )+ sjulPu+ O(||ul|*) (2.6)

where s = sign [1,(0)] = £1.



Proof 2.1.1 Suppose that the system (2.4) is nonlinear. Let A(t) be the Jacobian matrix

at the equilibrium x = 0:

dx; dx

ox; 0x
Alp)=df0,p) =

dx, Jdin

ox; 0x

‘ (xl ,XQ)=(070)
We use this approach to linearise a nonlinear system, providing an approximation for
locally assessing the system’s behaviour near its equilibrium. The planar nonlinear

system (2.4) is then represented as
X=A(W)x+F(xu), x=(x,x) eR% (2.7)

F denotes a Taylor expansion that includes terms up to at least quadratic order,

represented by O(||x||?). The eigenvalues of A(u) are as follows

Ap(p) =n(u) Tio(w)

where

n(u):%tr(A) and a)(u):%\/4det(A)—(tr(A))2. 2.8)

We set 1(0) to be zero and @(0) = @y to be greater than zero since the equilibrium of
the system is defined as a non-hyperbolic equilibrium with a pair of purely imaginary

eigenvalues where (0) > 0. Suppose that /(0) # 0 (h.i):

an(u)

o £0.

u=0

It is referred to as the transversality condition, which indicates the stability transition
that leads the system to undergo a Hopf Bifurcation. The transversality condition,
indicating that the eigenvalues will cross the imaginary axis with a non-zero velocity
as the system parameters vary, is captured by the derivative of the real part of the

eigenvalue with respect to the Hopf bifurcation parameter u.

Let g(1) = (q1(1),q2(1))" . p(i) = (p1(), p2(w))" € C? be the eigenvectors of
A(u) and AT (1) corresponding to the eigenvalues A; (1) = A(u) and Ay (1) = A (1),

respectively:

A(u)g(u) =A(u)g(p) and AT (u)p(u) = A(u)p(u),



provided that < p(u),q(u) >= 1. By assuming a linear relation between x and the
real and imaginary parts of some complex variable z for all sufficiently small |u|, let

us redefine x = zg(1) +zg(u). The scalar product of p(u) and x is

< p(p),x>=<p(u),zq(p) +zq(p) >
(1) >

=z<p(u),q(u) > +z< p(n),g(n) >

=< p(u),zq(p) > + < p(u),z

=z
where < p(u),q(u) >=1and < p(u),g(p) >= 0. The derivative of the last equation

d=<p(u),x>+<p(u),t>
=< p(u),A(t)x+F(x,pu) >
=< p(u),A(p)x >+ < p(u), F(x,u) >
=< AT(W)p(u),x >+ < p(W),F(x,u) >
=< 2(W)p(u),x >+ < p(u), F(x, ) >
=A(p) <p(p),x >+ <p(u),Fxpm) >
= A(u)z+ < p(u),F(x, ) >

results in the following equation
2= A(u)z+ < p(u), F (zq(p) +zG(1), 1) > . 2.9)
Let g represent at least quadratic terms of z:
z=2A(U)z+8(z,z,1)

where

8(z.z, 1) = < p(u), F (zq() + 24 (1), ) >

1 k=l
= 2 ——gu(1)z'7,
k+122k!“

ak+l
gri (M) = {W <p(u),F(zq(n)+zq(1), 1) >} (2.10)
z=0

fork+[>2andk,[=0,1,...
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Let us define B = (By,B;)" and C = (C1,C;)" as symmetric multilinear vector-valued

functions of x,y,z € R? as follows

2 9*Fi(§)
Bi(xvy) = Xjye, =12, (2.11)
Jok=1 9&;9Gk £=0 ’
2 PR(E)
Ci(x,y,2) = _— xXivezr, i=1,2. 2.12)
JikI=1 9&j9GkIG £=0 P

The expansion of B can be stated as

d’Fi(&1,&)
B,'(X,y) = — XYk
jzlkgl 998 |(6,.5)—00)

| *R(6, &) I*F(&1,8)
_Z{ d¢;d&, ot 95j0& xjyz}L:O

9?F(&,8) 0°Fi(&1,&) 9°F(£1,5) 9°F(&1,5)
—851851 x1y1+ 9698, X2y1 + &9, x1y2+—8§2&§2 Xzyz}\)g 0-

Il
—N—

We then conclude

_PPF(0,0) , 2<‘92F”(0’0) ) FEO0 s 12 @3

Bi(x,x) = X ——X1X2 X
i) o ! 9x10x2 93 ¥

Similarly, by using the expansion of C, we obtain

9°F(0,0) 5 9°F(0,0) , d°F(0,0) ,  9°F(0,0) 4

Ci(x,x,x) = X[x2 X1X5 x
" ox; ' 9x30xy 9x10x3 o Y

i=1,2.
(2.14)

We note that F = F(x, ) is defined as a Taylor expansion beginning with the terms of
at least quadratic order. By the expansion of F at u =0, we get
1 | 92F(0,0) ,  (9*F(0,0) 9*Fi(0,0) ,
F(x.0)=—{ —~2~ 2 P St s

1| 9%F(0,0) 5 9°F(0,0) ,  d°F(0,0) , 9°F(0,0) 4
6{ 8x% *1 ax%c%cz 2t 8x18x% %2 axg *2

o(|x|%), i=1,2.

Clearly, Bi(x,x) and Cj(x,x,x) refer to the quadratic and cubic terms of Fj(x,0),

respectively:

1
x,x) +=Ci(x,x) +O(|lx[[*), i=1,2. (2.15)

1

2l
We have demonstrated the relationship between B, C and F.
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F can also be expressed as follows

Fi(x,0) = Fi(x1,x2,0)
= Fi(zq1 + 241,292 +242,0), i=1,2 (2.16)
where g(u) = q at u = 0. The partial derivative of (2.16) with respect to Z, and the

second-order partial derivative with respect to Z and z, respectively, are

8F,~(x, O) _ aE(xlax270)

0z 9z
_ dFi(x1,x2,0) dx; N dF;(x1,x2,0) dxp
- ox1 0z oxy 07
aE Y 70 - aE ) 70 -
_ il >Q1+ (51,7 >612,
8x1 8x2
9*Fi(x,0) 9 (9F(x1,%,0) +(9Fi(X1,X2,0)_
020z oz ox, N I
B, d 8F,~(x1,x2,0) _ d 8F,-(x1,x2,0) _
"~ 0z ( dxi )CH * dz ( dx; 7
9%F;(x1,x2,0) dx; \ _
4 ( ox? 8_z>q1+
9%F;(x1,%2,0) 9x2 \ _ 9%F;(x1,%2,0) dx1 \ _
( dx10x3 8_z>q] v < dxdx; 0z )q2+
BZE(-XI ,XQ,O) a-x2 _
T 02 oz q2
x5 Z
02F;(x1,%2,0) _
= T91Q1+
02F;(x1,%2,0)  _ _
W(Qzéﬁ +q142)+
02Fi(x1,%2,0)
—ax% 292
We then obtain the following equality
2 2 -

0207 0207

The definition of gj; in (2.10) enables us to express g;(0) using the equation (2.17) as

811(0) :<p7Bl(q7c7) >, l:172

where k,/ = 1. Similarly, by using the partial derivative of (2.16) with respect to z and
Z, we get

820(0) =< paBl(q7Q) >, = 172
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where k = 2 and [ = 0; and by using the partial derivative of (2.16) with respect to Z
and Z, we obtain

802(0) =<p,Bi(q,q) >, i=1,2
where k = 0 and [ = 2. We have represented all relevant g;;’s with respect to B for
k+1 = 2. Likewise, the relevant expressions of g in terms of C for k4 = 3 are as

follows

830(0) =< p,Ci(q,q,9) >, k=3, =0, i=1,2,

Ultimately, our goal is to eliminate the quadratic and cubic terms of (2.9) by employing
a nonlinear complex coordinate shift, thus reducing its complexity. First, let us express
Z based on the results above:

s=det ¥ ooen()dd +0()
2<k+1<3

820 2 _ 802 830 3 821 - 812 - 803 _3
=2 iy SR O% ost o 12
Z+ 5 Z 821122+ > T+ — 6 + ) 77+ 5 1z 6 (H || )

then introduce an integrated nonlinear complex coordinate depending on an invertible

parameter w to eliminate both the quadratic and cubic terms:

Z=w+ Z l' Iy (U le

2<k+1<3
hao h h h h h
= wot oW by =2 =2 i R 2

The inverse change of variable gives

hy 5 hop 5 h3o 3 hat 5. hi2_ o hos N
_,_ 02 45 102 _ M. M2
w=z 2Z 112 2Z 6Z 2ZZ ZZZ 6 (HZ”)

The derivative of w is expressed as

W =z—hyozz—h11(2Z+22) — hoaZZ—

h .
N2 2z + %) -

. hos .
02; T2 22 (22 12228) - "L 254 O(|[2]1Y).

X
2 2
Substituting z and 7 in w, and then expressing each Ay, by the relevant gy, eliminates

the coefficients of the quadratic and cubic terms. The ultimate equation is as follows
W= 2A(W)w+cr (W)w?w+o(||w||*) (2.18)
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where

. 8208 AW +A(W) | [gnl? 802 g1
(=5 wr 2w T 2@Aw) ) T 2

We recall that A (i) = n(u) +io(u) where n(0) =0 and ®(0) = @y > 0. Indeed,

i 1
c1(0) = o 220811 —2|gn1|* - §|g02|2> -I-g% £0

where A(0) = iay.

We have eliminated all the quadratic terms and all but one of the cubic terms. Although
we can not set the coefficient of the resonant cubic term to zero, we can reduce it
by a linear time scale, a nonlinear time reparametrisation, and a nonlinear complex
coordinate shift. Let us begin by introducing a linear time variable. Since ®(0) =

wp > 0 and @(u) is continuous, ®(u) is greater than zero for all sufficiently small |u|.

Then, we can define the linear time variable as T = w(u)¢. By this definition, we get

aarar P\War W= T oW

The equation (2.18) then transforms into the following expression

dw ) c
Tr = (r(u)+i)w+ 0;§Z; lw2w+o(||w||* (2.19)
nu)
where k() = —=.
(1) )
K = k(u) is a new parameter satisfying

_n() _ 1y - M(0)0(0) —n(0)0'(0) _ n'(0)
k(0) 0, k'(0)= (co(O))2 = 0(0) # 0.

@(0)

We can express the equation (2.19) in terms of the parameter k as

d
= = (e ipw+di (i) wPw+ O( ] ) (2.20)
K
where d (k) = % Notice that the coefficient d) (k) is complex.
u

Now, we will introduce a nonlinear time variable 6 = 6(7, k) where
do = (1 +61(K)\w|2)d‘c, e1(x) = Iml[d, (x)].

Then, it follows that

4 dde d
~ 2" (1 2 2
7= ag ae = (e’ 72
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and
dw 1
a0~ T+ei(x)w]
= (1 —el(K)|W|2) ((K+i)w+d1(1<)|w|2w+O(||w|]4))

((k+i)w+dy (1) |w]*w+Oo(|w|*)

= (1K +D)w+ (di (k) = (k+i)er (1) wl>w + O w][*).

The equation (2.20) then reduces to the following

O = (it 1 () P+ O( ) 221)

where [1(x) = di(k) — (k +i)ej(x) is the first Lyapunov coefficient. Let d;(x)
be complex, decomposed into its real part a and imaginary part b. Then, e|(k) =

Im[d;(x)] = b and

li(k) = di(x) = (K +i)ei (K)
=a+bi—(x+i)b
=a—kKb
=Re[d;(x)] — xIm[d; (k)]

We note that the coefficient /; (k) is real while the coefficient d; (k) is complex. At

Kk =0, we get

1,(0) = Re[d; (0)] — x Im[d; (0)]
~Re C1 (IJ(O))

-R {w(u(o))}

_ Refc1(0)
(0]

Therefore, the first Lyapunov coefficient at the origin is given by

1

L(0)= 2—@5 Re [lgzogn + waZI] - (2.23)

) (2.22)

Let us introduce a linear complex coordinate u

W= (2.24)

VIh(x)|

where [1(0) = Relc;(0)] # 0. It satisfies the condition (h.ii). Using the complex

variable u, the equation (2.21) yields
dw 1 du

6~ \/[i(x)] 40

~ (e
= i 1

|(x)] ()] /i (x0)]

+0(||u*)
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and

d_u_ u —ZI(K) ulu ul|*

= (K + i) u+s|ul*u+o(||u]*) (2.25)

where s = sign [/1(0)] = sign [Re[c1 (0)]] = +1.

By following each step outlined in Theorem 2.1.1, we have successfully simplified
the coefficient of the resonant cubic term, resulting in the complex form (2.25) of the

system (2.4). [J

2.1.2 Bautin bifurcation

After setting the first Lyapunov coefficient to zero, evaluating the second Lyapunov
coefficient is essential for the Bautin bifurcation. This type of bifurcation presents
significant challenges to resolve. It is attributed to a family of stable and unstable
limit cycles coexisting, with one nested within the other, colliding, and eventually
disappearing through a saddle-node bifurcation. Control over this process is crucial as
it substantially influences both the stability of the equilibrium and the trajectory of the

resulting limit cycle.

In this section, we will briefly explain the Bautin bifurcation. The next section will
focus on controlling such bifurcation. The relevant theorem and its proof, provided

by [28], are as follows.

Theorem 2.1.2 Consider the planar nonlinear system given by (2.4) depending on the
parameter @ € R? with the equilibrium at the origin and a pair of purely imaginary

eigenvalues A (0) = +imy, @y > 0.

Let 11(0) = 0. If the system satisfies the following conditions:

(b.i) 1(0) # 0 where Ip(1) is the second Lyapunov coefficient,

(b.ii) The map p — (n(u),l1(1)) is regular at p =0,

then, by a linear and nonlinear complex coordinate shift, a linear time scale, and
a nonlinear time reparametrisation, the system can be transformed into the complex
form

it = (1 + 1)+ 16l >+ s|u*u+0(||u||®) (2.26)

where s = sign [1,(0)] = £1.
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Proof 2.1.2 The steps are quite similar to the ones in Proof 2.1.1. All g;; related to the

second Lyapunov coefficient are calculated in a similar way such that
g40(0) =< p,Di(q,9,9,9) >, k=4, =0, i=1.2,

g31(0) =< p,Di(q,9,9,9) >, k=3, I=1, i=1,2,
g22(0)2<p7Dl(q7QaQ7Q)>7 k:27 l:27 i:1727

813(0) =< p,Di(4,4,G,9) >, k=1, [=3, i=12

where
: I*Fi(&)
Di(-x7y7Z>t) = i XVezitm, i=1,2, (2.27)
j,k,zz,r"nzl 08;089E & |:_y
and
g32(0) :<p7Ei(CI7q7Q>Q7q) >, k:37 1227 l:172
where
2 OF;
Ei(xayazvta r) l(§> ijkthmrny 1= 1,2 (2.28)

:j,k,z,;nl 06j0805108mdEn |

D = (D1,D;)" and E = (E1,E;)" are also symmetric multilinear vector-valued

functions of x,y,z,t,r € R2.

Further, we will expand the system up to the sixth-order terms as
i=Az+ ) ﬁgkl(lvl)zkzl +0(]|z]°) (2.29)
2<k+I<5
and try to eliminate the fourth and fifth-order terms. Let us introduce an integrated
nonlinear complex coordinate depending on an invertible parameter w by
whip!
— . 2.30
7= W+2<,§'l<5kl' k(1 (2.30)
By substituting the last two equations above in w, the derivative of the inverse of z,
and then by setting each Ay, all the fourth-order terms and all but one of the fifth-order

terms are eliminated, and it yields the following equation
W= A(w+cr (i) wPw+ca () wl*w+O(|w]®) (2.31)

where ¢ and ¢; are the complex coefficients of the resonant cubic and fifth-order terms,

respectively.
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By the linear time variable T = @(u )z, the equation (2.31) can be expressed as

dw_

Tr = (n(u) +i)w+di ()| wPw+do (1) wPw+ O(|w]|°) (2.32)
where
(1) c1(p) c2 (1)
=B () = , do(p) = .
Here, the coefficients d (1) are complex.

Considering the nonlinear time variable d7 = (14 e (1)|w|* +ex(u)|w|*)d6 where

er(i) = —Imfdi ()], ex(w) = —Imlda ()] + (Imldy (1)),

the equation (2.32) transforms into the following equation

dw_

2o = () +ijw+1y () wPw+ L (u)wl*w+0(|w|) (2.33)

where
l1(u) = Reldi (0)] —n(u)di (1) =
is the first Lyapunov coefficient, as in (2.22) at 4 = 0, and

(1) = Reld>(1)] — Reldy ()] 1m{dy ()] + () ( (1mfes (1)])* ~ Imfda ()]

is the second Lyapunov coefficient. We note that both the coefficients /; »(u) and

e12(u) are real. At u =0, we get

1(0) = Re {Cif)} (2.34)

where the first Lyapunov coefficient vanishes.
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The second Lyapunov coefficient at the origin is then given by

1
1215(0,0) =— Re[g30]+
2(0,0) o [g32]
(g40+3813) —g30g121 +

_ 1 l_
g12— §g30) + ggozgos) +

1
Im [g20§31 —g11(4g31+3822) — 3802

1
2
0
1 i} _
— 1 Re |g20( &11(3g12 — §30) + 802
0
_ (5_ |
g1 | &o2 §g30+3g12 +§gozgo3—4811g30 +
31Im [g20811] Img] }+
L im | engen (22— 32 —4g3
7 811802820 — 3820811 — 4811 ) |+
o
2
Im [g20g11] <3Re [820811] — 2[802] )} (2.35)

Let us define a map
s (Re[Ao@)] hw), Re[Aa()] =n(w), 1= (m,m).

Since the following holds
on(pi, o)  In(i, 2)
dh I
# 07
b (t1,p2) 9L (M1, o)
d Iz

the map is regular at u = 0, and it satisfies the condition (b.ii). We can write U as

a function of 1. Substituting n; = n(u) and 1, = [;(u), the equation (2.33) is then

written as follows
(2.36)

dw
— = (M +i)w+m|wlPw+ Ly (n)w|*w+ O(||w|®)

do

where Ly (1) = L (11(1)) is not equal to zero at y.
Using the linear complex coordinate u defined as w = /|La(1n)|u where L;(0) =

1,(0) # 0 (b.i), and using the parameters k] = 11, K» = N1+/|L2(N)]|, we get the final

complex form
du
(K1 +i)u+ Ko |ul*u + s|ul*u+ O(||u]|®) (2.37)

do

where s = sign [1,(0)] = £1. O
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2.2 Control of Hopf and Bautin Bifurcation

A considerable number of reference articles are available in the literature, discussing
control laws for both linear and nonlinear systems. In this study, we will follow the
control law proposed by Braga et al. in 2010 [26]. This control law, depending on two
bifurcation parameters and four control parameters, is an offer to regulate bifurcation
features and generate controllable Hopf and Bautin bifurcation. The relevant theorem

is presented below.

Theorem 2.2.1 Let H,G : R? — R? be smooth vector fields, and G(x)U (x, ., B) be a

control law where

U (x,1,8) = Bun + (Ba+ 1) (o +3) + B (] +3)°", (238)

Wi, My € R are the bifurcation parameters, and By, B, B3, tr (dG(O)) € R are the

control parameters. Consider the following planar nonlinear system with the control
x=HX)+Gx)U(x,1,B), x=(x,x) eR? (2.39)

where H(0) = 0 and G(0) = 0. Here, dH(0) has purely imaginary eigenvalues
and tr (dG(O)) # 0. Then, there exist By, leading the system to undergo a Hopf
bifurcation at p; = 0 provided that By # Brerit(M2). Besides, there exist By, o, B3

leading the system to undergo a Bautin bifurcation at W = Uy = 0 provided that
[32 = BZcrit(O) and ﬁ3 7£ B3crit-

We note that B, is the critical value of B, for which the first Lyapunov coefficient
vanishes; and B3 is the critical value of 83 for which the second Lyapunov coefficient

vanishes.

In other words, there is a unique critical value of B, = B¢ such that [ (0, 1) =0

at 4; = 0; and there is a unique critical value of 3 = B3¢ such that 5(0,0) = 0 at
py = =0.

Furthermore, the stability and the direction of the limit cycles emerging near the origin

is controllable by selecting By # 0, tr (dG(O)) #£0, By # Bacit and B3 # Bscrit-
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2.3 Goodwin Model and Modifications

2.3.1 Original Goodwin model

Goodwin model of growth cycle [1], first presented by Richard M. Goodwin in 1967,
resembles the classical Lotka-Volterra predator-prey model [2,3]. Both models explore
the dynamics of groups. The predator-prey model represents the interaction between
predator and prey populations as time progresses. Dynamic equations of the Goodwin
model formulate time-dependent potential states of economic activities such as capital,

wages, unemployment, and labour.

The Goodwin model [1] comprises two dynamic equations:
() = (pv(r) — (o + ) )ulr),

(0= (52 (@40 )

where u(t) is the share of labour in national income, and v(¢) is the proportion of labour

(2.40)

force employment. The first equation describing the share equation, incorporates
positive constants p and ¢. The latter, referring to the employment rate, involves the
parameters: exogenous growth rate in the labour productivity ¢, exogenous growth
rate in the labour force ¥, and the capital-output ratio . The second equation assumes
all profits are invested; however, u(¢) may exceed the unit value due to disinvestment.

Solutions of the system exhibit clockwise closed cycles, each centered at the singular

@0 =(1-¢@+n.*22).

i may exceed one for o 4y < 0 whereas it is inherently less than one for o 47y >

point (i, V) where

0. Similarly, ¥ may surpass one. It implies that the singular point (&, V) may extend
beyond the unit area, leading to trajectories that partially or entirely exist outside that
area. Even if the singular point remains within the unit box, trajectories could extend
partially outside its boundaries. As a result, values surpassing one produce impractical
outcomes for both the labour share and the employment rate. Several studies have

attempted to adapt the Goodwin model to meet this requirement [11-20].
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2.3.2 Desai’s modified Goodwin model

The modified Goodwin model proposed by Desai et al. [27] is one of the studies
satisfying the requirement stated in Section 2.3.1. All trajectories lie inside the unit

square in the system’s phase portrait. This modified system is defined as follows

i=(p(1=v) = (a+9))u,

(2.41)
y= (Mn(a—u) “Aln(1—a)— (a+y))v

Where5>0,ft>0,p<a+(p,u<ﬁ<1,%>1anda+}/<llnlu~.
i — i

parameter i refers to the maximum share of labour that capitalists would tolerate, and

The

) i
hence the constraint -

— i
approach enables the system to experience controllable Hopf or Bautin bifurcation,

> 1 implies that i@ is greater than 50%. This modified

providing valuable insights into the controllability of the system’s dynamics and its

response to parameter variations.

o o
By setting 6 to be 1 and defining new parameters k = % and m = %/ , the model
given by (2.41) reduces to the following system:
u= p((l —y) ! —k)u,
- (2.42)
v:l<lnu bf—m)v.
1—ia

We assume 6 to be 1, thereby simplifying the calculations. It is also possible to conduct

a similar analysis for other values of §.
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3. CONTROL OF HOPF AND BAUTIN BIFURCATION IN A MODIFIED
GOODWIN MODEL

We have introduced Braga et al.’s control law and the original and Desai et al.’s
modified version of the Goodwin model in Chapter 2. In this chapter, we will perform
a Hopf and Bautin bifurcation analysis and conduct simulations on the modified

Goodwin model [27], employing the control law in [26].

3.1 Equilibrium and Linearisation

We start by determining the equilibrium of the modified nonlinear system (2.42) and
linearising it in the neighbourhood of its equilibrium. For # > 0 and v > 0, the unique

equilibrium is localised at

1
(up,vo) = (ﬁ—em(l —i),1— ;)
and the substitutions

1
u— X —€"(1—a)+a and v—>X2—|—1—%

transform the equilibrium to the origin. Hence, the modified system (2.42) takes the
following form

: X,
X\ =—pk*(e"(@—1)+ia+X
1=-p (e (@=1)+i+ l)sz—l’

Xzzl(l—%-i-Xz) (—m-l—lnm).

1—id

3.1

The Jacobian matrix of (3.1) is
Xo Le"(d—1)+i+X
X, — 1 PR, —1)2

A kXo+k—1 X
G S S Jf NS WY
kem(ﬁ—l)—f—Xl ( m—l—n(e +lx~t—1>>

and the corresponding matrix at the origin is

0 pk*(em(ii—1)+ i)

_pk2

J=

A= 3.2)

Alk—1)
ke™(i—1)
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The matrix A has a pair of complex conjugate eigenvalues:
M2 = Fioy

where

=7 . (3.3)

Apk(k—1)(em(ii—1)+ii

o — \/ ( )

Given a pair of purely imaginary eigenvalues, the equilibrium is identified as a
center displaying neutral stability. The behaviour of the system near this equilibrium
manifests as a collection of closed orbits, each with varying amplitudes determined

by the system’s initial conditions. These initial conditions play a pivotal role in

determining the specific closed orbit governing the system’s actual dynamic behaviour.

The solution curves and trajectories of the modified Goodwin model defined by the
system of equations in (3.1) are plotted for the parameter values A = 1, p = 0.05,
k =20.02, m = 0.002, i = 0.9 with the initial condition (0.0002002,—0.05005) in
Figure 3.1a and Figure 3.1b, respectively. All figures in the study are obtained by the

NDSolve command of Mathematica, with a specified accuracy and precision goal of

10 digits.

X5(0)

004f —

0.00

-0.04

—-0.06

-0.06 —0.04 -0.02 0.00 0.02 0.04 X](t)
(a) (b)

Figure 3.1 : Solution curves and trajectories of the modified Goodwin model for A =
1, p =0.05, k =20.02, m = 0.002, & = 0.9 with the initial condition
(0.0002002, —0.05005).
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3.2 Control of Hopf Bifurcation

This section will focus on generating a controllable Hopf bifurcation in the modified
Goodwin model based on Theorem 2.2.1. For the further analysis, we define H =

(Hy,H)T as follows

1 e i
l(l—%—FXz)(—m—Hn—l_ﬁ >

Let us incorporate the control input
Xl/:Hl(X)+Gl(X)U(X7“7ﬁ)7 l:1:2 (3-4)

where U is given by (2.38). For s # 0, we define the following G = (G1,G»)"

_(GiI(X)) _ (sX
G = (Gi(X)) - (sX;)
such that tr (dG(0)) # 0. Indeed,

M = dG(0) = ((S) 0)

S

and tr (dG(0)) = 2s # 0 for s # 0. Then, the modified Goodwin model with the control
(3.4) is as follows
%)
kX, —1
sX) <B1 i+ (B + ) (X7 +X3) + B3 (X7 +X§)2) ,

1 Ml —i)—X
X =A1-=-+X, —m—l—lnw +
k 1—ua

X (it + (B 1) (X7 +3) + s (X7 +X3)°)

Xl’:—pkz(em(ﬁ—l)+ﬂ+X1> +

3.5)

and this final system meets the conditions outlined in Theorem 2.2.1. The Jacobian

matrix of (3.5) at the origin

Bipus pk2<em(ﬁ— 1)+ﬁ)

A (3.6)
Ale—1) -
kem(a—1) 1
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has the following eigenvalues

Mo = Biprs £ioy.

The derivative below indicates that the transversality condition is satisfied

JdRe [/1172(‘[11 )]
a'u] =0

=Pis#0

for Bi,s # 0. Considering that the Hopf bifurcation necessitates a pair of purely
imaginary eigenvalues and the transversality condition, we fix the bifurcation
parameter U; to zero when evaluating the Lyapunov coefficients. We will proceed

to calculate the Lyapunov coefficients as presented in [28].

Let ¢ = (q1,92)" € C? and p = (p1,p2)T € C? be the eigenvectors of A and AT
corresponding to the eigenvalues A; = i@y and Ay = —iy, respectively. We define

such vectors as follows

ipke™ (i — 1) iA(k—1)
A(k—1) woke™(i— 1)

1 1

Here, we have < p,q >=2 # 1. We normalise p with respect to ¢ by defining

iwoke™ (i —1) ’M’;—_l)
| Taeen B 2apke™ (i — 1)
q= y P
1 —iA(k—1)
2apke™ (i — 1)

The first Lyapunov coefficient of the modified Goodwin model with the control is then

calculated as

2(Bo+ )5 (A(1- >+pﬁ"% D(e(@—1)+7))

ook—1) 3.7)

ll (07 .uZ) -
where (| =0, and

it 4 anyant PR (== 1)+ an) (= 1) =2 (k= e )
8207 A k—1) wo(i—1) ’

Kk o3 2iApk(k—1)(e™( +if)
S 2 \ A0k ) |
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1 @2k (— A+ 2iwy + 8(By + 1y )se™ (i — 1)?
21 :§{8<B2+[J2>S+ 0 ( )Lz(k(le)Z‘LLZ) ( ) )_

m(em(a—l)m))}

6iApk*(em(ii— 1) + i)
woe™(ii— 1)

3
+2pk <1+ oo (d—1)

B = pk2 <x1y2 +x2y1 + 2k(€m<1/~t — 1) + IZ)XQ)Q) ,

A((1=k)xyyr +ke™ (@ — 1) (x1y2 4+ x2y1))
ke (i — 1) !

By =

Ci =2x» (pk3 <3k(em(ﬁ —1)+ ﬁ)y1Z2 +¥221 +y2zZ) + (B2 + 12)s(yi1z2 +y221 )> +
X1 (20K 222+ 2(Ba + 12)s(3y121 +y222)).,
~ 2A(k—1)x1y121 B A(x1y122 +x1y221 +X2Y121)

2T T kem(i— 1) 2 (ii—1)2

2(Bo + u2)s(x1y122 +x1y221 +x2y121 + 3x2)220).

Clearly, the first Lyapunov coefficient (3.7) vanishes at (o) = — L.

By setting the initial condition (0.0002002, —0.05005) and the parameter values A = 1,
p =0.05, k =20.02, m =0.002, =09, s=1, B, =0.3, B, =0.1, B3 = —0.6,
simulation results for various values of the bifurcation parameter (; are shown in
Figure 3.2, Figure 3.3 and Figure 3.4. The characteristic solution curves and the
corresponding phase portraits illustrate a focus at ; = —0.1 in Figure 3.2; a weakly
attracting focus at y; = 0 in Figure 3.3; a stable limit cycle at u; = 0.01 in Figure
3.4. We observe the presence of an equilibrium encircled by an isolated, unique and
stable limit cycle in Figure 3.4d. Figure 3.4b and Figure 3.4f further demonstrate that

trajectories originating either inside or outside the cycle converge towards it as f — +oo.

The system experiences a supercritical Hopf bifurcation (/; < 0) in the aforementioned
cases. Under suitable parameter values, it is also possible that the system undergoes
a subcritical Hopf bifurcation (/; > 0). We would like to emphasize that since the
analysis is local, the focus on the Hopf bifurcation is limited to the neighbourhood of

the origin, particularly at the parameter value u; = 0.
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Figure 3.2 : Solution curves and the phase portrait illustrating a focus corresponding
to the bifurcation parameter (; = —0.1.
X0
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Figure 3.3 : Solution curves and the phase portrait illustrating a weakly attracting
focus corresponding to the bifurcation parameter y; = 0.
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Figure 3.4 : Solution curves and the phase portraits illustrating a stable limit cycle
corresponding to the bifurcation parameter y; = 0.01.
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3.3 Control of Bautin Bifurcation

The control law in Theorem 2.2.1 has produced effective results for the Hopf
bifurcation. Let us confirm it for the Bautin bifurcation. By setting the first Lyapunov
coefficient to be zero, the second Lyapunov coefficient of the modified Goodwin model

with the control is then calculated as
2pBss 2 2
L(0,0)= ——"———-[3A°(k—1)"—
2( ’ ) A‘za)o(k—l)2< ( )
24pk> (k—1)e™(ii — 1) (€™ (@ — 1) + i)+
3p2kOe?™ (i — 1)* (€™ (ii— 1) +ﬁ)2) (3.8)
where (1 = up =0, and

(_2M+w0)wok_ipk2<em(l(k—1)—ia)o)(ﬁ—1)+7L(k—1)ﬂ>

802(0) = 75— woem(G—1) ’
230(0) =% { 12(Br+ p2)s + k(3R — 21y ;215{{"’1()[22 i LTS
i e (1 H RS |
812(0) =% {4([32 + H2)s + k(== Ziwol;(ieiml()gz i)
B e S )
203(0) :212%(k—]€12)2em(a— 3 <em (67LZpk(k— 12(—iA(k—1)— wp)+

oS (31 +2icoo)> (1) — 6iA3pk(k — 1)3a> :

3 —4i)l —3m 4 ; B oM (i — ;
g40(0>:“’k°{( le?(k_31)3)wo+12pk< e 16)115(11(—1) = )>}

3 i o 4 ik — oM (i .
gsl(O):_Z‘){Q/é&il))fo+6pk( e 21((u_(1) D+ )>}
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0) = 3ok 12idpk*(k—1)(e"(@— 1) +a)
82 = T3k —1)? woe (i —1) ’

3 —92i 4 i i
g13(0)=%{( i?(:j(f;g)wo_12ipk<—7w0+7t(k—1)(1+—em(ﬁ_1>)>},

B 203k (ii—1)2  3ogktet™ (i —1)*
832(0)—3{8ﬁ35<3+ 220 1)? + 273G 1) +
k4
Aday(k—1)*em(i—1)

((— 20iA° pk(k —1)° +4A*pwpk(k — 1)*—
(A +4ieof) @y ) " (i~ 1) — 20iA° pk(k 1)%7) }
Dy = 6Pk4{x2y21112 +22 (leztz +x2{y1t2 +y2 <t1 +4k(e"(@—1) +ﬁ)t2) }) }7

21

Dy=———| —3(k—1 t
2 ke4’"(ﬁ—1)4< ( Jxiyiziti+

ke™ (i — 1) <x1y1z2t1 +21 (X1y1t2 +x1y281 +x2y1t1)>> ,

E; =24{l33s (fm (5x1y121 +X1y222 + X0y122 + X2y221 ) +

nr (x1y122 +X1y221 +X2y121 +x2y2Z2)+
Ihr (x1y1z2 +X1Yy221 T X2Y121 +x2yzzz)+

Iara(X1y121 +X1y222 +X2y122 +X2)’221)) +
pi <x2y2Z2t2r1 +

r {xzyzzﬂz +22 <x1y2l2+

o+ <t1 +Sk(eM(@—1) —|—b7)t2> }> }) }
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Ey =243 <t1 ri (x1y122 + X1y221 + X2y121 +X2922) +

1nr (xlym +X1y222 +X2Y122 +X2)’2Z1)

try (X1y121 +x1y222 + X212 +X2)221 )

+
+

try (X1y122 +X1y221 +X2y121 + 5xzyzzz)) +

kedm(i—1)

3 (241 (k—Dxiyizitir —

61k (il —1) (x1y1Z1t1 Pt

r (xlymtz +X1y12201 +X1y2211 +x2}’1Z1t1))> .

The second Lyapunov coefficient (3.8) vanishes where the critical value of B3 is zero,

thereby proceeding the analysis for B3¢ = 0.

By using the same initial condition as in the case of the Hopf bifurcation and choosing

the parameter values s = 0.05, B; = 1, B, =0, B3 = —1, results for various values of

u1 and up are simulated in the following figures. The solution curves and the phase

portraits illustrate a single stable equilibrium without any limit cycle for y; = t, =0

in Figure 3.5a and Figure 3.5b; u; =0, yu; = —0.2 in Figure 3.6a and Figure 3.6b;

u; = —1, up = 0.2 in Figure 3.7a and Figure 3.7b; u; = —1, tp = 0 in Figure 3.7c and

Figure 3.7d; u; = —0.5, up» = —0.5 in Figure 3.7e and Figure 3.7f.
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0.00
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0.00 0.05

(b)

X,(0)

Figure 3.5 : Solution curves and the phase portrait illustrating a sole stable equilibrium
without any limit cycle corresponding to the bifurcation parameters (; =

[.LZZO.

32



X,
X(0)

~0.05
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Figure 3.6 : Solution curves and the phase portrait illustrating a sole stable equilibrium
without any limit cycle corresponding to the bifurcation parameters (| =
0, up =—-0.2.

A distinct stable limit cycle is observed for y; = 0.001, u, = —0.05 in Figure 3.8, and
for u; =0, yp = 0.2 in Figure 3.9. For u; = —0.05 and y, = 0.5, Figure 3.10 shows
the presence of two limit cycles, indicating the presence of an additional unstable
cycle within the primary limit cycle. Figure 3.10a portrays the origin as a stable
focus, corresponding to the system’s behaviour with the initial condition (0, —1.10~),
whereas Figure 3.10b is derived for the initial condition (0, —3.1078). Figure 3.10a
and Figure 3.10b prove an unstable inner limit cycle of a radius of approximately 10~8
between these two behavioural states. Figures 3.10c to 3.10h correspond to initial
conditions (0,—5.1077), (0,—6.1077), (0,—6.107°), (0, —6.107>) and (0, —6.1074),
respectively. The same initial condition is used in Figure 3.10g and Figure 3.10h.
In these figures, trajectories converge to the outer stable limit cycle of a radius of
approximately 10~7. Figures 3.10c to 3.10g focus on illustrating this convergence
without presenting a comprehensive plot. Whereas Figure 3.10g reveals the limit cycle,
Figure 3.10h with the same initial condition as Figure 3.10g exhibits a comprehensive

picture.
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4. CONCLUSIONS AND RECOMMENDATIONS

4.1 Conclusions

In this study, we conducted a comprehensive analysis of controlling Hopf bifurcations
on Desai et al.’s modified version [27] of the classical Goodwin model [1], which
determines the dynamics of class struggle in controlling economic systems. Our
investigation involved the systematic manipulation of model parameters to position the
economy within the desired regions of the Hopf and Bautin bifurcation diagrams. To
achieve this, we developed the necessary steps to identify conditions for producing
controllable Hopf and Bautin bifurcation by utilising the control law by Braga et
al. [26]. We substantiated our theoretical framework with numerical examples, where
we systematically varied control parameters to observe their effects. We observed that
minor alterations in parameter values lead to variations in the behaviour of the modified

model, resulting in different types of bifurcations.

Through this interdisciplinary analysis, we advanced and expanded the findings
regarding the Goodwin model’s controllability and focused on bridging theoretical
insights with practical applications, thereby offering valuable contributions to policy
decisions and strategic interventions to navigate the complexities of economic

management.

Given the rich nature of the mathematical foundations, we aim to shed light on
the promising applications, particularly within the domains of business cycles and
financial and monetary policy. The control parameters introduced in the modified
system, as interpreted by Bella to be the fiscal and monetary tools [30], have potential

roles in stabilising economies facing undesired cyclical fluctuations.

4.2 Future Suggestions

Future suggestions based on the findings and conclusions of the thesis can be

summarised as follows.
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1. Exploration of additional factors or variables that may influence the dynamics of

class struggle within economic models and their integration into the analysis.
2. Investigation of the broader implications of controllable bifurcations for economic
policy-making and stability.

3. Continued research into the theoretical underpinnings of bifurcation theory and
its applications in economics, focusing on enhancing our understanding of complex

system dynamics.
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